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ON KORN INEQUALITIES
WITH LOWER ORDER TRACE TERMS

FRANZ GMEINEDER, ENDRE SULI, AND TABEA TSCHERPEL

ABSTRACT. We give an elementary estimate that entails and generalises numerous Korn
inequalities scattered in the literature. As special instances, we obtain general Korn-type
inequalities involving normal or tangential trace components, or lower dimensional trace
integrals.

1. INTRODUCTION

Various problems from continuum and fluid mechanics require inequalities of Korn type.
Such inequalities date back to Korn [44] (see also Friedrichs [27]) and, in their simplest form,
allow to control full Sobolev norms by symmetric gradient Sobolev norms: If 1 < p < co and
Q C R” is an open and bounded set with Lipschitz boundary 0f2, then there exists a constant
¢ = c¢(n,p, ) > 0 such that

||uHW1,p(Q) < C(”uHLp(Q) + ||E(u)HLp(Q)) for allu € Wl’p<Q;R"). (1.1)

Here, ¢(u) := %(Du + (Du) ") denotes the symmetric gradient, i.e., the symmetric part of the
full gradient Du. Inequalities of this kind play an important role in various well-posedness
results for partial differential equations and variational problems, and have been refined in
various directions; see, e.g., [6, 7, 13, 15, 16, 19, 25, 28, 37, 41, 48, 56| for an incomplete list,
also including applications in continuum and fluid mechanics or general relativity.

In numerous applications, weaker versions than inequalities (1.1) are required. For instance,
if weak formulations of partial differential equations only ensure control of ||e(u)||rr(q) and
come with Dirichlet, normal or tangential conditions on u on a part I' C 92 of the boundary,
a natural substitute of (1.1) is an estimate of the form

lullwir@) < c(HT(u)HLp(p) + ||5(u)||Lp(Q)) for allu e Wl’p(Q;R"). (1.2)

Dirichlet or partial trace conditions (such as hypotheses on the normal or tangential traces)
then are reflected by the choices T(u) = trpn(u) with the boundary trace operator trag,
T(u) = trapq(u) - vaq or T'(u) = trag(u) — (tran(u) - vaq)veq; here vaq denotes the outer unit
normal to 9. Variants of such estimates have been obtained by Ryzhak [55] and Desvillettes
& Villani [20] in the homogeneous case T'(u) = 0. Versions of (1.2) with I' C 9 naturally
occur in the study of physical problems if periodic or natural boundary conditions are imposed
on the remaining boundary 09 \ I'. We point out that homogeneous variants of (2.6) are not
sufficient to yield inequalities of the form (1.2); see Remark 3.7 below.

There is also a number of models, however, that requires to control weaker expressions than
¢(u). For instance, models that take into account torsions but no volumetric changes are
usually based on the trace-free gradient VPu := Vu — 1div(u)1, or the trace-free symmetric
gradient e (u) = e(u) — Ldiv(u)l, with the (n x n)-unit matrix 1,. Perhaps surprisingly,
much less is known in this case; only in a more recent contribution of Bauer & Pauly [3],
corresponding variants of (1.2) for homogeneous boundary conditions have been addressed.
On the other hand, inhomogeneous cases are particularly important in the numerical analysis
of PDEs. In particular, this concerns methods which approximate the respective PDEs and
treat the boundary conditions by means of penalisation [31, 42, 61].

In all cases, the available strategies of proof strongly hinge on the specific structure of the
operators € or e in conjunction with the specific boundary conditions. This, in turn, motivates
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the study of inequalities (1.2) for a more flexible, yet natural class of differential operators A
and, in some sense, the optimal generalisations of the terms ||T'(u)||r»(r) as in (1.2). The present
paper is precisely concerned with such generalisations.

More precisely, we assume that A is a linear, k-th order, homogeneous constant coefficient
differential operator on R™ between the finite dimensional inner product spaces V and W. This
means that A has a representation

A= Z A,0% with corresponding Fourier symbol A[§] = Z E%Aq. (1.3)
|| =k la|=k

Here, for each v € N§} with |a] = k, A,: V — W is a fixed linear map. To state our main result,
we require two more notions: We say that A given by (1.3) is elliptic if, for any £ € R™ \ {0},
A[¢]: V — W is injective. If, for any £ € C™ \ {0}, A[¢]: V + iV — W + iV remains injective,
then A is called C-elliptic [9, 41, 56]. This framework includes, for instance, the (trace-free)
symmetric gradients, see Example 2.2 below. Deferring the formal definition of W* X, which
the reader might understand as a generalisation of W*? = W LP for X = LP, we have:

Theorem 1.1. Let Q2 C R"™ be open and bounded, and let A be a k-th order C-elliptic differential
operator of the form (1.3). Moreover, let (X(Q),| - [[x()) and let (Y (Q),| - ly)) be two
infinite-dimensional Banach function spaces with X (Q),Y () C Li.( V). If

(i) the inequalities

ullwery ) < lallx @) + 1Auf y )

ot = pllx) S Aulx), 14
hold for allu € W* X(Q; V), where
ker(A;R") :={v e Z2'(R™;V): Av =0} = {v: R" = V polynomial: Av =0}, (1.5)
then
(i) the following are equivalent for a seminorm ||-|| on W* X (Q;V):
(@) Il s @ norm on ker(A; R™)|q.
(b) We have validity of the Korn-type inequality
lallwe v o) S lalll + [Aullx@)  for allu € W* X (€). (1.6)
(¢c) We have validity of the Korn-type inequality
lallwey @) S lAullx@) — for allu € W* X (Q) with [|ul| = 0. (1.7)

Theorem 1.1 comes with a natural variant, see Theorem 2.8. This lets us retrieve several
known Korn-type inequalities, e.g., (1.2) for several choices of I" and [[ul| = [|7'(w)||rr(r), but
also opens the door to novel inequalities. For future reference, note that (1.4), is referred to as
the first Korn inequality or Korn inequality of the first kind.

The proofs of Theorem 1.1 and a variant thereof as given in Theorem 2.8 below are by
no means difficult, yet they give a unifying framework for a variety of coercive inequalities
required in applications. There are several ways to establish Theorem 1.1, and Section 2
provides two proofs: one direct and one indirect one. The first option is preferable, since
it allows — at least in principle — to track the underlying constants. The latter is essential,
e.g., if the inequalities are applied in the context of numerical approximations and the original
domains are approximated by a sequence of polyhedral ones. While the right-hand side of the
estimate is typically controlled by a priori estimates, this may provide uniform bounds on the
sequence of approximate solutions. This, in turn, is key to establish convergence results based
on compactness arguments.

The direct argument given in Section 2.2 can be used to yield quantitative bounds on the
underlying constants; see also Remark 2.11. Yet, we do not aim for optimal constants here.
In this respect, the present paper differs, e.g., from [3, 20], where a considerable focus is put
on the underlying sharp constants. Moreover, allowing for X # Y in Theorem 1.1 is a natural
requirement, e.g., when considering models that account for logarithmic hardening and are thus
based on certain Orlicz spaces; see Section 3.5.
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The key direction ’(ii)(a)=>(ii)(b)’ from Theorem 1.1 can equally be inferred from an abstract
result due to Drazi¢ [23, 24] (see also Jovanovié¢ & Siili [40, Thm. 1.9]), in turn relying on a
simple indirect argument to be revisited in Section 2.3 below. Drazi¢’s approach does not allow
to track constants, but is of independent interest and seems to have gone widely unnoticed
in the realm of Korn-type inequalities. However, Drazi¢’s Lemma 2.5 has natural limitations,
and cannot be applied in situations where certain compact embeddings are not available. This
especially pertains to scenarios where one aims to go beyond Korn inequalities. An instance
thereof are inequalities on L'-based spaces: It is here where a trivial modification of the direct
argument from Section 2.2 still applies, whereas the indirect argument from Section 2.3 does
not; see Proposition 2.12 and the subsequent discussion for more details.

Sections 3 and 4 deal with particularly important special cases of Theorem 1.1 for several
constellations of domains 2, differential operators A, seminorms ||-|| and function spaces X,Y.
This may serve as a toolbox for various applications, and the key results concerning operators
arising frequently in applications are summarised in Table 1. More precisely, Section 3 deals
with seminorms defined in terms of Lebesgue integrals with respect to .£" or (partial) boundary
trace conditions such as tangential or normal traces. Similar to [4, 20], the validity of the
corresponding Korn-type inequalities strongly depends on the interplay between the regularity
and the geometry of the domains, the differential operators and the chosen seminorms. A similar
principle applies to the situation where the seminorms are given by (interior) trace integrals
with respect to lower dimensional measures p. For the latter to be meaningfully defined on
Sobolev spaces, it is clear that they must meet certain capacitary criteria. Subject to such
natural assumptions, the validity of the corresponding Korn-type inequalities is addressed in
detail in Section 4.

In general, depending on the domains, operators and seminorms, it is difficult to classify all
potential constellations that lead to the corresponding Korn-type inequalities. In particular,
this partially necessitates a switch between purely algebraic and analytic problems, see Example
3.13. For such scenarios and in view of applications, Section 5 provides an algorithm including
implementation to verify whether certain conditions required for the validity of Korn-type
inequalities are met.

Lastly, we focus on inequalities which bound full Sobolev norms. It would be equally inter-
esting to discuss this theme in view of incompatible scenarios a la Neff et al. [33, 34, 45, 49, 50]
or nonlinear variants & la Ciarlet et al. [15, 17], topics which we do not touch here.

NOTATION

We briefly comment on notation and background terminology. Throughout, 2 C R™ denotes
an open set. We write .Z () or .#>¢(€2) for the measurable functions with values in [—o0, c0]
or [0, 0], respectively. Even though we will not employ (B1)—(B5) from below explicitly, we
collect the definition of Banach function spaces as appearing in Theorem 1.1 for the sake of
completeness. Following Bennett and Sharpley [5], we call a map p: #>0(2) — [0, 00] a Banach
function norm if it satisfies the following for all u, v, u1, ug, ... € M>¢(2) and X > 0:

(B1) If p(u) = 0, then v = 0 Z"-a.e.. Moreover, p(Au) = Ap(u) and p(u +v) < p(u) + p(v).
) If u < v Z"-a.e., then p(u) < p(v).

) fu; S u Lmae. in Q, then p(u;) 7 p(u).
4) If A C Q is Lebesgue measurable and satisfies 1(A) < oo, then p(14) < oo.

) If A C Q is Lebesgue measurable with Z"(A) < oo, then there exists ¢ = ¢(4, p) such
that [ulLia) < cp(u).

For a Banach function norm p, the associated Banach function space is given by
Xo(Q) ={u e #(Q): |lullx,@) = p(lul) < oo},
and we also abbreviate X () = X,(Q2). For k € N, the associated Sobolev space is defined by

Wk X(Q) = {u: Q2 — R k-times weakly differentiable: ||ullyw» x(q) = Z 0%l x, @) < oo}.

la|<k

For a finite-dimensional vector space V', the space Wk X (V) of V-valued W¥ X-maps is
defined analogously. As usual, % denotes the Fourier transform on the Schwartz functions or
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tempered distributions, respectively. We write M™(Q) for the positive, finite Borel measures
on 2, and M} (Q) for the elements of M™(Q) with compact support inside Q. Lastly, we write
A < B to express A < ¢B with a constant ¢ > 0 independent of B.

2. PROOF OF THEOREM 1.1 AND RELATED INEQUALITIES

2.1. Differential operators and examples. Throughout the paper, let n > 2. We start by
collecting some background material on the differential operators from (1.3); see [9, 41, 56].
The importance of C-ellipticity lies in the following result.

Lemma 2.1. For a differential operator A of the form (1.3), the following are equivalent:
(a) A is C-elliptic.
(b) For any open, bounded and connected Q C R", ker(A; Q) .= {u € 2'(Q;V): Au =0}
s a finite-dimensional subspace of the V -valued polynomials on R™.
(¢) There exists an open and connected subset Q@ C R™ such that ker(A;Q) is a finite-
dimensional subspace of the V -valued polynomials.

For future reference, we illustrate the previous lemma with an example. This shall be con-
tinued in Sections 3 and 4.

Ezample 2.2 (C-elliptic operators and their null spaces). Throughout, we consider maps u: R™ —
R™ with n > 2.
(a) Deviatoric gradient. The operator VPu := u — tdiv(u)1, is C-elliptic. Since this is
lesser known, we briefly show this by computing its null space. For u = (uy,...,u,),
VPu = 0 means that 9ju, = 0 whenever j # k and

n ; 18juj = %Z@ZUZ for all j € {1,...,n}. (I;)
i#]
Subtracting (I;) from (I;) we obtain d;u; = Opuy for all j,k € {1,..,n}. Fix j €
{1,...,n}. Then Oyu; = 0 for k # j yields that u;(x) = f;(x;) and 0, f;(z;) = Ok fx(zx).
This implies that there exists o € R such that 9, f;(x;) = o. Hence f;(t) = at + b,.
Therefore we have u(z) = ax + b, and thus the kernel is given by
ker(VP) = {z+— ax +b: a € R,b € R"}. (2.1)

(b) Symmetric gradient. Following Reshetnyak [54], the null space of € on R" is given by
the rigid deformations

ker(e) = Z(R") ={z+— Az +b: AcR " beR"}. (2.2)

skew?
(¢) Deuviatoric symmetric gradient. Following Reshetnyak [54], provided that n > 3, the
null space of e is given by the conformal Killing fields
ker(e?) = #(R") == {z — 2(a,2) v — |z[*a + Az + ax + b:
AeRL", a,be R, a € R},

skew?

(2.3)

see also Dain [19]. As discussed, e.g., in [9, Ex. 2.2], the null space of e contains a
copy of the holomorphic functions on C. Hence, for n = 2, the null space of € is not
finite-dimensional and thus C is not C-elliptic. However, in the terminology given prior
to Theorem 1.1, e? is elliptic in two dimensions.

2.2. A direct proof of Theorem 1.1. We now come to the proof of the main result of the
present paper; we shall first give a self-contained proof.

Proof of Theorem 1.1. Suppose that (i) holds. On ’(a)=-(b)’. By Lemma 2.1, the null space
ker(A;R™) as in (1.5) is a finite-dimensional space of V-valued polynomials. Hence, for each u €
W* X(Q; V), the infimum on the left-hand side of (1.4), is attained for some py € ker(A; R™).
By slight abuse of notation, we write pg for its restriction to €2, whereby py € wk X(Q;V).
Applying (1.4) yields

ullwe v (o) < [l = pollwr y ) + llpollwk v (o)

(1.4),
S lu=pollx(@) + [Aullx@) + [[pollwr v (o) (2.4)
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(1.4),

S Aullx) + leollwr v = A+ B.
The term A is already in the desired form. For B, we note that all norms on finite-dimensional
spaces are equivalent. Since ||-|| is a norm on ker(A; R™)|q by (a), this particularly entails that

I7llwe y ) S llIwll - for all m € ker(A; R™)[q. (2.5)

Let TI: W* X (€;V) — ker(A;R")|q be an arbitrary but fixed projection onto ker(A; R™)|q.
Then we have with (2.5) that

B = ||pollwr v = ITL{po)llwk v (o)
< [[H(a = po)llwr y () + () [wk vy (o)
S 1w = po)lwe vy + IITI(w) |-

Because of dim(ker(A;R")|q) < oo, the operator IT: W¥ X (Q) — ker(A; R™)|q is a bounded
linear operator regardless of the norm with which ker(A; () is endowed. In conclusion,

(1.4),
B 3 [la—pollwr x@ +llull < Aullx@) + [lull,

and hence (1.6) follows in view of (2.4).

The direction ‘(b)=-(c)’ is immediate. On ’(¢)=(a)’. Let u € ker(A; Q) satisfy ||uf| = 0.
Then (1.7) gives us |[ullwr x () = 0, whereby u = 0. Since [|-[| is a priori assumed to be a
seminorm on W* X (Q; V), this implies (a), and the proof is complete. O

Remark 2.3 (On the assumptions of Theorem 1.1). Even though it might seem at a first glance
that Theorem 1.1 holds without any conditions on the boundary 052, this is not so: Indeed, the
validity of (1.4) rules out certain domains. For instance, if X = LP with 1 <p < oo and A =¢
is the symmetric gradient, an almost optimal condition on € for (1.4); to hold is to be John,
see [38]. More generally, and as will be explained in Section 3.1 below, inequalities (1.4) hold
true for all John domains and all reasonable choices of X, see [21, 22].

Remark 2.4 (Choices of X and Y'). Inequalities (1.4), which represent the main hypotheses
for Theorem 1.1, are satisfied for basically all reasonable choices of function spaces X,Y and
domains 2 C R™. In the framework of the classical Korn inequalities, we have X =Y = L?
for some 1 < p < oo. However, as explained in detail by Cianchi [13] in the framework of
Orlicz spaces L?, it is often useful to include different choices of X and Y. For instance, Korn
inequalities involving Young functions ¢ of Llog' ™ L-type usually come with the loss of one
logarithm; see Section 3.5 for more detail.

2.3. Drazié¢’s lemma and an indirect proof of Theorem 1.1. The following lemma is a
special case of a result due to Drazié¢ [23, 24] and is established as an abstract variant of Lions’
or Necas’ classical approach to coercive inequalities [25, 48].

Lemma 2.5 (Drazi¢). Let (Xo, |- llo), (X1, - |l1), for i € {1,2}, be two Banach spaces such
that we have the compact embedding X, —— Xo. Moreover, let S;: X; — R be two bounded
sublinear functionals such that there exists a constant ¢ > 0 with

lz]l1 < e(So(z) + Si(x)) for allz € X;. (2.6)
Then there exists a constant C' > 0 such that
zeki(gfsﬂ |z — 2|y < CSi(x) for allz € X. (2.7)
In particular, if ker(S1) = {0}, then there exists a constant C > 0 such that
Izl < CSi(x)  for allx € X,. (2.8)

Inequality (2.8) shall be most important to us. For the reader’s convenience, we thus pause
to give a self-contained proof.

Proof of (2.8). Suppose that (2.8) does not hold. Then there exists a sequence (z;) C X; such
that |||l =1 for all j € N and Si(z;) — 0 as j — oco. Because of X; —— X, there exists a
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(non-relabelled) subsequence and some = € X such that x; — « strongly in X,. Since (z;) is
Cauchy in X, by (2.6) we have:

limsup [lz; — x|y < ¢ limsup(||So|| [|z; — @l + S1(z;) + Si(z1))

Jst—>00 J,l—00

< ¢||So|| imsup ||z; — x1]jo = 0.
J,l—00

Hence, (z;) is Cauchy in (Xy, | - ||1) and, by the Banach space property of X;, converges to
some Z € Xy; therefore, one has = Z. Since ||z;]j; =1 for all j € N, it follows that ||Z|; = 1.
On the other hand,

191(2)] = [S1(D)] < [51(F = z5)| + [S1(z))| < [1Sull [|& = 2jlln + [S1(25)[ = 0

as j — oo. In conclusion, x € ker(S;) = {0}, which is at variance with ||z|y = 1. This
completes the proof. O

Applying Lemma 2.5, we can give an

Indirect proof of Theorem 1.1. We adopt the notation from Lemma 2.5. In the framework of
Lemma 2.5, we put X; = W*Y(Q; V), Xo = W1 X(Q; V),

So(w) = [[ullx, and Si(w) = [[ul] + [[Au]xq)-

Clearly, if (1.4) holds, then we have (2.6). If ||-|| is a norm on ker(A; ), then ker(S;) = {0}.
In consequence, (1.6) follows from (2.8), completing the proof. O

For future reference, we discuss the necessity of the hypotheses underlying Drazi¢’s Lemma 2.5.
By this, we shall find its natural limitations in view of applications. Apart from completeness,
we note that the compact embedding hypothesis is essential and cannot be omitted:

Ezample 2.6. Let Q C R? be Maz’ya’s 'shrinking rooms and passages domain’, see Fig. 1. Put
V2P(Q) == {u € LP(Q): VZu € LP(Q;R?*?)}

and endow it with its canonical norm [ul|vz2r(0) = |[ullLe@) + [[V2ullLr (). We define Xq =
WLP(Q) and X; == W2P(Q), so that X; — Xo. However, as a byproduct of the following
we shall see that the embedding is not compact. We now choose So(u) = |ullw1.r(q) and

S1(u) = ||lullv2r(q), so that S;: X; — [0,00) are bounded norms for i € {1,2} and ker(S;) =
{0}. Clearly, one has that

[ ul[wz.r () < So(u) + S1(u) for all u € W2P(Q),

which means that (2.6) is satisfied. However, one can show that there is no constant C' > 0
such that

[ullwzr ) < CS1(u) = Cllullves@y  for allu € W»P(Q), (2.9)

i.e., (2.8) does not hold. Indeed, suppose that (2.9) holds. Based on the construction indicated
in Figure 1, for N € N we define

N

un(z1,z2) = (Lp,(z1,22) (27 (2 — 1) — 1) + 1R, (21, 22)(27 (22 — 1)?)) .

j=1
As established by Maz’ya in [47, Chpt. 1.1.4, Ex. 2|, supyey [|un|[v2r@) < oo. On the other
hand, uy € W*?(9Q) for each N € N and lun|lw2r @) — 00 as N — oo. In view of (2.9), this
is the desired contradiction. Here, the key point is that X; does not compactly embed into X,
which can also be checked by elementary means.

We now briefly discuss the impact of Drazié’s Lemma 2.5. Starting with an inequality (2.6),
it improves the right-hand side of (2.6) to only contain the minimal part Si(x) instead of
So(z) + S1(z). In this sense, it reduces the amount of norms on the right-hand side needed
to bound ||z|;. As shown by Example 2.6, if the embedding X; < X{ is not compact, then
Lemma 2.5 does not allow for this reduction. It is here where stronger additional statements
need to be employed in conjunction with an adaptation of the direct proof of Theorem 1.1
afterwards. However, we shall see below that a modification of the direct proof above directly
yields this conclusion. We illustrate this point in the following example.
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FIGURE 1. Sketch of Maz’ya’s shrinking rooms and passages domain from [47,
Chpt. 1.1.4, Fig. 3] (not to scale)

Example 2.7. Let Q@ C R™ be open and bounded with Lipschitz boundary, and let A be a
first order C-elliptic operator of the form (1.3). For 1 < p < n, we consider the Sobolev-type
inequality

We wish to replace |[uf|rr(q) by a norm ||-[| on ker(A;€2). In the framework of Lemma 2.5, we

are bound to put X; = L7-7 (; V), Xo = LP(Q; V) and Sp(u) = lullrr (o). However, neither
is S1(u) = [[ul| + [|Aul/rr(q) a sublinear functional on the entire X; nor is the embedding

< c(|[ullLr o) + [AullLe (o)) for u € WhP(Q; V). (2.10)

ullp s gy <

X7 — Xy compact. In this case, for p > 1 the desired inequality can be obtained as follows:
We first employ the stronger Korn-type inequality (see, e.g., [21, 41, 56])

[ullwiny < clllullue@) + [Aullo)  forue WHP(Q;V), (2.11)
and subsequently we use Drazi¢’s Lemma 2.5 as above in conjunction with the Sobolev em-

bedding W'?(Q; V) — L%(Q; V). In conclusion, (2.10) in itself does not yield the desired
reduction.

In the preceding example, the key point is that we are interested in estimating lower order
quantities. There are related scenarios where additional, stronger inequalities (such as (2.11)
in the preceding example) are not available; see Proposition 2.12 below for such an instance.

2.4. Variations of Theorem 1.1. We now consider stronger assumptions than in Theorem
1.1. This particularly concerns the case X = Y subject to the natural compact embedding
hypothesis W* X (Q) —— X (), which implies the following strengthening.

Theorem 2.8. In the situation of Theorem 1.1, let X =Y and suppose that W* X (Q) ——
X(Q). Then the following statements are equivalent:

(i’) We have
([l X(Q) S Hu”X(Q) + HAUHX(Q) for allu € W* X (V). (2.12)
(ii') The following are equivalent for a seminorm ||-|| on W* X (Q;V):

(a) ||l s @ norm on ker(A; Q) N W* X (Q; V).
(b) The following Korn-type inequality holds

lallw xoy S llull + |Aullx@)  for allu e W* X(9). (2.13)
(¢c) We have validity of the Korn-type inequality
lallwe oy S IAullxiy  for allu e WEX(2) with [Ju]| = 0. (2.14)
Moreover, if (") or (ii’) hold, then we automatically have
ker(A; Q) = ker(A; Q) N W X(Q; V) = ker(A; Q) N C®(Q; V) (2.15)
and
pEkgl(fA;Q) u=pllx@) < Au]lx@) for allu € WF X(Q; V). (2.16)
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Comparing assertion (i’) and (i) from Theorem 1.1 for X =Y, the sole difference lies between
admitting elements p € ker(A;R™) and p € ker(Q; R™). In particular, subject to (2.12), Q need
not be connected. The proof below uses Drazi¢’s Lemma 2.5, but can alternatively be obtained
by means of the direct approach discussed in Section 2.2 if one aims to track constants.

Additionally, for the proof of Theorem 2.8 we require the classical Peetre-Tartar lemma.

Lemma 2.9 (Peetre-Tartar lemma, [59, Lem. 11.1]). Let (Y, || - |l:), ¢ € {0,1,2}, be three
Banach spaces. Moreover, let S: Yo — Y1 be linear and compact, and let T: Yo — Yo be linear

and bounded. If x — ||Sz|j1 + ||Tz||2 is a norm on Yo which is equivalent to || - ||o, then one as
that dim(ker(T")) < oo.

Proof of Theorem 2.8. On ’(’)=-(ii")’. By assumption, we have the compact embedding
Yo = WF X (Q; V) = Y = X (Q; V).

In the framework of Lemma 2.9, we moreover put Yo := X (2; W), S the identity map, and
T := A is bounded. Then (2.12) and Lemma 2.9 imply that dim(ker(A; Q)NW* X(Q;V)) < oco.
On ’(a)=(b)’. In the present situation, we set Xo = X (Q; V), X; = W* X(Q; V), and

So(w) = ||uflx(e) and Si(u):=[[uf| +[|Aullx@), weW X(V).

Then the inequality |[ullwk x (o) < So(u) + Si(u) for u € W* X(Q; V) follows from (i’). Now,
(a) implies that ker(S;) = {0}. Because of X; << X, Drazi¢’s Lemma 2.5 yields (b). The
remaining directions ’(b)=-(c)=-(a)” are trivial.

For ’(ii")=-(i")’, it suffices to note that ||-||x(q) is a norm on ker(A; 2) NW* X(Q; V). In par-
ticular, (a) is fulfilled with [|-]| = || - || x(q). In consequence, (i’) follows from (b). Summarising,
(i) and (ii’) are equivalent.

To prove (2.15), we claim that (i) or equivalently (ii’) imply that Q has only finitely
many connected components. To see this, recall that if (i’) holds, then by the Peetre-Tartar
Lemma 2.9 one has that m = dim(ker(A; Q) N WF X(Q;V)) < co. Now suppose that Q has
M > m connected components, so that we may write Q = (Qy U ... U Qps) U Upry1, where
Q1,...,Qp, Upry1 are open and pairwise disjoint. As a consequence of Lemma 2.1 and because
M is finite, we have

M M M M
Zu = ker (A; U Qj) nwk X( U Q;; V) = ker (A; U Qj) = @ker(A; Q). (2.17)
j=1 j=1 j=1 j=1
Every ker(A; ;) is at least one-dimensional, since it contains the constants. Therefore,
M
m < M < dim (@ker(A; Qj)) = dim(Z3y) < dim(ker(A; Q) N W* X (Q; V) = m.
j=1

This is a contradiction, and so 2 can have at most M < m connected components. This
directly proves (2.15), and then Drazi¢’s Lemma 2.5 applied to S1(u) = [[Aul| x (o) and Sp(u) =
[ull x(q), see (2.7), implies (2.16). The proof is complete. O

As a by-product of the preceding proof, we record:

Corollary 2.10. In the situation of Theorem 1.1, let X =Y and suppose that wk X(Q) —>—
X(Q). Then the validity of the Korn-type inequality

ullwe x(@) S allx@ + [Aullx@ — for allu e W* X(Q)
implies that Q has at most finitely many connected components.

Remark 2.11 (Explicit constants). In certain situations explicit constants in the Korn inequal-
ities or upper bounds are available, see [3, 52, 20] for an incomplete list. In this regard, the
alternative direct can be employed to yield specific dependencies on the underlying constants.

We conclude this section with an instance where Drazi¢’s Lemma 2.5 does not apply, whereas
the direct proof from Section 2.2 yields the desired inequality. This concerns the case p = 1,
where (2.10) holds [35], but (2.11) does not; the latter is a well-known principle usually referred
to as Ornstein’s Non-Inequality [51]; see also [43] for the general context considered here. For
instance, we have the following
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Proposition 2.12. Let @ C R™ be open and bounded, and let A be a first order C-elliptic
operator of the form (1.3). We define

BVA(Q) == {u e LY(Q;V): Auis a finite W-valued Radon measure}
and denote by |Au|(Q) the total variation of Au. Moreover, suppose that Q is such that

fully o gy S Iy + [Aul(©)  and
. (2.18)
pekelrf(lg;w) lu— PHLl(Q) < [Au|(Q)
hold for all u € BVA(Q) and let ||-|| be a seminorm on BV*(Q). Then the inequality
|lu] L72T () < lalll + [Aul(€2) for allu € BVA4(Q) (2.19)

holds if and only if ||-|| is a norm on ker(A;R™)|q.

Proof. This follows analogously as in the direct proof of Theorem 1.1 from Section 2.2. Retain-
ing the conventions of this proof, we have as a substitute of (2.4):

lull 2 gy < 0= Dol 2y g + 190 22
< lha = pollur ey + [4ul(@) + ool
< [Aul(@) + ool

L7T (Q)
Lﬁ(ﬂ) = A+ B.
Now, subject to ||| being a norm on ker(A; R™)|q, we have that

B = llpoll, 1 ) = M), 2

S Mpo)llL @) = [T = po)llLr ) + T(w)|Lr ()
S o= pollure) + llufl < JAu|(€2) + flull.

Combining the previous estimates, (2.19) follows. Conversely, if ||-]| is a seminorm which fails
to be a norm, there exists an element u € BV*(Q) for which the right-hand side of (2.19)
vanishes, whereas the left-hand side does not. This completes the proof. O

Note that Drazi¢’s Lemma 2.5 cannot be applied here for several reasons; besides the mis-
matching Banach space set-up, the embedding L7-T (Q) — L'(Q) is never compact.

Remark 2.13. The spaces BV#(Q) from [9] yield the classical space BV(Q) for A = V and the
space BD(2) of functions of bounded formation provided that A = ¢. In particular, Proposition
2.12 applies to these special cases.

Remark 2.14. The validity of (2.18) is always ensured provided that ) is an open and bounded
Lipschitz domain or, more generally, an (¢,d)-domain in the sense of Jones [39]; see Section
3.1 below for this terminology. More precisely, (2.18); follows from [35], in turn localising
the ellipticity and cancellation condition from [60] to domains. Inequality (2.18), follows, e.g.,
from [9, 21, 41].

3. BULK AND BOUNDARY TRACE CONDITIONS

In this section, we collect specific instances of Korn-type inequalities where the seminorms
ll-ll are given by integrals over sets of positive Lebesgue measure or boundary trace integrals.
Table 1 provides a summary of the underlying inequalities to be established in this and the
following section.

3.1. Validity of Korn’s first inequality. Both Theorems 1.1 and 2.8 establish variants of
Korn’s inequality subject to the validity of Korn’s first inequality, see (1.4); and (2.12), re-
spectively. The latter requires conditions on both the underlying function spaces, the domains
and the differential operators. In view of the examples below in Sections 3.2-4, we now collect
various conditions on the domains which lead to the validity of Korn’s first inequality.

To this end, it is customary to define for a C-elliptic operator of the form (1.3) and an open
set 2 C R"”

WAX(Q) = {ue W1 X(QV): Aue X(Q; W)}, (3.1)
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Bulk Full boundary | Partial boundary | Lower dimensional
A conditions traces traces traces
vP P 26 Prop. 3.11 Ex. 4.3
£ Prop. 3.4 rop- - Ex. 3.12 Ex. 4.4, 4.5
D Prop. 3.16 Prop. 3.9 Ex. 3.13 Ex. 4.6
€ p- o Prop. 3.16 T o
general Ex. 3.13 Ex. 4.6
TABLE 1. Summary of the inequalities established in Sections 3 and 4.
and to endow it with the natural norm [[ullws x () = [[ullwr-1 x(@) + [|Aul[x@). We shall

consider open and bounded domains of the following types:

Domains with Lipschitz or C*-boundaries. As usual, we say that  C R™ has Lipschitz
or C*-boundary if the following holds for every point zo € 8: After a rotation and
translation, there exists open and bounded sets U € R"~!, V C R™ and a Lipschitz or
CF-function f: U — R such that z¢ € graph(f), 9QNV = graph(f), QNV lies strictly
below graph(f) and (R™ \ Q) NV lies strictly above graph(f). Moreover, we suppose
that the Lipschitz or C*-norms of such functions f to be uniformly bounded.
Euxtension domains for W* X . If there exists a bounded linear extension operator
E: WA X(Q) — WA X(R") (so, in particular, Eu|q = u for all u € W* X(Q)), Q is
called an extension domain for W X

Jones (e,0)-domains. A bounded domain 2 C R" is an (g, §)-domain with 0 < &, < oo
if it satisfies the following property: If z,y € Q are such that | — y| < 4, then there
exists a curve v connecting x and y such that

L) < Ms;m and dist(z,0Q) > emin{|x — 2|, |y — 2|}, (3.2)

for all elements z on the curve . This means that each two sufficiently close points
can be joined by a curve with length bounded by their distance, and every point of this
curve is at a sufficient distance from 9f). In particular, the curve can be surrounded
by a banana-like domain with uniform parameters which still lies inside €2, see Figure
2(i). This condition is violated, e.g., in the cusp example in Figure 2(ii): Fixing xg
and considering points yo very close to the cusp, it is not possible to find such uniform
banana-like domains. Conversely, by considering points xg, yg close to the slit in Figure
2(iii), the first condition in (3.2) is violated.

John domains. A bounded domain Q C R" is John if there exists a distinguished point
zp € 2 and a constant ¢y > 0 with the following property: For any x € 2, there exists a
curve 7: [0, 4(v)] — Q parametrised by arc-length such that v(0) = z, y(£(v)) = 20 and
dist(y(t), 9Q) > ¢yt for all ¢t € [0,£(7)]. For instance, the slit domain in Figure 2(iii) or
the twisted brick example in Figure 2(iv) are John.

Since polyhedral domains do not necessarily have Lipschitz boundary (see Figure 2(iv)), John
domains are particularly important in applications in numerical analysis; there, polyhedral
domains appear as domains, as approximations of domains with curved boundaries, and as
neighbourhoods of polytopal partitions.

Remark 3.1 (Relations and properties). The aforementioned conditions are related as follows:

(i)

(i)

Every domain with Lipschitz or C*-boundary is an (e,d)-domain, and every (e,d)-
domain is an extension domain for W L?. The latter follows, e.g., from [35] based on
an adaptation of Jones’ original method for Sobolev spaces [39]. Moreover, in all these
cases, we have the compact embedding W"?(Q) << LP(Q).

Open and bounded domains with Lipschitz or Ck—boundary are John. John domains
may have slits and thus are, in general, not extension domains for W'?; in particular,
since every (e, d)-domain is a W'”-extension domain, John domains are not neces-
sarily (e,d)-domains. Moreover, by [12, Thm. 2.2], we have the compact embedding
WP (Q) << LP(Q) for John domains.



KORN INEQUALITIES WITH TRACE AND CAPACITY TERMS 11

(ii) (iv)

FIGURE 2. Conditions on domains. (i) reflects Jones’ (e, §)-condition (3.2). It
is not satisfied in (ii) and (iii); still, the slit domain from (iii) is John. Similarly,
(iv) is a typical instance of a polyhedral non-Lipschitz, yet John domain.

For (bounded) John domains, Korn inequalities have been established in [1, 22, 38] for the
symmetric gradient, and we refer the reader to [21] for general C-elliptic operators. The general
outcome is that, for an open and bounded John domain €2 C R™ and a k-th order C-elliptic
operator of the form (1.3), we have the estimate

[ullwenri) S e + 1Aufie@)  for allu € WHP(Q; V). (3.3)

This result persists for other spaces such as certain Orlicz or Muckenhoupt weighted Lebesgue
spaces; see [21, Thm. 6.9, Cor. 6.14] and the discussion in Section 3.5 below.

In the framework of extension domains for W2 X, Korn’s first inequality can be obtained by
easy means provided that the Banach function space X supports Mihlin’s theorem:

Assumption 3.2. Let X be a Banach function space which is definable on all open subsets of
R™. We say that X supports Mihlin’s multiplier theorem if, for any m € C>(R™\ {0}; C) which
is homogeneous of degree zero, there exists ¢ > 0 such that the associated Fourier multiplier
operator Tu = F ~1(mu) satisfies

||T(U)HX(]R") S CHUHX(]R") fOT’ allu S Cgo(Rn,(C)
Subject to Assumption 3.2, we then have:

Corollary 3.3. Let A be a k-th order C-elliptic operator of the form (1.3). Moreover, suppose
that X satisfies Assumption 3.2 and is such that Q is an extension domain for W X. If
C2V) s dense in (WA X(R), | e xary) and ]l = [[ullxe) + D0l xe) is an
equivalent norm on W* X (R™), then there holds

lallwe x @) < llallwe-1 x @) + lAul[x @) for allu € W* X (; V). (3.4)

Proof. Denote by E: W* X(Q) — W* X(R") a bounded linear extension operator. Since A is
C-elliptic, it is in particular elliptic in the sense that A[¢]: V' — W is injective for all £ € R™\{0}.
Denoting by A*[§]: W/ ~ W — V ~ V"’ its adjoint, we have that A*[¢]A[¢]: V — V is bijective
for any £ € R™\ {0}. Hence, we may write for any v € C2°(R™; V) and all |a] = k:

9ov = F (ma ()Av) = F 1€ (A[E]*A[€) TTA[E]AV). (3.5)

We note that m, € C*(R"™\ {0}; Z(W;V)) is homogeneous of degree zero, where .Z(W;V)
denotes the linear operators from W to V. The latter is a finite-dimensional space, whereby
Assumption 3.2 and (3.5) imply that [|0°V| x®n) S [[AV] x@n) for all v € CZ(R™; V). We
use the smooth approximation property to find that this inequality also holds true for all
v € WA X (R"). For u € W* X (), we conclude that

lullwe x(o) < 1Bullws x@e) S 1Bulx@n) + [ D*Eul x@n)
S Bulx @ + [AEU| x @) < [[Eullwe x@n) S allwe x@)-
This is (3.4), and the proof is complete. O
In the following, we shall consider specific regularities of domains. However, based on the

above summary, the reader might verify whether the underlying approaches also extend to the
setting required in the respective application.
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3.2. Bulk conditions. As a first example, we begin with bulk conditions on a subset w C (.
Here, the key point is that w might have very small Lebesgue measure compared to €.

Proposition 3.4 (Bulk conditions). Let A be a k-th order C-elliptic differential operator of
the form (1.3). Moreover, given 1 < p < oo, suppose that the open, bounded and connected set
Q C R™ supports the first Korn inequality (2.12) and is such that W*P(Q) << LP(Q). Then
for any L™ -measurable subset w C Q with £™(w) > 0, there exists a constant ¢ > 0 such that

lullwery < el + IAuls) — for allu e WEP(Q; V). (3.6)

Moreover, writing ¢ = c(w), we have c¢(w) — oo as L™ (w) \( 0. In particular, if k =1, (3.6)
holds for A € {VP e} ifn>2 and A =P ifn > 3.

By our discussion from Section 3.1, the hypotheses of the preceding proposition are satisfied
for all Lipschitz, CF-, Jones (e,6)- and John domains.

Proof. By Theorem 2.8, we only have to verify that [[uf| = |lu[/;1(,) is a norm on ker(A; Q).
Since ) is assumed to be connected, by Lemma 2.1(b) ker(A;Q) consists of polynomials of
a fixed maximal degree. Now, if a polynomial vanishes on a set of positive Z"-measure, it
vanishes globally. Hence, (3.6) follows from Theorem 2.8. The asymptotics are clear, and the
rest follows from Example 2.2. This completes the proof. U

Remark 3.5. If, in the situation of Proposition 3.4, one drops the condition on €2 to be connected,
Corollary 2.10 implies that €2 has only finitely many connected components. Then (3.6) remains
valid if and only if w C Q satisfies £ (w N ;) > 0 for each of the connected components ;.

3.3. Full boundary trace conditions. We proceed with seminorms [|-|| defined in terms of
the full boundary traces on subsets I' C 9. This is opposed to the partial boundary traces
from the next subsection, where we shall be interested in seminorms defined in terms of normal
or tangential parts of the traces. The following result has first been observed by Pompe [53]:

Proposition 3.6 (Full boundary trace conditions). Let A be a first order C-elliptic differential
operator of the form (1.3). Moreover, let @ C R™ be open and bounded with Lipschitz boundary,
and let T' C 0Q be A" -measurable such that A"~ (I' N 9Q;) > 0 holds for every connected
component Q; of Q. Then, for every 1 < p < oo, there exists a constant ¢ > 0 such that

Hunl,p(Q) < c(||trag(u)|\L1(p) + ||Au|\Lp(Q)> for allu € WI,P(Q; V), (3.7)

where trag: WHP(Q; V) — LP(O%; V) denotes the usual boundary trace operator on WP (Q; V).
Moreover, writing ¢ = ¢(T'), we have ¢(T') — oo as "~ H(T) \, 0. In particular, if k =1, (3.7)
holds for A € {VP e} ifn>2 and A =P ifn > 3.

Proof. If Q is open and bounded with Lipschitz boundary in the sense of Section 3.1, then it
has at most finitely many connected components €1, ..., 2y. Hence, the validity of Korn’s first
inequality on € follows. Now let u € ker(A;2) be arbitrary. On each Q;, u is the restriction of
some v € ker(A;R™). As established by Pompe [53], [|v||L1(rnag,) = 0 implies that v = 0. In
conclusion [[uf| == [[traa(v)||r1(r) is a norm on ker(A; ), whereby (3.7) follows from Theorem
2.8. The proof is complete. O

The corresponding trace inequality is substantially easier to obtain if I' = 02 and holds for
a larger class of operators A:

Remark 3.7 (Homogeneous versus inhomogeneous inequalities). If T' = 9Q and p € ker(A;Q),
then clearly p € W"(Q; V). Now, if plog = 0, then p € W(l)’Q(Q;V) and thus the Korn
inequality

/ |Vu|? dz 5/ |Auj?dz  forallu e Wy*(; V) (3.8)
Q Q

implies that p = const. and thus p = 0 because of p € Wé’Q(Q; V).
We take this remark as an opportunity to comment on weaker ellipticity scenarios. We call a
first order operator A of the form (1.3) R-elliptic or simply elliptic if A[¢]: V — W is injective
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for all £ € R™\ {0}. In this situation, inequality (3.8) holds true; more precisely, even for
1 < p < oo we have that

IVullLr) S AUl for allu € WP (Q; V). (3.9)

Now, if u € WHP(Q; V), its trace troq(u) belongs to W'™/PP(9Q; V). Then, one can find a
function g € W(Q; V) such that

lgllwir@) < lltroe(w)|lwi-1/m.r @0 (3.10)
and the right-hand side of the previous inequality cannot be improved. Since (u — g) €
WP (€ V), we obtain

(3.9)

IVullir) S IVa=g)llir) + IVEllir@) S A= g)llir@) + IVElLr (o) (3.11)

(3.10)
S Al + Vel S lItrae(w)llwi-1/pr00) + [AUlLe @)

Since (3.10) is sharp in general, meaning that its right-hand side cannot be replaced by any
strictly weaker norm, this approach only yields a Korn-type inequality involving the wi-l/pp
norm of the boundary traces but nothing weaker. Yet, in the context of non-C-elliptic operators,
(3.11) is not useful in general. To underline this point, note that we have W'*(Q;V) =
WAP(Q) for C-elliptic operators. Thereby (3.7) tells us that, if we control trag(u) and Au,
then we control the full Sobolev norm. Now, if A is not C-elliptic, then there is no trace
operator trog: WAP(Q) — W=VPP(9Q; V) (not even Li (9Q; V), see, e.g., [21, Thm. 4.4].
In particular, for W*P-maps, the right-hand side of (3.11) is ill-defined. Put differently, there
exists a sequence (u;) C C*°(Q; V) such that sup;cy [[w;jllwe.r ) < 00, but both sides of (3.11)
blow up as j — oo.

Remark 3.8. Comparing (3.6) and (3.7), the latter does not remain valid in general in the k-th
order case if the left-hand side of (3.7) is replaced by [|u|ywr.»(q). Indeed, let us consider k = 3,
V =R", Q= B(0). For A = V3, we consider u(z) := (1—|z|?)e;. Then u|pg = 0 and Au = 0,
but the left-hand side of (3.7) does not vanish. Yet, it would be interesting to characterise
the algebraic variety ¥, = 7~ 1({0}) for m € ker(A; R") for general C-elliptic operators A. As
Pompe’s argument shows, at least in the first order case such varieties ¥, are highly rigid.

A version of Proposition 3.6 for p = 1 also follows. It, in turn, generalising a result for
I’ = 99 obtained by Steinke [57] who uses an elegant argument of different nature.

Proposition 3.9 (Full boundary trace conditions, p = 1). Retaining the same setting as in
Proposition 3.6, there exists a constant ¢ > 0 such that

Il 2 gy < e(ltron ey + [Aul(©)  for allu € BVA(©). (3.12)
Proof. Since 2 is open and bounded with Lipschitz boundary, (2.18) is satisfied; see [21, 35].
As in the proof of Proposition 3.6, [[u|| := [[traa(v)||r1(r) is a norm on ker(A;2), and so (3.12)
follows from Proposition 2.12. The proof is complete. O

3.4. Partial trace conditions. Different from the previous subsection, we now consider semi-
norms defined in terms of certain parts of the full traces. Korn inequalities with such terms
are required when dealing with problems which a priori only give us control over tangential
or normal traces; as mentioned in the introduction, the resulting inequalities prove useful in
the study of the Navier-Stokes equations with dynamic boundary conditions [31, 61] or the
Boltzmann equation [20]. For an open and bounded domain with C'-boundary oriented by the
outer unit normal vyg: 9Q — S*~ !, we put for u e WP (Q; R")

trr o0 (u) = (traa(u) - vao)veq (normal trace),
tr, 00(u) = traa(u) — (traq(u) - vao)vea (tangential trace).

We begin with the deviatoric gradient A = VP and recall that its kernel is ker(V?) = {z
ar +b: a € R,b € R"}, see Example 2.2. Let us start with the following elementary lemma.

Lemma 3.10 (A characterisation of balls). Let @ C R™ be an open, bounded and connected set
with C'-boundary. Then the following are equivalent:
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(a) Q is a ball.
(b) There exist @ € R\{0} and b € R™, not both equal to zero, are such that vaq(zx) is
collinear to (ax 4+ b) for all x € IN.

Proof. On ’(a)=(b)’. Suppose that = B, (xg) for some zy € R™ and r > 0. For an arbitrary
a € R, put b := —axg. Then p(x) = ax + b = a(x — xg) is collinear to
r — X

voa(z) = | for all x € 99,

x — ol
and hence (b) follows.

On ’(b)=(a)’. Now suppose that « € R\{0} and b € R™ are such that (b) holds. For
arbitrary z,y € 0Q with z # y, we let 7, ,: [0,1] — 0 be a continuously differentiable curve
with ;. (0) = = and 7, ,, (1) = y; this is precisely where we use that 9 is of class C' and that
Q2 is connected. By the collinearity assumption from (b), there is a function f: [0,1] — {-1,1}
such that

_ () Xza(r) O
el =IOy

On the other hand, vaa(7Vz,y(7)) L7, (r) for all 0 <7 <1, and hence (3.13) yields
0= (ayzy(r) +b) 'y;y(r) = aryy 4 (7) - ’y:'c,y(r) +b- 7;7y(r) forall0 <r <1. (3.14)

In consequence, the fundamental theorem of calculus gives us

S =152 = S (D = ey OF)

a [td !
=5 | arhesPar= a0 qmar (315)

forall0 <r <1, (3.13)

G . / 7 () dr = b+ (yay (1) = 1 (0)) = —b- (z — ).
0

Completing the square, (3.15) implies that

2 | 2 |°

r+ —b =’y—|—b for all x,y € 02 with x # y.
e’ a

This shows that 02 is a sphere centred at %b and so (a) follows. The proof is complete. O

The previous proof formalises the fact that, for a field p(x) = ax + b, it is impossible to be
globally orthogonal to the tangents 79 along 9 unless 9€ is a sphere; see Figure 3(i). Here,
an instance of a set and boundary point yq is depicted where this condition fails. We now have:

Proposition 3.11 (Partial traces, deviatoric gradient). Let 1 < p < oo, and let Q C R™ be
open, bounded with C'-boundary. Then the following hold:
(a) The inequality

||u||W1,p(Q) < /{m [trr a0 ()] d#n !+ ||VDu||Lp(Q) for allu € Wl’p(Q;R") (3.16)

holds if and only no connected component of Q is a ball. In particular, if ) is connected,
then the validity of (3.16) is equivalent to Q not being a ball.
(b) The inequality

allwir) S /aﬂ [try,. 00 (u)] dorn—! 4 ||VDu||L:D(Q) for allu € WP (Q; R™) (3.17)

holds without further restrictions on €.

Proof. Our definition of open and bounded sets with C'-boundaries implies that Q has at
most finitely many connected components €21, ..., Qx. In particular, (3.3) in conjunction with
Remark 3.1 implies the validity of the first Korn inequality for A = V2 on such sets.

On (a). Suppose that (3.16) holds, and suppose that there exists jo € {1,..., N} such that
Q;, is a ball: Q;, = B,(2¢). By Lemma 3.10, there exist a € R and b € R, not both equal to
zero, such that vaq, (z) is collinear to p(z) = ax + b for all x € 0Q;,. We put

ﬁ(l‘) = ]]-Br(wo)p('r)a z €.



KORN INEQUALITIES WITH TRACE AND CAPACITY TERMS 15

* 20

.2

FI1GURE 3. Critical geometric scenarios for the deviatoric gradient; the finely
dotted arrows indicating the vector field of kernel element cx + b.

Setting u := p, then the right-hand side of (3.16) vanishes, whereas the left-hand side does not.
This is a contradiction, and hence no connected component of €2 can be a ball. Conversely,
suppose that no connected component of €2 is a ball. Lemma 3.10 then tells us that

all = [ oo, () dse (3.15)
is a norm on ker(V?; ;) for every j € {1,..., N}. Hence, Theorem 2.8 yields that (3.16) (with
? being replaced by ;) holds for every j € {1,..., N}. Adding the resulting inequalities then
gives us (3.16) globally on €, which is (a).

On (b) . We consider the seminorm |||-||| as in (3.18), where now 0f2; is replaced by 02 and
tr- 00, is replaced by tr, . Then [|-[| is a norm on the space of maps p(x) = ax+b, for « € R
and b € R™. To see this, we confine ourselves to a sketch. If there exists such a non-trivial map
p such that ||p|| = 0, then the boundary must contain at least one line of the form zo +Rx>owo
with some g € 90 and wy € R™\ {0}. If it contains one such line, then © cannot be bounded,
see Figure 3(ii). Hence, ||-|| is a seminorm, and so (3.17) follows from Theorem 2.8. The proof
is complete. O

We expect the ’if-and-only-if’-result of the preceding proposition to hold for a class of more
irregular domains.

Next, let us turn to the symmetric gradient with kernel ker(¢) = Z(R"™) = {x — Az+b: A€
RI<". b € R"}, see Example 2.2(b). The following proposition extends results in [20] on
homogeneous normal trace conditions.

Ezample 3.12 (Partial traces, symmetric gradient). Let 1 < p < oo, and let  C R™ be open,
bounded with C'-boundary. Then the following hold:

(a) The inequality
||unl,p(Q) < / [trr aq(u)| dornt + ||6(u)||Lp(Q) for allu € Wl’p(Q; R™) (3.19)
o

holds without further restrictions on 2.
(b) The inequality

allwrr@) < / [tr, a0 (u)] d#nt 4 lle(u)|lre () for allu € Wl’p(Q;R”) (3.20)
a0

holds provided that €2 is not axisymmetric.

To show (a), a similar argument as in Proposition 3.11(b) can be applied. Indeed, any ch
domain whose boundary tangent vectors are orthogonal to rigid body rotations is unbounded.

With the arguments used in [20] one can show that [[uf| = [, [tr, s0(u)|d#""! is a norm
on ker(g) if and only if € is not axisymmetric. This proves (b).
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Ezample 3.13 (Deviatoric symmetric gradients). Determining the domains such that normal
trace or tangential trace terms are a norm on ker(eP) is significantly harder, recall Exam-
ple 2.2(c). Clearly, for those domains, for which those terms are not a norm on the kernel ¢,
are also excluded here, since by Example 2.2 we have

ker(e) C ker(e?).

Beyond this, however, we cannot assert much: While the kernel of ? is a subspace of quadratic
functions, the condition that a kernel element satisfies zero normal or zero tangential trace
conditions can be reformulated as a PDE; going from full trace to partial trace conditions thus
comes with a switch from an algebraic problem to an analytic one.

Remark 3.14 (Partial traces on part of the boundary). Similar to Proposition 3.6, it is also of
interest to impose partial boundary conditions only on a part of the boundary I' C 9Q. It is
evident that the class of domains for which the corresponding seminorm ||-||| is also a norm on
the kernel of the respective differential operator is possibly larger than for I' = 0€).

Based on Example 3.13, it is challenging if not impossible to obtain explicit characterisations
of all available couplings between the partial boundary conditions, differential operators and the
geometry of domains to yield the corresponding Korn-type inequalities. For readers interested
in this matter, Section 5 provides a symbolic test to decide whether a seminorm can qualify as
a norm on the nullspace of A for given partial trace conditions.

3.5. Other space scales. For problems from material science with, e.g., logarithmic hardening
[30] or limiting cases in fluid mechanics such as the Prandtl-Eyring model [8], LP-based Korn
inequalities do not suffice. Korn inequalities of Orlicz-type have been obtained in [6, 7, 13, 22, 29]
for specific operators such as € or ¢, and in [18, 21, 58] in the general case; most of them
crucially hinge on Cianchi’s sharp singular integral estimates [14].

To state them, we recall some terminology. A function ¢: [0,00) — [0, 00] is called a Young
function if it can be written as

o(t) = / $(s)ds, 20,

where ¢: [0,00) — [0, 00] is non-decreasing, left-continuous and neither identical to 0 nor to
+o0. Its convex conjugate is given by ¢*(t) == sup,~ o st — ¢(s). A Young function gives rise to

the Luxemburg norm
lullLe (@) = inf {/\ >0: / @(M> dz < 1})
Q A

and the Orlicz space L?(2) is defined as the collection of all measurable u: @ — R such that
llullre @y < oo. In particular, L?(2) is a Banach function space. For two Young functions ¢, @,
we shall consider the following balance condition: There exist ¢ > 0 and ¢y > 0 such that

t T ~x

t/ % ds < @(ct) and t/ SOT(;) ds < p*(ct) for all t > tq. (3.21)
to to

Example 3.15. As mentioned above, plasticity models with logarithmic hardening or the Prandtl-

Eyring model from fluid mechanics are based on the space LlogL(€2), which corresponds to the
Young function @(t) = tlog(t + 1). Then @* is of exponential growth. We moreover put

(t) == t, so that
. 0 0<t<l,
Pr(t) =
+oo 1<t < o0

For these choices, a straightforward computation shows that (3.21) is satisfied.

Now let A be a first order C-elliptic differential operator of the form (1.3) and let ¢, @ be of
class Ag; this means that there exists ¢ > 0 such that ¢(2¢) < e¢p(t) holds for all ¢ > 0, and
analogously for ¢. Subject to the above balance condition (3.21), we then have the Korn-type
inequality

[ullw: Le(Q) S ||UHL¢(Q) + HAU”L@(Q) for allu € W' L2 V), (3.22)
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provided that Q is an open and bounded W* L?-extension domain; this follows from the results
and techniques of [13, 14] and [35]. In particular, this is satisfied if € has Lipschitz boundary.

Proposition 3.16 (Orlicz spaces). Let @ C R™ be open, connected and bounded with Lipschitz
boundary, and suppose that the Young functions ¢, are of class As and satisfy the balance
condition (3.21). Moreover, let A be a first order C-elliptic operator of the form (1.3). Then
the following hold:

(a) For any Z™-measurable set w C Q with L™ (w) > 0, we have
lullw: o) S lallpiw) + [Aullyeqy  for allu e WHLE(Q; V).
(b) For any " 1-measurable set T' C 9Q with s"~1(T) > 0, we have
ullw o) S lltrao()lluiry + |Aullpeq)  for allu € WL (Q; V).

Proof. We directly employ Theorem 1.1; the underlying Poincaré inequality from (1.4), follows
from [21, Sec. 3]. In light of (3.22), we only have to verify that the respective seminorms are
norms on the nullspace of A, but this is the case by the proofs of Propositions 3.4 and 3.6. This
completes the proof. O

With the obvious modifications, a similar result can also be obtained for partial traces. Note
that, by the very same method of proof, it is also possible to establish Korn-type inequalities,
e.g., for Lorentz spaces or Lebesgue spaces weighted with suitable A,-Muckenhoupt weights.
Indeed, this primarily requires Korn’s first inequality for these scales, in turn to be found, e.g.,
in [21, 22].

4. INTERIOR AND LOWER DIMENSIONAL TRACE CONDITIONS

In this section, we focus on specific instances of Korn-type inequalities where the seminorms
Il are given by integrals of - and so potentially lower dimensional traces of Sobolev functions.

4.1. p-traces. For the reader’s convenience, we briefly recall restriction or trace theorems for
WHP(R™), for 1 < p < co. Denoting by Gy, := .Z ~1((1+|¢[2)~%) the k-th order Bessel potential,
we note that every u € WP (R") can be written as u = Gy * f with some f € LP(R"). This is
the Bessel potential characterisation of W*?(R"), see [2, Thm. 1.2.3], and we have the norm
equivalence

||u||wk,p(Rn) ~ inf{”f”Lp(Rn) U= gk * f, f S Lp(]Rn)}7 u e Wkﬁﬂ(Rn) (41)
The (k, p)-Sobolev capacity of a compact set K C R" is given by
Capy, ,(K) = inf{ngHf}vw(R"): e CP(R") and ¢ > 1on K}.
For an open set U C R", this definition is extended via
Capy, ,(U) = sup{Cap,, ,(K): K C U is compact}.
For general sets V' C R"™, one then defines an outer capacity by
Capy, ,(V) == inf{Cap, ,(U): V C U, U is open}.
Now let € MT(R"). In the following, we assume that 1 < p < ¢ < 0o, and that there exists
a constant ¢ > 0 such that
,u(K)% < cCapk’p(K)% for all compact sets K C R". (4.2)
By Adams’ trace inequality (see, e.g., [2, Thm. 7.2.1]), (4.2) implies that the k-th order Bessel
potential operator Gy : f — Gixf maps Gi: LP(R"; ¥¢™) — LY(R"; 1) boundedly. In particular,
by (4.1), there exists ¢ > 0 such that |[u[|La(rn;u) < cf|ullwr.pgny holds for all u € C°(R™).
Now, if u € W*P(R"), we choose (u;) C C°(R") such that u; — u strongly in W*?(R").
Since (u;) is Cauchy with respect to || - [[wr.»(mny, the preceding inequality implies that (u;)
is Cauchy in LY(R"™; ). By the Banach space property of the latter, there exists an element
tr,(u) € LY(R"; ) such that ||u; — tr,(u)|La@n,,) — 0. Moreover, tr,(u) is independent of
the particular approximating sequence, and hence gives rise to a well-defined, bounded linear
p-trace operator tr,: WHP(R™) — L9(R"; ). As examples, if
e ;="' LY with some sufficiently smooth hypersurface X, or
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o u=#""*LY for some 0 < s < n and a suitably regular (n — s)-dimensional set (such
as lines if s = n — 1 or certain fractals if 0 < s < n),

then tr,(u) can be understood as a (generalised) restriction of u to X.

4.2. Full gradient inequalities. Even though setting A = V does not give rise to a proper
Korn-type inequality, we begin with the following base case of independent interest.

Ezample 4.1 (Gradient, p-traces). Let 1 < p < ¢ < oo, and let @ C R™ be an open, bounded
and connected domain such that W'?(Q) << LP(Q); e.g., Q might be an extension domain
for WH? or a John domain. Moreover, let p1 € MT(R™) be compactly supported in  such that
(4.2) holds and u(Kp) > 0 for some compact subset Ky C 2. Then we have

lullwrr ) S (/Q ftr,, ()| dpe + ||Vu||Lp(Q)) for all w € WP(Q). (4.3)
In the framework of Theorem 2.8, we put X =LP, k=1, A=V and
fuallf = /Q tru(w)[dp,  we WHP(Q). (4.4)

By the connectedness of 0, any p € ker(V; Q) is constant and so v = d for some d € R. Hence,
! (Ko)>0
ol =0 = [d|u(Ko) < [d|p(€2) = /Q (o)l dp=0 2T w =,

In conclusion, (4.3) follows from Theorem 2.8, see (2.13). Note that, if p > n and Q has
Lipschitz boundary, the sole restriction on p (besides being compactly supported inside ) is
that 1(Ko) > 0 for some compact subset Ky C €. This is due to the fact that W7 (Q) — C(Q)
in this case.

4.3. Korn-type inequalities involving p-traces. In analogy to Section 3, we now consider
proper Korn-type inequalities with p-trace terms on the right-hand side. For future reference,
we single out the following elementary lemma; as usual, dimy; denotes the Hausdorff dimension
(see, e.g., [26, Chpt. 2]).
Lemma 4.2. Let Q C R" be open and bounded, and let £: Q@ — R™ be a continuous function.
(a) Suppose that, in addition, £: Q — R™ is injective, and let p € M*(Q) be non-trivial
and non-atomic. Then we have

/|f\d,u:0 = f=0.
Q

(b) Suppose that £ vanishes at most on a set of the form QN &, where & C R™ is a closed
set with dimy (&) < X € [0,n]. Moreover, let p € M7F () be a non-trivial measure such
that

dimy(U) <A = u(U)=0 for all Borel sets U C Q. (4.5)
Then we have that

/|f\d,u:0 = f=0.
Q

Proof. In proving (a) and (b), we may assume that f has at least one zero in 2. Indeed, if not,
then p(£2) > 0 trivially implies that
[ fldn >0,
Q

and so there is nothing to prove. We denote by IV the set of all zeros of f in €2. In the setting of
(a), N = {zo} for some suitable o € €, and we then put & := N. Hence, in both (a) and (b),
G is closed. Now suppose that f £ 0. Let K C € be an arbitrary compact subset and define,
for r > 0,

(2N G) = {zxecR": dist(z,2NS) <},

which is open. Hence, for each r > 0, K \ %.(Q2 N &) is compact. By continuity of f, there
exists e > 0 such that |f| > ex, on on K \ %.(2 N S). Hence,

/Q|f|du:0 — aK,u(K\%(QHG))g/ﬂ\f|du:0 e WK\ %(QNS)) = 0.
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Next, note that 14, (one) — 0 p-a.e. in Q. Indeed, let x € Q\ &. Then dist(z, &) > 0 by the
closedness of &, and so there exists 7o > 0 such that B, () C Q\&. Thus, lony, ne)(z) — 0
as r N\, 0. In each of the cases (a) and (b), the underlying hypotheses ensure that u(Q2N&) = 0.
Therefore, (2N %-(2NS)) — 0 as r \, 0 by dominated convergence. In conclusion,

p(E) < o (K \ %20 ) + u(@0 %21 &) = 0,

and so p(K) = 0 for any compact subset K C Q. We then choose a sequence (K;) C Q of
compact sets with K; Q. Dominated convergence yields

(@) = lim p(K;) = 0.
Jj—o0

However, since u € M™(2), we have u(2) > 0, and thus we arrive at a contradiction. Hence,
f = 0, and the proof is complete. O

Based on the previous lemma, we now turn to specific differential operators.

Ezample 4.3 (Deviatoric gradient). Let  C R™ be open, bounded and connected with Lipschitz
boundary. For given 1 < p < q < 00, let 1 € MF(Q) be non-trivial and non-atomic such that
its trivial extension @ to R™ satisfies (4.2) with ¥ = 1. By Example 2.2(a), each element of
ker(VP; Q) is of the form p(x) = ax + b for some o € R and b € R". Now let p(x) = ax + b

be such that a # 0, whereby p is injective and continuous. Considering the seminorm ||-|| as
in (4.4), we use Lemma 4.2(a) to conclude p = 0, provided that [|p|| = 0. If &« = 0 and so
p = b, then ||p|| = 0 directly yields p = 0 by virtue of p(Q) > 0. In conclusion, ||-| is a

norm on ker(V?; Q). Since V¥ is C-elliptic by Example 2.2, Korn’s first inequality (3.3) and
so Theorem 2.8 directly yield

[allwie@) S /Q try(w)| dpe + |[VPullLe)  for allu € WHP(Q;R™). (4.6)

Note that, if

e 1 < p < n, then (4.2) already implies that u is non-atomic (recall that n > 2). Hence,
(4.6) then holds under the same conditions as required in Example 4.1.

e If p > n, then p is still allowed to be atomic in the inequality (4.3) from Example 4.1,
whereas this is forbidden for the inequality (4.6) that involves V.

Moreover, we may replace the trace integral in (4.6) by [[tr,(u)||Le(q;.; by our discussion in
Section 4.1, the resulting inequality is still meaningful. However, note that (4.6) is stronger.

Example 4.4 (Symmetric gradient, n = 2). We let n = 2 and assume that Q and u € MT(Q)
satisfy the same assumptions as in the preceding example for some 1 < p < ¢ < oco. By
Example 2.2(b), any element of ker(e; Q) is of the form p(z) = Az +b with some A € RZX? and
b € R2. With the seminorm ||| as in (4.4), suppose that p satisfies ||p|| = 0. If A # 0, then
p is injective; note that this conclusion precisely holds in n = 2 dimensions. Again employing
Lemma 4.2(a), we conclude that p = 0. If A =0, then ||p|| = 0 immediately implies p = 0. In

particular, we have
lullwir) < / |try, ()| dp + [e(a)||Lr @) for all u € WHP(Q; R?). (4.7)
Q
The discussion at the end of Example 4.3 (with n = 2) also applies to the present situation.

For the symmetric gradient, the case n = 2 is special. Namely, if n > 3, elements of ker(e; R™)
are not injective in general if n € 2N + 2, and are never injective if n € 2N+ 1: If A € RX"
and n € 2N + 1, then we have

det(A) = det(A") = det(—A) = (—1)" det(A) nedlitl _ det(A) = det(A) = 0.

Ezample 4.5 (Symmetric gradient, n = 3). We let n = 3, but note that the following also
applies to the higher dimensional case with the obvious modifications. If n = 3, then we have
dim(ker(A)) € {1,3} for any A € R¥X3 . In what follows, we let p(z) = Az + b with A € R7X"

and b € R™. We consider the condition

!
loll = / ol dp 2.
Q
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Now, if g = 1 _¢ for some line ¢, then ||| is not a norm on the nullspace; this is the case
if dim(ker(A)) = 1. Similarly, if 0 < s < 1 and p = #° U with some s-dimensional set U
contained in a line ¢, then S; is not a norm. In consequence, a Korn inequality with u-trace
terms fails in this case.

Conversely, if ¢; and £, are two non-collinear lines and y = S L (¢ U £y), then ||-|| is a
norm on the nullspace of ¢ indeed. For instance, if p > 3, then one has

[ullwir) S [Itru(w)llL @) + lle()||Le @) for all u € WH?(Q; R?)

if @ C R is open and bounded with Lipschitz boundary; note that, in this case, W' (Q; R3) <
C(Q; R3), whereby the trace integral is well-defined indeed. Other combinations of integrabilities
with respect to p and ¢ can be obtained as in the previous examples.

Ezample 4.6 (Deviatoric symmetric gradient, n > 3). As discussed in Example 3.13, the case of
the deviatoric symmetric gradient allows for a larger variety of the underlying nullspaces; in fact,
if n = 3, the nullspace is an intersection of three algebraic varieties. This, however, might lead
to curved objects, and so a treatment as in the previous examples (where the corresponding set
where nullspace elements vanish were affine subspaces) is impossible. In particular, in general,
there is an interplay between the operators, the integrabilities and the geometry of the supports
of the underlying measures.

5. SYMBOLIC VERIFICATION OF THE NORM CONDITION

Let us recall, that the validity of condition (7i) (a) in Theorem 1.1, namely that ||-|| is a
norm on ker(A;R")|q is strongly linked to the geometry of 9. In some cases it is known, for
which domains this is violated, see Proposition 3.11 and Example 3.12, but in others it is far
from clear.

Here we present a way of testing for some special cases, whether this condition is satisfied, by
means of symbolic calculations. We assume that 2 C R” is a open bounded connected set, and
that its boundary O is represented by a parametrisation r: © — R~ for © = [0, 7] x [0, 27)" 2
in spherical coordinates (6,r). Furthermore, we consider the special case V. = R", I' = 09,
T(u) = tr(u) - vaq and for n € {2,3}. Furthermore, for simplicity we assume that we know
K € N such that ker(A;R™) C Pg(R™; R™). In this case we have

Sa i = ker(A;R™) N Pr (R™; R™) = ker(A; R"™). (5.1)

Note that K € N such that ker(A;R™) C Px(R™;R"™) is known in many cases; see Exam-
ple 2.2. On an abstract level, K € N can be obtained by use of the Buchberger algorithm from
computational algebraic geometry [10]; this is due to the fact that K stems from the Hilbert
Nullstellensatz [41, 56]; indeed, it is the C-ellipticity that gives access to such techniques. In
practice, however, K is often known, which is why we assume it to be given.

The pseudocode in Algorithm 5 describes our approach in more detail: it consists of deter-
mining the kernel ker(A; R™) symbolically, and then testing whether or not, there are non-trivial
kernel elements, which satisfy 7'(u) = 0 on I = 9. For the tests we choose

Il = |Tu(=(6))] (5.2)
60
for some given discrete set © C ©. This is useful for the following reason: if u — [|T(u)||g is
a norm on ker(A;R™) C C(R™;R™), then so is, e.g., ||uf|| = ||T(u)||Lp(F).
Possible outcomes of the Algorithm are as follows:

(A1) ||u]lg is a norm on ker(A;R™) C Px(R"™;R™), and hence also other seminorms relying
on point evaluations including the ones on © are norms.

(A2) There is a non-trivial kernel element p € ker(A;R™) C Px (R™; R") such that T'(p) =0
on 0F); in this case no norm ||-|| only relying on values of T'(u) = tr(u) - vsq is available,
and p serves as certificate.

(A3) (A1) and (A2) do not hold. In this case ||-||g is not a norm, but we cannot say anything
about other seminorms |||-||| possibly including more point values. In that sense the test
is inconclusive and one may want to repeat it for a larger subset © C ©.
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Algorithm 1 Symbolic test for norm on ker(A; R™) N Pk

Require: K € N polynomial degree, n € {2, 3}, tensor A € R"*"*"*" guch that

(Auij(z) = Y A j ka0 un(x)
k=1
discrete © C © == [0, 7] x [0,27)""2, r: © — R+ parametrisation of I' in spherical coordi-
nates
Ensure: Decide whether |u||g as in (5.2) defines a norm on Sy i = P (R™;R™) Nker(A; R")
and return p € Sy g \ {0} such that p - v|p = 0, if it exists.

1: Symbolically compute Ap, (x) for a general polynomial p, € Px(R™;R")

with variables € R™ and coefficients o = a(p) € R™. # determine Ap
2: Symbolically determine Sy g via Sy g == {p € Pk (R™;R"): Ap(y) =0Vy € Y}

for suitably chosen discrete set Y C R™. # determine Ky
3: For x € T’ symbolically represent z = z(6) and v = v(z(0)) for 6 € ©. # boundary
4: For general p, € Sy i symbolically determine # boundary test

Cg={a eR™: po(z(9)) v(z(d)) =0 forall €O}

5. if Cg = {0} then # only trivial functions
6: Conclusion (Al): [|-|lg is norm on Sy x # test positive
7: else # non-trivial solution exists
8: Symbolically compute 0 = g, = po(z(8)) - v(x(0)) for general o € Cg \ {0}
9: if g, =0 on O then
10: Conclusion (A2): there is p € Sy x \ {0} with p-v|pr =0 # test negative
11: else
12: Conclusion (A3) # test inconclusive
13: end if
14: end if

Matlab code [46] for the symbolic computation will be made available together with the
published version of the paper. A possible outcome of the code is as follows:

Ezample 5.1. We denote by M (A; Q) the subset of the kernel ker(A; R™), which has zero normal
trace on €2. We have tested the code with the following instances:

e Forn=2 K=1and r(0) =1, ie., Q; = B1(0) we have
M(V”; By(0)) = {0}
M(e; B1(0)) = {z — B(—mQ,xl)T,B € R}.

e Forn =2, K = 1 and for domain 5 with boundary parametrised by r(0) = (2+4sin(26))
we obtain with choosing © sufficiently large (#0 > 6)

M(VP;Q9) = {0} = M(e; Q).
e For n =3 (for K =2, #0 = 4?) and r(#) = 1, i.e., Q3 = B1(0) we have
M(V?; By (0)) = {0},

—X3 —X2 0
M(g;B1(0) gz B 0 | +B| o1 | +8s| —23|.8€R?
Iy 0 )

= M(e7; B1(0));
e For n = 3 and for domain €4, with boundary parametrised by () = 2+sin(26;) sin(365),
M(VP; Q) = M(e; ) = M(e7;94) = {0},
for K =2 and #06 = 62.



22

F. GMEINEDER, E. SULI, AND T. TSCHERPEL

The code can easily be adapted to other boundary conditions, e.g., tangential boundary
conditions, boundary conditions on I' C 992 and to other parametrisations of 0f2, e.g., using
cylindrical coordinates.
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