SOBOLEV REGULARITY FOR CONVEX FUNCTIONALS ON BD

FRANZ GMEINEDER AND JAN KRISTENSEN

ABSTRACT. We establish the first Sobolev regularity and uniqueness results for minimisers
of autonomous, convex variational integrals of linear growth which depend on the sym-
metric rather than the full gradient. This extends the results available in the literature
for the BV—setting to the case of functionals whose full gradients are a priori not known
to exist as finite matrix—valued Radon measures.

1. INTRODUCTION

Let €2 be an open and bounded Lipschitz domain of R™. In this work we study the regularity
of minimisers of autonomous convex variational integrals of the form

(1.1) Flu] == /Qf(s(u))dx, u: Q@ —R",

subject to suitable Dirichlet boundary conditions. Here, e(u) := %(Du 4+ D"u) denotes the
symmetric gradient and f € C*(R™*™) is a variational integrand of linear growth. By this we
understand that there exist two constants 0 < ¢y < ¢; < oo and ¢ € R such that

(1.2) colél —ca < f(€) <1 (1+|€]) for all £ € RZX".

sSym
Due to the growth condition (1.2), the functional § is well-defined on Dirichlet classes ug +
W(l)’l(ﬂ; R™) for ug € Wl’l(Q; R™). However, as opposed to the superlinear, i.e., p > 1, growth
regime, there is no Korn inequality on L'. This result follows from Ornstein’s Non-Inequality
[14] (see [18, 36, 35] for more recent contributions) and implies that there is no constant
C' > 0 such that

(1.3) /Q|Du|dx§C/Q|s(u)\dm,

holds for all u € CL(;R™). As a consequence, neither § nor a suitable relaxation to the
space BV(Q;R™) is coercive on these spaces. Note that, as a consequence of non-reflexivity
of Wh!, even if § had bounded minimising sequences in W', these could not be proven to
be weakly precompact in W', Hence, in this case, the relaxation to the space of functions
of bounded variation would be necessary.

Basically, the non—validity of estimate (1.3) is a consequence of unboundedness of singular
integral operators on L. In this context, the appropriate substitutes are given by the spaces
LD(Q) and BD(Q). These consist of all u € L'(Q; R") for which the distributional symmetric
gradients e(u) belong to L'(€2; REm') or can be represented by a Ri"—valued finite Radon
measure Eu on (), respectively; see Section 2.2. In particular, Ornstein’s Non-Inequality
then implies that in general BV(Q;R"™) C BD(f2) and that the full distributional gradients
of BD—functions might not even exist as locally finite measures. Hence the chief question
which we shall treat in the present work is to find conditions on the variational integrand
fe CQ(RQYXH?) such that minimisers indeed qualify as elements of LD(Q), BV (;R™) or
Sobolev spaces Wllo’f (€;R™). At present, such results were only available for the full gradient
(i.e., BV-) case and, by Ornstein’s Non-Inequality, do not apply to the situation considered
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here. Before we turn to a description of our results, we first introduce the concept of minima
and the class of integrands we shall work with.

1.1. Generalised Minimisers. To define the concept of minimisers we shall work with,
let Ty € L'(9;R™) be a given Dirichlet datum. Since all W' (Q;R™), LD(Q) and BD(Q)
have trace space L' (9Q; R™) (see Section 2.2 for more detail), we find ug € LD(£2) such that
Tr(ug) = Uy H" *-a.e. on Q. We hence consider the variational principle

(1.4) to minimise § within a Dirichlet class %, := up + LD (€2),

where LDg(2) is the closure of CL(Q;R") with respect to |[v||rp = ||[v[: + [le(v)||l:. By
virtue of the growth condition (1.2), it is easy to show that inf§[Z,,] > —oco. In turn,
by a standard compactness principle in BD to be recalled for the reader’s convenience in
Section 2.2, a suitable subsequence converges to some u € BD(2) in the weak*-sense.

As §F given by (1.1) is merely defined for elements of LD((2), it must be relaxed in order
to be defined for the weak*-limit v € BD(Q2). Here we take advantage of convexity, thereby
reducing to the classical theory of convex functions of measures due to RESHETYAK [15]. To
capture the behaviour of the integrand at infinity, we hereafter define the recession function
f°° associated with f by

(1.5) f=E) = Hmtf &/t),  §eRGT

Using convexity and linear growth of f, it is easy to show that f°° is well-defined and
convex, too. Let u € BD(2) and consider the Lebesgue-Radon-Nikodym decomposition of
Eu = E®u + E®u into its absolutely continuous and singular parts with respect to .£". Then
we put

— dES
Buli = [ sEwars [ (2L aE

+ [ f((Tr(u) — Tr(u)) © von) dH™ !
o

(1.6)

where as usual dE*u/d| E®u| denotes the Lebesgue density of ESu with respect to its total
variation measure | E°u| and vpq is the outward unit normal to 99 (see Section 2.2 for the
relevant notation). Here, the boundary integral term penalises deviations of u from the
Dirichlet data ug. Then @uO coincides with the corresponding weak*-lower semicontinuous
envelope! of § over Dy -

We then call v € BD(Q2) a generalised minimiser for § (with respect to ug) if and only if
there holds

(1.7) Tuolt] < Fuolv]  for allv € BD(Q).

The set GM(F;uo) consists of all generalised minimisers for § (with respect to ug). For
brievity, we shall write § instead of §UO, tacitly assuming that ug is fixed. Most crucially, we
have inf §[Z,,] = min F[BD(£2)]. Moreover, generalised minima can be conveniently charac-
terised as those maps v € BD(2) for which there exists a minimising sequence (v;) C Py,
that converges strongly to v in L'(€;R"). These results, which are similar to the BV-case
but hard to explicitely trace back for the situation at our disposal, shall be collected and
demonstrated in the appendix of the paper, cf. Section 5.4.

1Here, because f is autonomous, convex with the lower bound of (1.2), it is irrelevant whether we choose
the weak*— or L!-relaxation; indeed, they coincide in this case.
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1.2. p—elliptic Integrands. Throughout the present work we shall further assume that f €
CQ(RSVXJ) is a p—elliptic (and thus, in particular, convex) integrand. Reminiscent of the
classical BERNSTEIN genre (cf. [55], [29, Ex. 3.2ff] and the references therein), this notion
of ellipticity had been rediscovered and studied in a series of papers by BILDHAUER, FUCHS
AND MINGIONE [9, 12, 27, 13] concerning minimisation problems of the type (1.1), where €

was replaced by the full gradients and which we recall here for completeness:

Definition 1.1 (p-ellipticity). Let 1 < pu < oo. A C*—integrand f: R2X" — Rsq is called

Sym

p-elliptic if and only if there exist 0 < A < A < 0o such that for all A, B € R{\" there holds
Al? Al?

% < (f"(B)A,A) < A#y

(1+|B[*)= (1+BJ?)2

As a direct consequence of the definition, p—elliptic integrands are automatically strongly
convex. An important class of examples is provided by the one—parameter family of integrands

{‘Pu}u>lv given by

(1.8)

1€l ps n
©0.(&) ::/0 /0 (14¢%) = dtds, £ e R™™,

Then, as shown in [9, Ex. 3.9 and 4.17], each ¢, is p—elliptic. Moreover, for u = 3 we cover
the usual area integrand (-) := /1 + |- |2. Let us further note that in the definition of u—
ellipticity the case p = 1 is explicitely excluded. Indeed, it is easy to show that 1-elliptic c*-
integrands are of L log L-growth and hence beyond the scope of integrands of linear growth.
Moreover, by mapping properties of singular integrals of convolution type, minimisers of (1.1)
with 1-elliptic f possess full distributional gradients in LI(Q;R"X"). In consequence, when
studying regularity properties of such minima, we may directly test with the full difference
quotients and hence no modification of the common difference quotient method is required.
As a characteristic feature of integrands satisfying (1.8), we note by p > 1 that the growth
behaviour from above and below differs on the level of second derivatives, a fact which is
not so common for functionals of p-growth but rather appears in the theory of functionals of
(p, q)-growth, cf. [39, 40, 11, 23, 15, 16].

1.3. Background and Main Results. By our method of proof, we shall distinguish two
ellipticity regimes which come along with different obstructions. Before we embark on the
description of our main results and novelties, we first summarise the results available so far.

1.3.1. Contextualisation. To contextualise our results, let us briefly recall the results known
for the full gradient case, that is, where the symmetric gradient in (1.4) is replaced by the
full gradient; we are hereby lead to the Dirichlet problem in BV. Employing a vanishing
viscosity approach in the spirit of SEREGIN [17, 48, 419, 50], BILDHAUER [12, 9] established
the first Whl-regularity result for generalised minima for ¢ < 3. In doing so, crucial use is
made of the so-called local boundedness hypothesis, namely, that the sequence of vanishing
viscosity solutions is uniformly bounded in L* on relatively compact subsets K of Q, cf. [9,
Ass. 4.11], [12] and [8, Thm. 1.10]. Up to date, for autonomous full gradient functionals
there are no Sobolev regularity results for the Dirichlet problem available beyond p = 3.
However, even though BILDHAUER’s approach leads to WllocL o8 L_regularity of one particular
generalised minimiser (namely, the limit of a special vanishing viscosity sequence) and the
integrand is strictly convex, it does not rule out the possible presence of other, more irregular
generalised minima. We recall that the recession function f* is positively 1-homogeneous
regardless of strict convexity of f. This is an obvious source of non-uniqueness, and as long
the presence of the singular part of the gradient measures of all generalised minima cannot be
excluded, there might in fact exist other generalised minima that do not share the Wll(;CLlog L

regularity. The uniqueness of generalised minima for the Dirichlet problem on BV has been
addressed by BECK & SCHMIDT [8]. Here, the authors combine BILDHAUER’s approach with
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the Ekeland variational principle to deduce that all generalised minima of pu = 3-elliptic
variational integralds share the aforementioned regularity.

However, a common difficulty in deriving a higher differentiability result for functionals of
the type (1.1) under the linear growth assumption on f is that, by Ornstein’s Non-Inequality,
the full distributional gradients of BD—functions do not need to exist as Radon measures of
finite total mass. Hence, we shall consider fractional estimates instead and utilise the fact
that — as BV and BD embed into the same fractional Sobolev spaces — BD-maps behave
similarly as BV on the fractional level.

1.3.2. An unconditional regularity result for small u. We begin with the following result which
— because of its restriction to ellipiticities 4 < 2L — applies to all generalised minimisers. In

n

effect, it appears as the generalisation of [3, Sec. 5] to problems of the form (1.4).

Theorem 1.2. Let n > 2. Suppose that f € C*(R?X™) is a p-elliptic variational integrand

Sym

of linear growth, i.e., satisfies (1.2) and (1.8) with 1 < p < 2. Then all generalised
minimisers belong to Wlloi(Q) More precisely, we have for some p = p(u,n) > 1
(1.9) GM(F; uo) € Wi (2:R™) NLD(Q).

This theorem will be established in Section 4.3. As for the BV-case discussed above, a
chief difficulty stems from the fact that the symmetric gradients of generalised minimisers
are not a priori known to be absolutely continuous with respect to -Z". Consequently, since
we do not have uniqueness of generalised minima, a stabilisation procedure relying on the
vanishing viscosity approach must be suitably modified. In doing so, we follow essentially
the lines of BECK & SCHMIDT [8]. Here, starting from a given generalised minimiser, we
construct a specific minimising sequence that weakly*-converges to the generalised minimiser
so that each of its members almost minimises an appropriately stabilised functional. Since
this sequence belongs to LD, we are further in position to avoid manipulations on difference
quotients of measures. In constructing the aforementioned specific minimising sequence, we
make use of the Ekeland variational principle and employ it in the dual space (W(l)’oo)* to
obtain perturbations that are weak enough to be dealt with using the available a priori-
estimates. Higher differentiability estimates can also be obtained, cf. Corollary 4.8.

1.3.3. A result subject to the local BMO-hypothesis. In amplyfing the ellipticity range of The-
orem 1.2, we crucially exploit a slight generalisation of the local boundedness assumption
as discussed in Section 1.3.1 above. Namely, we shall suppose that a particular vanishing
viscosity sequence is locally uniformly bounded in BMO. In the BV-setting, the local L°°-
hypothesis can be justified by use of a maximum principle or, for a class of integrands slightly
more general than the radial ones, by use of a Moser iteration approach, cf. [8, Thm. 1.11].
This, however, is far from clear in the BD-context, cf. Remark 4.11 below.

Let us, however, briefly explain the choice of this hypothesis: First, it can be justified for
a class of suitably regular C*-integrands and sufficiently smooth and small boundary data,
the technical verification of which being slightly beyond the scope of the paper and being
deferred to a forthcoming work. Second, it should also prove interesting for the BV-case as a
extension of the local L°°-hypothesis.

In comparison with Theorem 1.2, we can only derive a regularity result for one particular
generalised minimiser. As a main novelty though, we crucially utilise the fact that the dual
solution (in the sense of convex duality) belongs to Wllo’i(Q; RE'). This can be established
by analogous means as done by SEREGIN [47, 49, 50], and in conjunction with the local
BMO-hypothesis, we therefore use the impact of the dual solution on the primal solution.
Indeed, the dual problem is substantially better behaved than the primal one: Whereas the
recession part of the relaxed primal functional might lead to non—uniqueness for generalised
minimisers provided a too weak ellipticity is assumed for f, the dual solution is always unique
and enjoys the aforementioned higher Sobolev regularity. However, unlike elliptic variationals
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of p—growth, p > 1, in our case we may not assume that o = f/'(g(u)), where u: Q@ — R" is
a generalised minimiser. In fact, this would be the case if we knew a priori that u € LD(),
but this is not clear at the relevant stage of the proof. Our second main result then reads as
follows; note that ug € W?(Q) is not necessary but facilitates the statement of the theorem
(cf. (4.46) and the discussion afterwards):

Theorem 1.3. Let f € C? (REX) be a p-elliptic integrand of linear growth with p < 1+ %

and let ug € WH2(Q;R™).  Suppose that the sequence of minimisers (v;) of the stabilised
functionals

§j[v] = F[v] + %/ le(v)|* da over ug + WH2(Q; R™)
Q

are locally uniformly bounded in BMO. Then there exists u € GM(F;uo) which arises as
the weak*-limit of a suitable subsequence of (v;), and this weak*-limit satisfies, for some
1 <p<oo,

(1.10) u € LD(Q) N WP (Q; R™).

loc

This theorem, to be proved in Section 4.4, utilises a novel embedding for BD "BMO. The
latter uses the DORONSORRO-type characterisation of Besov spaces Bj , [21] and should be
of independent interest, see Section 3. As Theorems 1.2 and 1.3 come along with higher
fractional differentiability, we are hereby in position to derive Hausdorff dimension bounds
for the singular set of generalised minima, cf. Corollaries 4.9 and 4.12.

As is well-known from the classical minimal surface example, another source of non-
uniqueness stems from the non-attainment of boundary values; see the classical examples
due to SANTI [54] or FINN [24]. In this respect, the main part of the paper is concluded by
investigating the impact of regularity on the uniqueness of generalised minima, see Section 4.5
and Theorem 4.13 therein.

1.4. Organisation of the Paper. In Section 2 we fix notation, collect the requisite back-
ground facts regarding function spaces and record some auxiliary estimates. Section 3 is
devoted to the embedding of BDNBMO into fractional Sobolev spaces. In Section 4, we
give the proofs of the aforementioned main results regarding the regularity and uniqueness
of generalised minima. Finally, the appendix in Section 5 discusses extensions of the main
results and contains auxiliary material used in the main part. In particular, it covers the
relaxation of the Dirichlet problem to BD and the existence of generalised minima which we
tacitly assumed throughout.

2. SETUP

2.1. General Notation. Unless stated otherwise, we assume €2 to be an open and bounded
Lipschitz domain in R™. Given zo € R™ and r > 0, we denote B(xzg,r) :={z € R": |z — x| <
r} the open ball with radius r centered at xg and (-, -) denotes the euclidean inner product on
finite dimensional real vector spaces. The n—dimensional Lebesgue measure is denoted £
and the (n — 1)-dimensional Hausdorff measure is denoted H"~!. Given two positive, real
valued functions f, g, we indicate by f < g that f < Cg with a constant C > 0. If U C R" is
measurable with .#™(U) > 0 and f € L'(U;RY), we put as usual

(Nu ::]{de.f” = gnl(U)/de_sf“.

For a given measurable function f: Q — R™, a unit vector ez, s = 1,...,n, and a stepwidth
h € R\ {0}, we define the forward finite difference T::h (z) and the backward finite difference
Tah respectively, by

Tonf (@) = f(z + hes) = f(2), 7., f(2) = f(2 — hes) — f(2)
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for all x € Q with dist(x,9Q) > |h|. Moreover, for such x we put

+ _
Tonf (@) 7, f(2)
Aunf(@) = Apfla) = == A f(@) = =5
Finally, we denote by ngxn? the symmetric n x n—matrices with real entries and, given u,v €

R", we denote their dyadic product u®v := uv" and their symmetric dyadic product u®v :=
F(u@v+veu).

2.2. Functions of Bounded Deformation. Here we recall the space of functions of bounded
deformation as introduced in [17, 58]. For more detailled background information, the reader
is referred to [2, 56, 7, 28]. Let Q@ C R™ be open. A measurable function u: @ — R™ belongs
to BD(Q) if and only if u € L'(Q;R™) and its total deformation

(1)  [Eul(@) = sup / (v,div()) do: 9 € CHOGREED, 0l ormysyy < 1}

sym

is finite, where the divergence has to be understood row—wise (note that we write Eu for the
distributional symmetric gradient when this is a measure and reserve &(u) for weak symmetric
gradients exclusively). The norm on BD(Q) is given by |lullsp(a) := [[ullLi(orn) + [ Eul|(€2),
and endowed with this norm, BD({2) is a Banach space. Since the norm topology is too strong
for most applications, it is useful to consider the following convergences instead: We say that
a sequence (ur) C BD(Q) converges to u € BD(Q) in the weak*-sense provided uy — u
strongly in L'(Q;R") and Eu, = Eu in the sense of R™* ™ valued measures as k — oo.
Moreover, if (uj) converges to u in the weak*—sense and |Eug|(Q) — |Eu|(R2) as k — oo,
then we say that (ug) converges (BD-)strictly to u as k — oo. Lastly, we say that (uy)
converges to u in the (BD-)area—strict sense provided uj — u strictly and

V1+ | Eug|2(2) = 1+ | Eul2(Q) as k — oo.

The concept of applying convex functions (so, e.g., the area—type integrand /1 + |- |2) to a
measure as done here will be carefully explained in Section 5.4.1 below.

Resembling the fact that BV (Q; RY) arises as the weal*-closure of W' (€; RY), BD(Q; RY)
is the weak*—closure of the space

(22) LD(Q) := {u € L"(4R™): e(u) € LN (QRE™M)},

Sym
where e(u) is the distributional symmetric gradient, and the norm on LD(Q) is given by
lullLpe) = llullL@mrny + [l€(w)|lLr (@mnxn). We further define LDg(€2) to be the closure of
CL(Q;R™) with respect to || - lLp()- The claimed property that BD((2) is the weak*-closure
of LD(Q) follows from the fact that (LD NC>)(Q) is dense in BD(§2) with respect to weak*-
and strict convergence, see [5]. If Q is a bounded Lipschitz subset of R™, then there exists a

e surjective trace operator Tr: LD(R2) — L'(9Q;R") which is continuous with respect
to the LD—norm;

e surjective trace operator Tr: BD(Q) — L'(9€; R") which is continuous with respect
to strict (but not weak*-) convergence.

Given u € BD(f2) and splitting the symmetric gradient measure Eu into its absolutely con-
tinuous and singular parts with respect to Lebesgue measure, Eu = E®u + E®u, the above
trace theorem particularly implies that the trivial extension w of u to R™ satisfies

Et = BT + BT =: £0.L" 4 E°T = EuL™LQ + ESulQ + (Tr(u) © vao)H"1LIQ,

where vyq is the outward unit normal to the boundary of the Lipschitz set 2 C R™ and &u
is the symmetric part of the approximate gradient of u; see [5, 2, 56, 7] for more information.

By Ornstein’s Non-Inequality, we have LD(Q) + W' (Q; R") and thus BD(Q) + BV(Q)
also. However, some additional information is available when passing to fractional spaces.
We recall that, given 1 < p < 0o and 0 < s < 1, a measurable function u:  — RY belongs
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to the fractional Sobolev space W*?(€2;RY) if and only if u € L?(€; RY) and the Gagliardo
seminorm of u is finite, i.e.,

[ ]W‘ p Q]RN) %XSZ |x = |nErsZ)| d(ﬂ?,y) < 00

The full norm on W*? is then given by ||u|lws» = ||u|lLr + [u]ws». We will also need the
Besov spaces to be recalled next. Let 0 < o < 1 and 1 < p,q < oo. In this situation, we
define for u € L}, (R™;R™) as above

"L sl \ 7 dE) @
[U]Bg7q(R") = Z <‘/0 (S)ta()) t) if1 S p,q < o0,

[ 7s,nullLe @n)
[ulps _(rn) :=sup max

SUD 1o ifl<p<oo,g=o0

These quantities are referred to ((«, p, ¢)-)Besov seminorms. The full Besov norms then are
given by [lul[ga , := [[ullLr +[u]gs  , and we say that u belongs to the Besov space By  (R"; R")
if and only if ||“||B;‘:,q < 00. For the purposes of this paper, if [u]Bqu < 00, then we say that
u € Bp o the corresponding homogeneous Besov space. Note that B, >~ W*” and we shall
sometimes call NP := Bg’oo the («, p)-Nikolskii space. The localised versions of these spaces
are defined in the obvious manner. As a consequence of [60, Thm. 2.7.1], we obtain

Lemma 2.1. Let 0 < s < 1. Then we have (Bj . )ioc(R") < L{

loc

(R™)

We refer the reader to [6, Chpt. 4] and [60, Chpts. 1 and 2] for more background information
on these spaces. Invoking the fractional Sobolev spaces, we have that both LDj,.(2) and
BDjoc(£2) continuously embed into Wfoi (;R™) for any 0 < s < 1; see Proposition 2.2 below.
For the sake of clarity of exposition, we shall sketch its proof in the appendix, however,

note that the result itself can be strengthened using VAN SCHAFTINGEN’s general theory of

cancelling operators [61] (also see Lemma 3.5).
These statements in turn rest on the Smith representation formula [51]: Given u =
(ul,...,u") € CZ°(R";R"), we may write
2 - O
2.3 b= — K, here K; 0
( ) u nwnij:1axjaxj* J where ]( ) | | \{ }

Setting e(u) := (e(u);x)jk, we observe that
Pt Delu) De(wy | Dl

8$¢6$J‘ 6$1 (9:L‘k 8:1:]

and hence, inserting this relation into (2.3), we obtain after an integration by parts
- 0K, 0K, oK,

2.4 = GV i ) ; ij

(2:4) = Z:j Wt it = (g x ot + ek )

,]
for all £ = 1,...,n. This formula can be established by means of Fourier analysis and, upon
differentiating, indicates the failure of Ornstein’s Non-Inequality.

We record the following result, an elementary proof of which is presented for the reader’s
convenience in the appendix, cf. Section 5:

Proposition 2.2 (BD — Wfoi) Let 2 be an open subset of R™ and K a relatively compact
subset of Q. Then for every 0 < s < 1 there exists a constant C = C(K,s) > 0 such that

(2.5) lullwer(xmny < CllullBp(a)
holds for all uw € BD(Q).
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Finally, we recall that for any connected and open set {2 C R", the nullspace of € is given
by the space of rigid deformations

R(Q) ={r:Q>z— Az+b: AR, AT =—-A, beR"}.

2.3. Convex Analysis. To exploit the convexity of the variational integrals studied in this
paper, we shall now record some facts about the dual problem which will turn out useful for
the study of the differentiability properties of minima for the primal problem. Given a real
Banach space X and a function ¢g: X — R, we recall its polar function g*: X* — R given by

g*(z*) := sup ((x*7m>x*xx — g(x)), ¥ e X*
rzeX
and its bipolar function ¢g**: X — R given by
g (z) :== sup ((x*,x)x*xx — g*(m*)), z e X.
rreX*
Note that if g is lower semicontinuous, proper and convex, then g = ¢**. In view of the

convex minimisation problem (1.4), we note that since f: R"*" — R is lower semicontinuous
and convex, df(§) # 0 for some & € R™*™ implies the duality relation

ne€of(é) = f(§)+ f(n)=mf.

Since f is assumed to be of class C?, the preceding relation implies that

(2.6) FE+ (€)= (f'(§),€)  holds for all £ € R"™".
Let us recall that the Lagrangian ¢ is given by

(2.7) £(w,x) = Luo + ¢, x) == / O e(w)) de — / £*(x) d = €(ug, x) + / (o e(0) d,

where (w, x) = (uo+¢, X) € (ug+LDo(€2)) x L= (Q; R"*™). Consequently, the dual functional
R: LO(Q;R™") — R is given by

(2.8) R[x] := inf {{(w, x): w € ug + LDo()}, x € L(Q; REX™),

sym
and the dual problem is given by
(2.9)  maximise R over L, (QRLL") = {n € L (Q; R div(n) =0in 2'(; R},

sym sym

where div is the row-wise distributional divergence. Let us note that the choice Lg;, instead
of L™ stems from the fact that if n € (L \Lg, ) (% RE5Y), then 3[n] = —oc. So these n
are irrelevant to the maximisation problem at our disposal. For the purposes of Section 4.4

it suffices to record that if f € C?(R™*") satisfies (1.2), then we have the minimax principle

sym
(2.10) inf §= max R.
uo+LDo(£2) L3, (URIEY)

This follows from abstract duality theory, cf. EKELAND & TEMAM [22, Chpts. II1.4 and IV.1].

2.4. On the Space (Wé’oo)*. In order to work with suitably weak perturbations when
applying the Ekeland variational principle, we record some properties of the dual space
(Wé’oo)* which seems natural for our purposes in the main body of the paper. A distri-
bution T € 2/(Q; R™) belongs to (W (€2;R))* if and only if the norm

1, LR
(2.11) \|T||(W(1J‘oo)* =sup {(T,¢): ¢ € Wy™(Q;R") and ||g0||w[1),00(Q;Rn) <1} < oo,
whenever this expression makes sense; here, we work with the gradient norm
1,00 . n
1ol e ey = [Volm@upneny  for o € W™ (@i R™).

As a dual space, (W4 (Q; R™))* is complete.
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Lemma 2.3. Let Q C R™ be open and K C € a relatively compact Lipschitz subset of Q). Let
v e LYQ;R"). Then for any s =1,...,n and any 0 < |h| < dist(K,0Q) we have
HAs,hUH(wLW(K;Rn))* < HU”Ll(Q;R")-

Proof. Let ¢ € Wy™(K;R™) be arbitrary with ||90||Wé~°°(K;Rn) < 1. Using integration by
parts for difference quotients, we estimate

(Asnv,0) = [0, AT Lo < vl @) 1 As pellLe@rny < 0llLr@irm) [ VellLe @irn)

and hence passing to the supremum over all admissible test maps ¢ yields the claim. 0
2.5. A V-function estimate. We conclude this preliminary section by giving an version of
an estimate for an auxiliary function in the spirit of ACERBI & Fusco [1] that shall turn
out convenient for our purposes. For a > 0 and M € N, we hereafter introduce the auxiliary
map V,: RM — RM by
11—«
(2.12) Va) =1+ 7=¢  eRM.
Lemma 2.4. Let 1 < a < 2 and define V,, by (2.12). Then we have for any measurable
function v: R* — RM h € R and e; € R™ with |es| = 1 the estimate
11—«

75w Va(v(@))] ~ (1 + [v(@ + hey)[* + [v()*) = |7y po(2)].

Moreover, there exists a constant ¢ > 0 such that for all € € RM there holds

min{|¢], [€]°7*} < eV, (€).

Lastly, if Q is an open and bounded set and u: Q — RM satisfies V,,(u) € LP(Q; RM), then
we have

(2.13) /Q ] 27 dz < 27(Q) + o(p) /Q Vi ()P da,

where ¢(p) > 0 is a constant depending only on p.

3. AN EMBEDDING FOR BD NBMO

In this section we prove an embedding result for BD N BMO into certain fractional Sobolev
spaces which will constitute a substantial part of the proof of the main theorem. The proof
combines an argument firstly utilised by DORRONSORO [21] — that, from a regularity perspec-
tive has also proven useful in different contexts, cp. [38] — and an embedding result of BD into
certain fractional Sobolev spaces. Let us recall that a locally integrable map u: R” — RV
belongs to BMO(R™; RY) if and only if its sharp (centered) maximal function given by
(3.1) (M#u)(x) == sup ][ lu — (u)g|dy, ESHINGR

Q

Q cube centered at x

belongs to L°°(R™). When are working on a domain €2, then we say that a measurable map
u: © — RY belongs to BMOj,c(€; RY) provided for each K & 2 there holds M}fu € L™(K),

where

(3.2) (MEu)(x) = sup ][ lu — (u)gl dy, re K.
QCQ Q

Q@ cube centered at z
The main result of this section is then as follows.
Theorem 3.1. Letn > 2. Let 1 < p < oo and € > 0 such that
(n-1)(1-1) 1
(3.3) 0 < & < min ¥77 .
l+pn—p 'p
Then

(3.4) BD(R") N BMO(R"™; R") C Wr~=P(R"; R").
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Before embarking on the proof of Theorem 3.1, we wish to make some remarks.

Remark 3.2 ([14, Rem. 3]). It is important to note that the preceding theorem is false
for ¢ = 0. Indeed, if it was true in this case, the injections W' (R";R") < BD(R") and
L (R™; R") — BMO(R"™; R") would yield (Wh! NL>)(R"; R") — W»?(R"™; R"). However,
as pointed out by BOURGAIN, BREzZIS & MIRONESCU [14], this embedding in general fails:
Indeed, a localisation argument would then yield (Wh'NL®)((~1,1)) — W%’p((fl, 1)) for
any 1 < p < oo. Consider the sequence (ug) given by

-1 if—l<z<—5
ug(x) := < 2kx iff%kgxgi
1 if 5 <@ <1

Then (uy,) is uniformly bounded both in W"*((—1,1)) and L>°((—1,1)). Moreover, it con-
verges weakly* in BV((—1,1)) to sgn which, however, does not belong to W%’Q((—l7 1)).

To prove the theorem, we first recall from [21] a mean-value characterisation of B} ,. This
turns out useful for the proof of Theorem 3.1 as it allows to access the additional BMO-
regularity which in turn is defined in terms of maximal operators.

Lemma 3.3. Let 0 <s<1and1<p<oo. A function u € LP(R™) belongs to W*P(R™) if
and only if

(3.5) / / sup ][ [u= (ol gdaz: < 0.
n QB:c

Moreover, the expression on the left is equivalent to the usual Gagliardo—seminorm [-]s p.

Proof. 1t suffices to note that B, , ~ W*" for all 0 < s <1 and 1 < p < co. By [21, Thm. 1],
the claim follows. O

The supremum appearing in the integrand of (3.5) is taken over all cubes having sidelength
t and containing z. For the following it is important to bound such quantities in terms of
centered maximal operators, and hence we briefly pause and give the required modification.
We hereafter recall from [19] that for a locally integrable map h: R™ — RY its sharp (centered)
maximal operator of order 0 < a <1 is given by

3O W@ = (MER@) = s o / h—(holdy, = eR",

Q cube centered at x

where ¢(Q) is the sidelength of the cube Q.

Lemma 3.4. For each o > 0 there exists a number C = C(n,a) > 0 such that for all
u € L (R™), all zo € R™ and all t > 0 we have

e { f = @aldy: @3 . 2@ = '} < COMEu) ).
provided both sides are well-defined and finite.

The easy proof of this lemma is given for the reader’s convenience in the appendix, cf.
Section 5. The second ingredient is an embedding result of BD into fractional Sobolev spaces:

Lemma 3.5. Let n > 2 and 0 < s < 1. Then BD(R") — W* =1+ (R*;R"). Moreover,
there exists a constant C > 0 such that for every ball B and every u € BD(B) there exists
R € R(B) such that

lu — R]| < C|Eu|(B).

Ws’n—q-f—s( BiR") —
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Proof. In the terminology of [(1], the symmetric gradient is an elliptic and cancelling operator,
cf. [61, Prop. 6.4]. Hence, by [61, Thm. 8.1], there exists a constant C' > 0 such that

||80||Wsm/<n—1+s>(Rn;Rn) < CH“E(@)HLI(W RIS
holds for all ¢ € C°(R™; R™), where W™ ™ (R™; R") denotes the respective homogeneous
fractional Sobolev space. For the general statement, let © € BD(2) and choose a sequence
(ug) C C(R™;R™) such that up — u strictly and pointwisely £"—a.e. as k — oco. Then we
obtain, using Fatou’s lemma,

(ur)[lLr = C[Eu|(R").

[l

WS‘ n—q+5 S likn_ljor.}f ||uk’ ||Wsy n771+

Now we use the fact that on C.°(R™; R™), the homogeneous fractional Sobolev norm is equiva-
lent to the Gagliardo seminorm and arrive at the desired estimate [u]ys.»(gn;rn) < C|Eu|(R™).
Finally, since 1 < — 1+9 < 5, we have L'NL77 < La-iws by standard interpolation on
LP-spaces. Then we use STRAUSS’ embedding [57] BD(R") — (L* “T)(R™). In conclu-
sion, we obtain ||ul| < Cl|lullgprry and in conjunction with the first part of the

L n—q+s (Rn;Rn)
proof, establishes Hu||W5,”++s(Rn.Rn) < C|lullgp(rny- Now, since B has Lipschitz boundary,
we may pick a bounded linear extension operator Ex: BD(B) — BD(R"). In consequence,
we find by the usual Poincaré inequality on BD (cf. [2, Thm. 6.5]) that there exists R € R(B)
with

l(u = R)|

S ” EX(U - R)||Ws’n+m(R7L)
< | Ex(u — R)|Bp®n) < [lu — Rllgps) < C|Eu|(B).

s n
W' n—1+s (B)

The proof is complete. O

Remark 3.6. A similar (local) embedding can be achieved for W, but this does not follow
from the previous lemma as W*7 <& W*P? provided ¢ > p, c¢f. MIRONESCU & SICKEL [43].

‘We now come to the

Proof of Theorem 3.1. Let u € (BDNBMO)(R™). For fixed € R"™, a cube @ of sidelength
t and = € @, we denote g, ;,0(§) := u() — (u)g, £ € R". For 1 < p < oo, we recall the
(inhomogeneous) Calderdn space €*P(R™) defined by

¢*P(R") = {v € LP(R"): M#*v € LP(R")}

and equip it with the canonical norm ||v|ger = |[v|lLe + |[v¥||L» (cp. Section 5); the inho-
mogeneous Calderén space EoP is given by the closure of CJ° with respect to the seminorm
|M# - ||Lr. Our argument is centered around the Dorronsoro-type characterisation of the
Sobolev spaces W*P, Lemma 3.3. In the situation of the theorem, we put s := zl) —¢e. For
ZL"—a.e. x €R" let §(x) > 0 be arbitrary. We split the right hand side term of (3.5) as

6(x) dt
sp|p _/ / sSup ][ |ngtQ |d£ 7dx
n QB;E

p

dt
/ / sup —S |gth( )| d¢ —dx— / Is(x) + 1I5(x) dx
n Jé(x) ‘Q‘iz n
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with an obvious definition for Is(x) and IIs(z). Firstly, we have

p
Ls(x):/o Zg}; tsﬁ]égm,t,cg(f)dg e
|Q=t"
5(x)
< C/o (uig(m))ptitsp (by Lemma 3.4)
C
< =9 ep(, # P
— ep (l‘) (us—i-s(z))

On the other hand, we have by definition of M#

P
o) = [ | s f lonio©ldg]
slx) = ,t, At
5@y | @oe Jo ot grtep
lQl=t"
<C b (u (x))? dt (by Lemma 3.4)
“ Js@) titsp
C
< = =D (o, P
< Sola) (@)
Collecting estimates, we therefore find
(3.7) [ulip < Cls,pie) [ 8(@)P(ulyo(@)? + 6(x) P (u# (2))” da.

R’n
We choose for £"—a.e. x € R"

u® (z) e
§(x) := <us#+s(x)>
#

and note that we may assume without loss of generality that u], _(x) > 0 since u is constant
otherwise and thus the claim is trivial. Inserting this choice of ¢ into (3.7), we obtain

], < C(s,p.<) / (W#(2)) 7 (o ()P~ da < Cllut

n

== _ps_
L;(R") /Rn (1L7Sbér5)s+E dz = (xx).

Now note that by Lemma 3.8 below, the fractional maximal functions are log—convex in their
smoothness indices. As a consequence, we obtain for 0 <t < sand 1 < ¢ < o0

(3.8) (€*7NBMO)(R") — ¢“7 (R")  forall0 <t<s.

Indeed, write t = A -0+ (1 — A)s with 0 < A < 1 to deduce for 1 < ¢ < oo and any
v € (61N BMO)(R™) that

(W (@) < (Wf (@) (0 (@)

and hence (3.8) follows since (1 — A)s = ¢ implies r = sq/t.

We return to the estimation of (xx). Because 0 < ep < 1, we have 0 < 1 —ep < 1.
By assumption, we have s +¢ = 1/p € (0,1) and ps/(s + ¢) = p(1 — ep). Define ®(0) :=
On/(n—1+6),0 € (0,1). Since n > 2, there holds |®| < 1 and we have both limg\ o0 ®(6) =0
and limg ~; ®(f) = 1. Clearly, ® is continuous and hence ®: (0,1) — (0,1) is bijective.
Therefore, choosing 6 := (1 — ep)(n — 1)/(n — 1+ ep), we see that ®(f) = 1 — ep. With this
choice of 6, the embedding (3.8) gives

(3.9) (gﬂgﬁn/(nflwy) N BMO)(R") — €»?1=P)(R™)
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since 6 > %: Indeed, since 0 < ep < 1 — % by assumption, we deduce p(1 —ep) — 1 > 0, and
therefore with v = ep
= w > 1<:>(p—’yp)(n—l) >n—1l+yepm—ypm—p+yp>n—1+7y
n—1+v p
“pn—p-—n+1>y+ypn—yp=~(1+pn—p)
pm—p—n+1
S 14pn—p
n—1-—n/p+ l/p
14+pn—p
which is true by assumption 3.3. Now we choose 0 € (0,1) such that there holds BD(R™) <
Wwon/(n=140) (gn.Rn) - This is possible by Lemma 3.5 and, using Lemma 5.2, embedding
the latter Sobolev-Slobodeckjii space into the Calderén space gon/ ("_1"'5), we see that
BDNBMO — €%/ (=149 " BMO. So we are in position to conclude by (3.9). The proof is
complete. O

>y =¢p

Remark 3.7. The preceding proof, in particular, the choice of x—dependent §, uses the
so—called Hedberg trick as explained in [6, Prop. 3.1.2].

In the proof of Theorem 3.1, we used the log—convexity of the fractional maximal operator
with respect to its index, a fact whose proof we give now:

Lemma 3.8. The function s — M7 v(z) is log—convex on (0,1) for any locally integrable
function v: R™ — RY. That is, for any s,t € (0,1) and any A € (0,1) there holds

(3.10) ME, o t(@) < (MEv(@) M o(@) .
Proof. Let v € L _(R™). If the right side of (3.10) is infinite, there is nothing to prove, so

we may assume without loss of generality that va(x),./\/lfv(x) < 0o. Let Q C R" be a
non—degenerate cube. Then we have

g( n+)\s+(1 A)s / |U Q|d$ = n+s) (/ |U - Q|d$>

1-X
8 W (/ lv—(v)ql dx)
< (Mfkv(:ﬂ)) (M;#U(z))l Y

We then pass to the supremum over all cubes @ to deduce the claim. O

For the sake of better traceability, we explicitely note the following.

Corollary 3.9. Let 1 < p < oo and € > 0 such that pe < 1. Then for any N > 1 we have
(3.11) (BVNBMO)(R™;RY) ¢ Wr—=P(R™;RV).

The previous corollary follows along the same lines as the proof of Theorem 3.1, now using
the standard Sobolev embedding BV(R™;RY) «— W% #=17a (R";RN) for 0 < § < 1. This
slightly improves the embedding (BVNL*)(R") — B;{&(R") for 1 < p < oo as given in
Lemma 38.1 in TARTAR’s monograph [59].

4. VISCosITY APPROXIMATIONS

4.1. The Ekeland-type Approximation for 1 < p < % To avoid manipulations on
measures when working with the Euler-Lagrange equation satisfied by the minimiser u €
BD(R), we shall consider approximate problems which allow us to work with LD-maps first.
More precisely, starting from an arbitrary minimising sequence, we shall employ Ekeland’s



14 F. GMEINEDER AND J. KRISTENSEN

variational principle to construct another minimising sequence which is close to the original
sequence, however, features convenient optimality properties. For the reader’s convenience,
we therefore first recall

Lemma 4.1 (Ekeland Variational Principle, [30, Thm. 5.6]). Let (X,d) be a complete metric
space and J: X — R U {oo}, J # oo, a lower semicontinuous functional which is bounded
from below. Fize > 0. If u € X is such that

J(u) <inf J + ¢,
X

then there exists v € X with the following properties: J(v) < J(u), d(u,v) < /€ and for all
w # v we have

J(v) < J(w) + Ved(v,w).

Since our strategy to prove uniform higher integrability by means of finite differences relies
on suitable Nikolskii-type estimates, we will need to apply Ekeland’s variational principle
with respect to a metric which is considerably weaker than the symmetric—gradient metric
d(u,v) = [le(u) — €(v)||L1(;rnxn) On suitable Dirichlet classes. Here we again follow [3],

however, invoke the metric induced by the (Wé’oo)*fnorm as discussed in Section 2.4.

Lemma 4.2. Given p > 1, let F': R2X™ — R be a conver function such that

sym

(4.1) clg]P =9 < F(§) < O(1+[¢]7)

holds for all § € R with three constants ¢,9,0 > 0. Given ug € WP (Q; R™), the func-
tional

/ Fe(u))dz ifu € ug + WP (Q;R™),
Q

(4.2) Flu] = 1 1
+00 ifu€ (Wg™)"\ (uo + Wg™)) (2 R™)

. . . . 1
is lower semicontinuous with respect to norm convergence on (Wy ™ (€;R™))*.

Proof. Let u,uy,us,... € (W(l)’oo)*(Q;]R") be such that u;p — u with respect to norm con-
vergence in (W (;R"))* as k — oo. If liminfy_,o F[ug] = oo, we are done and so we
may assume without loss of generality that there exists a subsequence (up(y) C (ux) such
that limy o F[ugqy] = liminfy o #[ux] < oo. By virtue of the coercive bound on F,
we deduce that (e(uy())) is bounded in LP(Q;R™) and so, writing uy) = uo + viq) with
V) € th)’p (;R™) for each i € N, we use the symmetric gradient variant of Poincaré’s
inequality in W™ to obtain

/ lupy|P do S / luo|” + |vk@y|P dz S / |uo|P dz +/ le(vp@y))Pdz < C for alll € N.
Q Q Q Q

As p > 1, we may use Korn’s inequality to deduce that (us(;)) has a subsequence (ux(()))
which converges weakly to some v € Wh? (€;R™) and, by continuity of the trace operator on
WP with respect to weak convergence, v € ug + Wé’p(Q; R™), too. Since (2 is assumed to be
Lipschitz throughout, using the compact embedding W'?(Q;R") << LP(Q;R™), we may
also assume that wy(;)) — v in L?(Q;R") as i — oo. Since L”(Q;R") — (W (4 R™)* as
P L' — (Wé’oo)*, we conclude that u = v £"—a.e.. Now, by virtue of the growth bound
(4.1) and convexity of F, standard arguments? yield lower semicontinuity of .7 lwp (o)
with respect to weak convergence on W' (Q; R"). Summarising, we then deduce

(ur (i) C(ur@))

Flu] = Fv] < liminf F|ug )] lim F[ug(y] = liminf F [ug].
i—»00 k—o0

l—o0

2In fact, using convexity and Korn’s inequality, this follows as in the case for convex p-growth full gradient
functionals. Alternatively, using that the convex variational integral .Z|y1,p is A-quasiconvex with A =
curl curl in the terminology of FONSECA & MULLER [26], the statement follows from [26, Thm. 3.7], too.
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The proof is complete. O

Next, a lemma on linear growth integrands; recall that by linear growth we understand
condition (1.2) throughout.

Lemma 4.3. Let f € C*(R2") be a conves integrand of linear growth. Then, for any 6 > 0

Sym

there exists cg, Cy > 0 and ¥ > 0 such that
0 - P—0<f+0]-P<Co(L+€?)  for all€ € R

sym

The proof of this statement follows immediately from (1.2). We now come to the precise
construction of a good approximation of a given generalised minimiser. Here we follow closely
[8] with the requisite modifications. Let hereafter u € BD(2) be a generalised minimiser of
§. Then, by Proposition (5.9), we have inf §[#] = min F[BD(Q)]. Here, Z := ug + LDg(Q),
and § is given by (1.6) (note that we suppress the subscript ug for notational brievity). We
then find a sequence (wy) C 2 such that

(4.3) wy — u in LY(Q;R™) and (L7, Ewy) — (£, Eu) strictly

as k — oco. By the RESHETNYAK continuity theorem (see Proposition 5.3) and wy € LD(2)
for all k € N, we deduce that Flwg] — inf F[2] as k — oo so that (wy) indeed is a minimising
sequence for §. Moreover, possibly passing to a subsequence, we may assume that

1
(4.4) Flwg] < inf F[2] + 2 for all kK € N.
Next recall that, due to p—ellipticity and linear growth, f is Lipschitz with some Lipschitz
constant L > 0. As to the Dirichlet data, we find a sequence (u2?) C W2(Q; R") satisfying

(4.5) [uf? — uollLpa) < 8Lk2 for all k € N

and thus, putting &y, := ukQ +W(1) 2(Q R™), we deduce by wy € ug+LDg(2) that there exists
a sequence (vy) C Py, such that

1
[ (v — Ug ) — (wk — uo)llLp(a) < SLE2
and hence
1
. — < )
(4.6) lvx — wi|lLp@) < e for all k € N

Note that, relying on the extension results from Section 2.2, such an approximating sequence
for the boundary values can be obtained by first extending the boundary values to an LD-map
on the entire R and then mollifying. Now, since f is Lipschitz with constant L, we firstly
calculate for arbitrary ¢ € W[I) 2 (;R™)

nf 3 < Sluot 0] = (/ F(e(uo + 1)) f(E(u2”+¢))dx>+ [ e + v as

uo+F W2 (Q;R™)
_ 29 L 00
<L | |e(ug —uld)|de + f +v))dz < YE; + | fle(uy’ +))dz
Q Q
so that infimisation over ¢ € WO’ (Q;R™) yields

4.7 inf§ = inf <inf§F+ —
(1) 5% uo+vvé=2<n;ﬂw>S AR
Here we have used that, by smooth approximation, ug + VV(I)’2 (©;R™) is norm-dense in Z.
Thus, again using that f has Lipschitz constant L in conjunction with (4.6) in the first, (4.4)

in the second and (4.7) in the last step, we eventually obtain
1 . 3 . 1
(4.8) Slon] < Blwe] + 5 < nf§] + o5 <fF[A] + 55
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for all £ € N. Now put, for k € N,

1
1) = [ + g O +IER), ¢RI,
(4.9)
Ap =1 +/ (14 le(vi)]?) da.
Q
We define

/ fr(e(w))dz provided w € Z,
Sr[w] == { Ja
+00 provided w € (Wy™ (€ R™)* \ Zk.

Now we aim to apply Lemma 4.2 for each £ € N to the particular choice p = 2 and F =
fr- In combination with Lemma 4.3, it is then routine to check that the assumptions of
Lemma 4.2 are in fact satisfied and hence each § is lower semicontinuous with respect to
norm convergence in (W4 (Q; R™))*. Moreover, we find because of vy, € Py, in the first, (4.8)
in the second and by definition of § in the third step

(4.8

1 ) 1 1
(4.10) Slvn] < Flow] + 55 < WEF(Z] + 5 <infF[(Wo™(BR")"] + 15

We are now in position to apply Ekeland’s variational principle, Lemma 4.1, to find a sequence
(u) € (W™ (Q; R™))* such that

1
||Uk; - ’UkH(Wl’oo(Q']R"))* S Rl
(4.11) ° k

1 0o * n
Sulur] < Fxlw] + 7w — urlwy~ (@) for allw € (W) (€ R™) and k € N.

Applying the second part of (4.11) to w = vg, we then find for some ¢ > 0 and M > 0

(1.2)

/ e(w)lde < M(Flu] +€ < Fufur] +0)
Q
(4.11)(44) 1 (4.11)(3) 1

< M(Skloe] + %”’Uk - ukH(Wé"’o(Q;R”))* +4) < M(Fklve] + = +£)

(4.10) ) s - 9
< M(nf (W™ (B R))" ]+ 5 +0) < C,
where C' > 0 is a finite constant independent of k € N; note that we clearly have that
inf Sk[(Wé’w(Q;R"))*] < 0o. In particular, we deduce that

(4.12) (ug) is uniformly bounded in LD(2).

Finally, we record the following lemma on the perturbed Euler-Lagrange equations satisfied
by the individual wug’s.

Lemma 4.4 (Approximate Euler-Lagrange Equation). Let f and uy be defined as above.
Then for all k € N we have

1
(4.13) /Q (ile(un), o)) do| < Lol vy = om)-

for all o € W5 (Q; R™).

Proof. Fix k € N and let ¢ € Wé’z(Q;R”) be arbitrary. Then for every ¢ > 0 we have
ug £ ep € Z%. Consequently, we obtain by the second line of (4.11)

3
3k[uk] - S’k[uk + 590} S %HQOH(W(%’OO(Q;R”))*'
This gives

S lup + ep] — T [ug]
19

1
—plelowy = @me)- <

U (/Q<f;;<s<uk>>v€“")> dm)
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from which (4.13) follows at once. O

To explain the advantages of the technically slightly intricate construction of the particular
minimising sequence (uy), let us first make the following

Remark 4.5 (Euler-Lagrange for Measures). It is posssible to directly work on the Euler—
Lagrange equation satisfied by a generalised minimiser v € GM(F). Indeed, transferring
ANZELLOTTI’s work [4] to functionals of type (1.1), one is able to show that

! a a oo/ dESu dES(p S
frmamac [ (0 (f55) g )

/ Uup —u n—
[l (o) oo
o0 -

for all p € BD(Q) with |E®¢| < |E®u| such that ¢(z) = 0 H" 1-a.e. on {z € 9Q: u(x) =
uo(x)}, where vggq is the outward unit normal to 02. However, it seems difficult to apply the
difference quotient technique directly on the Euler-Lagrange equation for measures so that
we rather choose approximation procedures.

To conclude with, note that Lemma 4.4 enables us to work with difference quotients applied
to functions and to eventually deduce uniform estimates for the single uy’s. In particular, by
arbitariness of the generalised minimiser v € GM(F) as was assumed in this section, we have
constructed a sequence converging to u in a suitable sense, and hence uniform estimates on
the uy’s will be inherited by u. Note that by starting from an arbitrary u € GM(F), regularity
for all generalised minimisers will hereby be established.

4.2. On Projections onto R. In this intermediate section, we give a technical result which
might be clear to the experts though hard to trace in the literature.

Lemma 4.6. Let U C R™ be an open, bounded and connected set with Lipschitz boundary.
Let 1 < p < oo. Then for every 1 < q < p there exists a finite constant ¢, > 0 such that for
all u € WHP(U;R") there exists b € R(U) such that

(4.14) / |lu—b|9dx < cq/ le(u)|?dz  and / | D(u —b)P da < cp/ le(u)|? da.
U U U U

The key in this lemma is that we can choose one particular rigid deformation to validate
both inequalities.

Proof. For an open and bounded Lipschitz set U C R", denote X4 (U) either Wh*(U;R™)
provided 1 < s < oo or LD(U) provided s = 1 and put

(4.15) Rx. (U) = {(p € X,(U): /U@,@z;) dz =0 forally € R(U)} .

Then, by straightforward adaptation of [28, Eq. (3.25)ff.], we find that for every 1 < s < oo
there exists ¢s > 0 such that ||v||ps(;rn) < ¢s]|€(v) || (17;rnxn) holds for all R%_(U). We now
consider an L?-orthonormal basis {b1, ..., b, } of the finite dimensional space R(U). We then
define the L?-orthogonal projections II: L*(U;R™) — R(U) by

m
(4.16) o :=> (b, O)2wmmbi, ¢ € L*(U;R).

j=1
Note that, since R(U) consists of affine-linear polynomials and so R(U) C L*(U;R"™), Iy is
also well-defined for ¢ € L'(U;R™). We moreover have for all 1 < s < 0o

s m 1
(fmerar)” < (S wliwan) (] ol da)’,
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and from here we see that II is indeed L*-stable for all 1 < s < co. Let now u € W*(U;R")
for 1 < p < oo, so that, in particular, u € LD(U). We then have u — u € R}(p(U) regardless
of p and hence deduce the first part of (4.14). For the second one, recall that by Korn’s
inequality, || Dull s gy < C(lull oz + () [z Replacing u by u—u in this
inequality and invoking the first part of (4.14) with ¢ = p, we establish the second part of
(4.14) and the proof is complete. O

4.3. Proof of Theorem 1.2. We now turn to the proof of Theorem 1.3 and begin with the
following auxiliary lemma; recall that 75 p, T: > Tsp, are defined in Section 2.1.

Lemma 4.7. Let f € Cz(R;’yfr?) be a p-elliptic integrand, 1 < p < oo, and define for
1 < a < 2 the auziliary map V,, by (2.12). Then there exists a constant C = C(a,n) > 0
such that for all u € Li (S R™), all relatively compact Lipschitz subsets K € Q, all h € R

with |h] < dist(K,09Q), s € {1,...,n} and L"-a.e. x € K there holds

[7.n Vo (u(@))[* [menu(z)?

4.17
W) et he)P + @) == = CU T @ + ule + ko))

-
2

Proof. We now use the auxiliary estimate given by Lemma 2.4 to conclude for the auxiliary
function V, (€) := (1 + |¢[2)"2%¢ with 1 < a < 2 that

Vol® ~Voml>  _ _ l&—nP
1+ ]2 + n2) =25~ A+ In>+ €)%

Applying this to £ = u(z + hes) and n = u(z), we conclude. O
After these preparations, we now come to the

Proof of Theorem 1.2. Let p be as in the theorem. We then fix an arbitrary generalised
minimiser v € GM(F;up) and consider the sequence (ux) constructed in Section 4.1, cf.
(4.11). Let k € N be arbitrary but fixed; then wuy satisfies the approximate Euler-Lagrange
equation (4.13). Let 29 € Q, 0 < r < R < dist(zg, Q) and pick p € CL(B(zo, R); [0, 1]) with
IB(zo,r) < P < IB(sy,r)- Then, let €y be the connected component of € that contains o;
we may assume that ; itself has Lipschitz boundary. Due to Lemma 4.6 and the fact that
uglo, € WH2(Qq; R™), we first choose a rigid deformation b, € R(€2) such that with ¢ = ¢(€;)

(4.18) / lug — bg| dz < c/ le(ug)|dz and / | D(uy, — bk)|2 dx < c/ |E(uk)|2 dzx.
Ql Ql Ql Q1

For || < dist(0B(wo, R); ) and s € {1,...,n}, we then choose ¢ =7, (p27:h(uk —by)) €
WE2(Q;R™) (<= (W™ (;R™)*) as a test map in (4.13). Since e and 7, commute, this
yields with ﬂk = U — bk

< %HTS,h(P Ts,huk)”(wévﬂa;n@n)*'

(4.19) \ [ it el ) as

We now proceed in three steps.
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Step 1. Recast of (4.19). By discrete integration by parts in (4.19), we find by the product
rule for € that

I:= /Q<T.:hfllc(€(uk))7 p7one(ur)) dz

- 1, _ -
< | [ (o). 20D © o) | + Ll (P -

(4.20)
/ ),2pDp © T pu) da| +

e /Q<7's,h€(Uk), 2pDp © 76 pUg) dz

+ %llTs_,h(P Tan k) [ (w00«
=II+IIT+1V,
where Ay, is defined by (4.9).

Step 2. Key Estimates. We now estimate the single terms I,...,IV. As to I, we introduce
for each k € N the bilinear forms

1
By n(@)(6,) = /0 L (e(ur) + trone(un))E,C) AL, €, € RUXM.

Consequently, by the fundamental theorem of calculus we deduce

I= [ (file(unta + he))  file(un(e)): pe(u)) do
Q

1
-/ < / if,;(s(Uk)+m,he(uk>)dt,p%s,hs<uk>>dw
Q 0
:/QBkyh(stwhE(uk),PTs,hE(uk))dx’

By wp-ellipticity and the definition of fi, these are strongly elliptic bilinear forms. We briefly
pause to comment on the strategy. Usually, one would now apply the Cauchy-Schwarz in-
equality to the first term of the right hand side of the first inequality in (4.20) and then
conveniently absorbs, but this we do not pursue here. In fact, this would give rise to the term

(4.21) 4/ Bk,h(PDPQTs,huk,PDPGTs,huk)de
Q

which is unclear to us how to be controlled by the estimates available so far. Instead, we use
the fact that by Lipschitz continuity of f, f’ is bounded and so, in particular |7':hf'(s(uk))| <
M for some M > 0. We now go back to the local embedding provided by Proposition 2.2
and hence obtain for every 0 < 8 < 1 the embedding LD(2) — Wﬁi (€;R™). By standard

means, this yields LD(€;) < W2 (Q;R") < (Bﬁoo)loc(ﬂl,]R"). In particular, we obtain
by Remark 3.6 in conjunction with Lemma 4.6

sup / |Ts,hﬁuk| // |y (2 _:-]ié y)l dady
s€{l,...,n} B(zo,R) N Ox0r 1T =Y

|h|<dist(B(zo,R),001)
(4.22) < e(, B) ||urllLpos)
= c(Q1, B) (|l (2, mmy + l€(ur) I (@ mnxn))
< C(, B)lle(ur) L @ mnxny  (by (4.18)).
In consequence, for every 0 < 8 < 1 (to be fixed later) we find C(8) > 0 such that

II< M 7o ik | d = Mhﬁ/ [Tsntk] 4

B(x0,R) B(zo,R) 1P
< C(B)YMEP|le(ur) |l (smnxn)
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so that by (4.12) and possibly enlarging C(3), we end up with

(4.23) I1 < C(B) MNP,
As to III, we apply the Cauchy-Schwarz inequality to find for § > 0 sufficiently small

=7 k2/|PTsh€ we)*dz + = kQ/IVpQTShukI dz

0(55 p)h2 ~ 12
|p7’é ne(ug) 2de 4 — 25— / As,huk| dz
Ak / | Ark? Bz, R) |

C (6, p)h? _
7o n€(ug)|? dz + ! / Oy |? da.
< g e+ SRR [ o

III <

The ultimate term now is controlled by Korn’s inequality. To be precise, we have by (4.18)

/ |6S€ik|2dx§/ |Vﬁk|2dx§c(91)/ |5(uk)\2dx§c(ﬂl)/ e ()2 da
1951 951 Qq Q

and so, by the definition of Ay,

5 C/(6, p, Q)R
4.24 < — 2 o
(4.24) <o | ImneCul do+ S0

Ad IV. Here we estimate for v > 0 to be specified later

= 111l 4+ 1l

1. 5 - ity oo o Ts, h
IV = *”Ts n(P7Ts huk)H(wévm)* = T”AS n(p ;7 )H(wl 100y
hl 2T3h~
(4.25) < —||p UkHLl (by Lemma 2.3)

1+ _ I+y (4.12) pl+v
< e lakllwaao,mn) <€ lklin@y < e,

where we have employed a similar argument as in (4.22).
In an intermediate step, let 0 < ¢ < 1 and a,b € R™*™ be arbitrary. There holds (with
some fixed C' > 0 independent of ¢,a and b)

(4.26) (1+ |a+tb]?)% < C(1 + |af? + [b]*)%.
Now, we estimate from below by virtue of p-ellipticity of f and the definition of fx

! 1
IZ// <f”<s(Uk)+th7h€(Uk))PTs7h€(Uk),,OTs,hé'(Uk»dtdl’+m/ |p7‘s)hs(uk)|2dx

o7, ne(ur)|? /
dtde + ——= Ts,h€(U dx
// (1+ le(ug) + trene(ur)2) % a2 [, el

(4.26) 2

|p7_s he(uk) o
= A/Q (1—|—|€(uk)( )|2+|€(Uk)($+h65)| ) dz + A k2/ ‘st hE€ Uk)| de =:1

after dimishing A > 0 to > 0if necessary. Now let 1 < a < 2 to be fixed later. Then
Lemma 4.7 to e(uy) yields

|7 V(€ (un(2)) 2

/
wan C(:)/“pﬂ o) e+ heg) + el @)
+ e /Q lpTsne(ur)? de = T} + I,
We now gather the estimates given so far and put
(4.28)
Wh,h,s(T) = ! pEeTeR— for £"-a.e.x € B(xo, R).
(1 + [e(ur(2))? + [e(ur(x + he))[?) ~ 2
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for brievity. We choose § > 0 in (4.24) such that 6 < 1. In consequence, we may absorb III?)

into I, in the overall inequality. Hence, by (4.20), (4.27), (4.23), (4.24) and (4.25) we invoke
(4.12) to end up with

- 1-96
C(A)/ |07 0 Va (€ (ur (2))) Pwh s () 01&’?+72/|,OTs,h=€(uk)|2013j
0 Ark? Jq

(4.29) < C(B)Mh?
C(8,p, Q)R> K'Y
+ 2 +C P

Since we may assume without loss of generality that |h| < 1 and by positivity of the sec-
ond term on the left hand side of the previous inequality, we find by dividing the previous
inequality by h?

B

(4.30) sup/
keNJq hz

Step 3. Conclusion. We go back to (4.30) and deduce by Young’s inequality that

/Qp Ts,hVa(E(Uk(x)))‘dx/Qp Ts,hVa(.r-:(uk(ag)))‘wé dz

2

T 1V (e(ug(2))) wins () dz < co.

g hg b wk%h s
< 1/ g Ts,h Vo (e(ug(2))) 2wkh dx—s—l/ dz
2 /g hs e 2 JB(wo,R) Wk,h,s(T)

=:V+ VL

The term V is bounded by (4.30). As to VI, we recall that by (4.12), (ux) is uniformly
bounded in LD(2). In consequence, IV is uniformly bounded in k& and h provided
Pl

(4.31) nw+2(1 —a) <1, that is,

At this stage, let us recall that this appears subject to the condition 1 < a < 2 from
Lemma 4.7. Since p > 1, the lower bound is satisfied in any case, but the upper bound
requires ;1 < 3 which is satisfied as well for the growth regime we are considering. Now,
summarising, we obtain

(4.32) sup /Q p

keN

Ts.h Va(e(ug(z)))
h3
and hence, by arbitrariness of o and p, infer that (V,(e(uy))) is locally uniformly bounded in

B[f/fo By Lemma 2.1, we obtain that for any 0 <6 < =47, (Vo (e(ug))) is locally uniformly

dz < ©

bounded in L= =7 %, Now we invoke Lemma 2.4, cf. (2.13), to deduce that for any relatively
compact Lipschitz set K € () there exists

(4.33) sup/ |s(uk)|(2_")(2535_5) dz = C(a, 6, 8) < oo,
kENJ K

and we now choose 5, and ¢ in a suitable way. First we note that

1 1 1 1
(4.34) u<1+fﬁu+1<2+—:>&<1+—

n n 2 2n
and so we find and fix « such that

w41 1
4. B — 14+ —.
(4.35) 5 <a< + o
From the previous inequality, we deduce
1 1 1 2n —1 2n
1+ — 1— - 2 — 1—-—= 2 — 1
a< +2n=> a>-—g- = o> o™ o = ( a>2n—1>



22 F. GMEINEDER AND J. KRISTENSEN

Now we may send 8 1 and § \, 0 to deduce that there exists 5 < 1 and § > 0 such that

2n
2n — f3

(4.36) pi=(2— a)( - 5) >1

as well. Then we infer from (4.33) that for every ball B € Q there holds

sup/ le(ug)|P doe < oo.
keNJB

Then, by Poincaré’s inequality, we find rigid deformations dj € R(B) such that the sequence
(ug — di)|p is uniformly bounded in LP(B;R™). Since 1 < p < oo, Korn’s inequality and
reflexivity of W' allow to extract a subsequence (ur@)lx) which converges weakly to some
v € WHP(B;R"). Since ug|g — ulg, we conclude that v = u|g and E*u must vanish on B.
The proof is complete. O

Even though briefly mentioned in the proof, let us stress again that it is precisely the
term (4.21) where the proof mostly differs from the BV-case. If we worked with p-elliptic
functionals (1.4) where € is replaced by D and we thus are in the BV-framework, the suitable
adaptation of the approximation procedure outlined in Section 4.1 (cf. [, Sec. 5]) yields that
the constructed sequence (uy) is uniformly bounded in BV (£2; R™). Then, by the upper bound
provided by the p-ellipticity (cf. (1.8)) the term from (4.21) would be controlled by

|pA s puk)?
(1+ |e(ur)|?)?

/ Bin(pDp © Ts ptug, pDp © 7 pug) daw < b2 / ;
Q Q

and as in [8, Lem. 5.3], the last term can be controlled as (uj) then would be bounded in
Wl’l(Q; R™). Hence it is at this stage, where the BD-case differs from the BV-case.

As we mentioned above, Theorem 1.2 implies that GM(F;ug) € WP (Q;R™) N LD(Q)
and so we may now use the additional integrability information to amplify the regularity of
generalised minimisers. Here, as V,, has a regularising effect on e(uy), we directly work on
e(ug). Let 1 <p <1+ % Going back to (4.36) subject to (4.35), optimising p yields that
GM(F; uo) € LD(Q) N WLL(Q; R™) for all

loc

(B—wn

4.37 1<g< —.

(4.37) =4S T

Exemplarily, we show how for a certain range of ellipticities we can even obtain second
derivative estimates.

Corollary 4.8. Suppose that f € CZ(R’;%?) is a p-elliptic integrand of linear growth with 1 <
p < 522, Then for all generalised minimisers u € GM(F;ug) we have u € WIQ(;?(Q;ngm)
for some @ = Q(u) > 1.

Proof. Let us firstly note that the condition on p implies

(38— p)n

4.38 .
(4.38) p< o1

= 2np—p<3n—nmp=B-—pn=—= pu<
3n—1

and so we deduce that u € LD(Q) N WL*(Q; R™) by the above argument. Denote (uy) the
Ekeland approximation sequence as above. We now go back to the proof of Theorem 1.2,
step 1, let zp € Q be arbitrary and choose 0 < r < R < dist(9€; B(zo, R) together with a
localisation function p € CZ(B(zo, R); [0, 1]). We then put, for s € {1,...,n} and |h| sufficiently

small, ¢ := A;h(pQA&hﬂk). Then we insert ¢ into (4.19), write

e(p) = A, (PP A ne(ur)) + A, (2pDp © A piy)
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and thereby end up with
(4.39)
3= | [ Aunfi(elu). A nelu) o
Q

<| [ttt 5, 2oDp0 A ds
Q
1 ~
+ %”pQA&hukHLl(Q;]R") =:Jy + Js.
Similarly as in the proof of Theorem 1.2, we find that for some ¢ > 0

|pAs ne(ug)l?

1
40 o f G e T

/ IpAg ne(ug)|? de < J;.
Q

Now, as to Jo, we split and estimate by Lipschitz continuity of f in the first inequality and
gk = fx — [,

J, < C/ AL, (pDp ® Ay piiy)| da + = I 43P
Q

/ (Dangh(€(ur)), 20Dp ® A, 4T) da
Q

AdJ (21). Let 1 < ¢ < 2 to be fixed later. We find by recalling the local uniform boundedness
of (A pug) in L', estimating difference quotients against differentials and Young’s inequality

31 < [ 19D pA.ai) o
Q
< Clp) +Cp) /Q 104 (s )| dz

(4.41) < C(p) +C(p)L™ ()4 +C(p)/Qlas(pAs,hak)|q da

< Clp)+Cp) L™ @) +Clo.) | lelpa i) T (by Korm)

< Clp, 0 7) + C( pf)/ |As,hﬂk|‘7dx+0(p,§)/ 1pA ne ()| d
Io R Q

=K; + Ky + Kas.

If we choose ¢ sufficiently close to 1, then we are in position to utilise the fact that ug € VVIOC
uniformly in k with ¢ provided by (4.37) and hence can assume without loss of generality
that K; and Kg are uniformly bounded with respect to k. At this stage we fix g as follows.
Because of 51= \‘ 1 as ¢\ 1 and (4.38), we find ¢ > 1 such that for some ¢

n
on—1°

(4.42) uw<

(3—n)

Then, by (4.37), we have local uniform boundedness of (g(v;)) in L and thus in LA?/ (2=
Since 2/(2 — q) is the Holder conjugate of %, we then find by Young’s inequality for § > 0
|PAs ne (u)[?

- dz
1+ |e(up(z + hes)| + [e(uk)[?) 2

KS < 50 pa Zj)
(4.43) /

2

0(5,07&’)/ (1+ |e(up(z + hes) 2 + |e(u)|?) 5 3777 da.
:L‘(),R)

Ql‘

Now observe that by (4.42) and the remark afterwards, the ultimate term can be bounded
independently of k. Then we choose 0 < § < ¢, where ¢ > 0 now is the constant on the left
hand side of (4.40) and absorb it into the left hand side of (4.40).
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AdJ 22). By definition of g, we consequently obtain by Young’s inequality

1 -
/ [(As ne(ur), 2p0p @ Ag pug)| da
Q

k2 Ay
1 2C(p) -
<——— [ pA, 2 Ay piig)? da.
= 2k2Ak; /g; |p é7h€(uk)| dx+ k2Ak /B(me) ‘ 7} uk| d'r

We then absorb the first term on the very right hand side into the left hand side of (4.40).
Moreover, by Korn’s inequality, we see similarly as in the proof of Theorem 1.2 that the second
term on the right hand side of the previous inequality is bounded uniformly in k. Finally, for
J3 we recall the fact that because (uz) is locally uniformly bounded in W? with ¢ > 1, it
is locally uniformly bounded in W', This yields uniform boundedness of J3. Summarising
the estimates obtained so far, we come up with

2
(4.44) sup/ [PAs e ()] — dz < oo.
kenJo (1 +[e(ur)(z + hes)? + |e(ur)?) 2

Eventually, repeating the argument that lead to (4.43), we easily find that for some @ > 1
there holds supyep [|As n€(ur)||Le (B(wg,r)mnxn) < 00. From here and the arbitrariness of xg

and r we deduce by standard means that d,e(u) € L (€;R"*™). Then Korn’s inequality

loc

yields that Osu € Wl’Q(Q;R”) and so, by arbitrariness of s € {1,...,n}, u € W29, R").

loc loc

The proof is complete. O

IP) <

A standard application of the measure density lemma [30, Prop. 2.7] then yields the fol-
lowing bound on the set of non-Lebesgue points of e(u) as will be needed in a forthcoming
study [32]:

Corollary 4.9. Let 1 < p < =32 and let f € Cz(R”X”) be a p-elliptic integrand of linear

3n—1 sym

growth. Then for any u € GM(F;ug) there holds dimy (X,) < n — 1, where

(4.45) Y= {xo e limsup][ le(u) — 2| L™ > 0 for all z € R:yxn?} .
N0 B(zo,r)

4.4. Proof of Theorem 1.2 and convex duality for the extended range of . We now
extend the range of y as provided by Theorem 1.2. Toward this aim, we employ the dual
solution in the sense of convex duality and utilise its Wllo’i—regularity in conjunction subject
a local BMO-hypothesis to be discussed below. However, note that by our method of proof
and as opposed to Theorem 1.2, we get a result only for one particular generalised minimiser,
cf. Remark 4.11.

Precisely, for a given pu-elliptic integrand of linear growth f: RZ*"™ — R, we now consider

Sym
the auxiliary variational principle

1
(4.46) to minimise §;(v) := Fv] + % /Q le(v)]? dz over Dy, := up + W2 (4 R™).

Here we assume ug € W'?(Q;R"™) for simplicity. The general case uy € LD(Q) can be
accomplished by smooth approximation and thereby can be tackled by another approximation
layer which we skip here. By Korn'’s inequality, (4.46) has a unique minimiser v; € %,
for each j € N, and in fact, (v;) converges to one generalised minimiser, and we will give
estimates on the single v;’s that eventually inherit to this particular generalised minimiser.
This approach has been pursued by SEREGIN [47, 48, 49, 50] in a class of related problems and
adapted by BILDHAUER et al. [9, 10, 12] to the BV-setting. We now collect some properties
of the above viscosity approximation which essentially follow from SEREGIN’s aformentioned
works; for more detail, the reader is also referred to [31, Chpt. 5.4.3].
For the time being, it suffices to focus on the following

Lemma 4.10. Denote (v;) C Wl’z(Q;R") the sequence of viscosity approximations obtained
in (4.46). Then the following holds:
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(a) (v;) ts uniformly bounded in LD(S2).
(b) (v;) € WiZ(Q:R"). _
(c) There exists a non-relabelled subsequence such that §;[v;] — infgpq) Fu, @s j — oo.
(d) Put 7;:= f'(e(v;)) and o := fi(e(v;)). Then the sequence (7;) is uniformly bounded
in L (;R™™) and (o) is uniformly bounded in Wti(Q;R”X”).

(e) There exists o € (L35, NW22)(Q;R™) such that, for a suitable, non-relabelled subse-
quence we have o; — o weakly in Lz(Q;R"X”) as j — oo. This map o is a solution

to the dual problem as introduced in Section 2.3.
Moreover, there holds

4.47 inf  Flw] = sup Rlxl,
( ) uo+LDo(2) ] XELSS, (Q;Rnxn) 4

where Ly, (Q; R™™™) denotes the linear space of all v € L™ (£; R™*™) which are solenoidal in

the sense of distributions.

The previous lemma does not require the following condition, which however plays in a
key role in the proof of Theorem 1.3 as employed below. Precisely, we shall require that the
viscosity approximation sequence from above satisfies for each relatively compact Lipschitz
subset K C Q with dist(K;08) >0

(LBMO) sup sup M7 (v;)(z) < 0.
jeNzeK

We now combine the results of Lemma 4.10 and the improved embedding from BD NBMO
from Theorem 3.1 to deduce the Sobolev regularity assertion of Theorem 1.3.

Proof of Theorem 1.2. Let (vj) C ug + W(l)’Q(Q;R”) be the sequence of viscosity approx-
imations defined after (4.46). Let zy € £ and r > 0 such that B(zg,2r) € . For
h € R with |h| < dist(zg,dQ) — 2r we pick a cut-off function p € CL(B(xzo,7);[0,1])
with Ip(z,r) < p < Ip(ge,2r and put ¢; = T;h(p27's’hvj). By assumption, we have
w; € VV(I)’2 (Q;R™) and thus ¢, is admissible in the weak Euler-Lagrange equation

(4.48) /ggyawﬂ%s@g>¢p:o for all o € Wy (4 R™)

which follows directly from minimality of v; for §;. In consequence, we obtain for each j € N
(4.49) | iteto)). el ram) o = .

Since € and 7, commute, we find by discrete integration by parts that

I:.= / <Ts,h(f]/‘(€(’l}j>))’p2Ts7h€(Uj)> de = — / <Ts,h(fjl‘<€(vj))), 2pr ® Ts,h’Uj> dz =: IL.
@ Q

Using the p—ellipticity condition, we will now suitably estimate I from below. It is clear that
I, > 0. Since f is assumed to be u—elliptic, we find similar to the estimation that lead to
(4.27)

. 2 |Ts,h€(vj(x))‘2
(4.50) I>1, > Lpﬂ+k@w+¢@@+MMW5

for all j € N, where ¢ > 0 is an absolute constant. We now pause to estimate IT conveniently
and so make use of the uniform BMO-hypothesis (LBMO) and the regularity of the dual
solution as stated in Lemma 4.10. To be more precise, recalling the notation o; := f}(e(v;))
for j € N, Lemma 4.10(c) asserts that for any relatively compact Lipschitz subset K of Q we
< 00. On the other hand, the local uniform BMO-hypothesis

have sup;cy [|o; ||W1:2(K;Rnxn)
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in conjunction with the interpolation result of Theorem 3.1 applied to p = 2 yields that for
€ > 0 sufficiently small there holds

(4.51) sup 03ll 3 <2 gy < O

Deferring the precise value of € > 0 to the end of the proof, we now estimate II for |h| <
dist(zo,0Q) — 2r by

] < C(p)/ 7o (fj(e(;)))| I7s,nv5] dz
B(zo,27)
1+1_¢ / Ts,hVj
<C(p)h 7> [Asn(fi(e())] | 5= |d
B(zo,27) 2
3 % Ts,hUj 2 ?
< C(p)hz—¢ / |Ag no;|? dz / % dx (by Holder)
B(zo,27) B(zo,27) h2—¢

3_
< ClOIR2 "o 2 B ao.2mimaze) 1V d =2 g g iy

< C(p)h*~s,

and here C(p) > 0 does not depend on j € N. Gathering estimates and recalling the short-
hand (4.28) (with the obvious modifications) for some 1 < a < 2 to be fixed later, we find
that

(4.52) /
B(xo,27)

By Lemma 4.10, (v;) is uniformly bounded in LD(2). Therefore, it is easily seen that
SUpjeny ||wjf,1’s||L1(B(mo,2r)) < oo provided (recall that 1 < o < 2 is assumed throughout)

wj.n,s(x)de < C(p).

1
(4.53) p+2(1—a) <1, thatis, % < a(<2).

Henceforth, assuming condition (4.53) to be in action in all of what follows, we obtain by
Young’s inequality

[ [makee, . g
B(zo,27) - B(xo,27)

hi—%
where C(p) > 0 again does not depend on j € N. From here we conclude that the sequence
.3 _¢e
(Va(e(v4))|B(20,r)) is uniformly bounded in By * (B(wo,r); RL5). At this point, we recall

sym

from Lemma 2.1 that for all § > 0 sufficiently small there holds

hi—%
< C(p) (by (4.52) and (4.53)),

i wjps(z)de + / dz
s =
! B(xo,27) wj,h,s(x)

4n

n
(=g "T i3t "

.3_¢
B14,<>02 (B(xo,2r)) = LY(B(zp,7)) for all ¢ <

We may therefore deduce that for € > 0 and J > 0 sufficiently small, we have

sup / Vale(v;))
JEN JB(zg,r)

By Lemma 2.4, the previous estimate implies

4
w572 0 dz < o0,

(4.54) sup/ le(vj)]demed d = sup/ ‘6(1}j)|(2_a)(4"_4;+25_6) dz < oo,
JEN JB(z0,r) JEN JB(zg,r)

with an obvious definition of the exponent ¢a.nes > 0. In conclusion, if g4 nes > 1, then

Korn’s inequality yields uniform boundedness of (€(vj)|(a,,r)) in L™ =% (B(zo,7); RENT)

and hence, by arbitrariness of g € 2 and r > 0, the claim follows.
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To establish gq.n.e,5 > 1, let us note that the latter is equivalent to
dn + 3 — 2 — 26(4n — 3 + 2¢)
dn — 6(4n — 3+ 2¢)
Sending €,6 N\ 0, we find that ¢on.s > 1 can be achieved for sufficiently small ,§ > 0 if
and only if

3
4.55 1+ —.
(4.55) a<l+ -
On the other hand, recalling (4.53), we must therefore have
w41 3
4.56 — < 14+ —
(4.56) s Sa<ld

an equation which is solvable for 1 < a < 2 if and only if (14 1)/2 < 1+ 2. The latter
inequality is solvable for p > 1 if and only if

3
4.57 <14+ —,
(4.57) p<l4 o
which is exactly the exponent claimed in the theorem, and so we may argue as in the proof
of Theorem 1.2 to conclude. The proof is complete. O

Remark 4.11. Theorem 1.3 establishes the higher Sobolev regularity for one generalised
minimiser only. The reason why an Ekeland-type strategy as pursue in Section 4.1 is unclear to
us to work in this extended range of i is Lemma 4.10. In this case, the Ekeland approximation
sequence must uniformly satisfy the local BMO-bound and so, following [8, Sec. 5.1], we need
to stabilise not with the quadratic Dirichlet integral but an n-th order Dirichlet integral (as
W' < BMO). However, then it is unclear to us to employ the required Wllcgz—bounds on
the respective terms which should converge to the dual solution. This, however, we intend to
treat in a future publication.

Let us further remark that it does not seem obvious how to use possibly good (e.g., radial)
structure of the integrands to deduce even higher regularity such as on the C¥*®-scale. This
essentially stems from the fact that the symmetric gradients seem to destroy such good struc-
ture, and basically rules out the possiblity of employing De Giorgi- or Moser-type strategies.

In analogy with Corollary 4.8, we can extract some more information from the above proof.
The exponent gq s > 1 as given in (4.54) is optimised for the smallest admissible value of
. This, in turn is given by (1 + 1)/2 by (4.56) subject to the condition 1 < 1+ 2= from
(4.57).

Now, sending « N\, (1 +1)/2 for the admissible range of p yields by (4.54) that for all v > 0
and x > 0 suitably small we have

_ptl _dn __ .
(4.58) e(u) e L ST g ),
We consider now the condition (with T':= k(4n — 3))
|
' p+1 4dn
<(@2- =) — k) @Bn—=6)p<(3—p—2y)4n-T)

2 in — 3

< 8np —6p +4np < 12n — 8yn —T'(3 — p — 2)

< pu(12n —6) <12n —8yn —T'(3 — u— 27)

2n 8yn+T(3—pu—27)
< - .

THE o 120 — 6
Sending 7, £ \, 0 which in turn implies I" \\, 0, we obtain that e(u) € L{ _
uw < 237_11. Let us carefully note that this is more restrictive than the bound provided by
(4.57): In fact,

2n < 2n+3
2n —1 2n

(4.59)

(©; R2X™) provided

sym

3 n
®4n2<4n2—2n+6n—3¢>z<n éanl.
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Corollary 4.12. Let Q C R™ be a bounded Lipschitz subset and let f € C*(R™*") be a

u-elliptic variational integrand of linear growth with 1 < p < 25:11 and suppose that the

sequence of viscosity approximations (v;) satisfies (LBMO). Then the following holds for the
weak*-limit u € GM(F; uo):

(a) There ezists Q = Q(p) > 1 such that u € LD(Q) N W29 (Q; R™).

loc

(b) There holds dimy (X,) < n — 1, where ¥, is defined as in (4.45).

Since the verification of this corollary is along the lines of the proof of Corollary 4.9, we
only point out the requisite key points in a

Sketch of Proof. We now switch to the situation of the proof of Corollary 4.9, where the overall
main point is the derivation of inequality (4.44). We test (4.49) by ¢ := —A_, (p?As pv;).
The proof then evolves along the same lines, and it is only crucial to estimate the terms
corresponding to Jy as in (4.39); note that the term J3 now does not arise. The term Jf) is
handled analogously, now using that % Jo, le(v;)|* < C uniformly in j, cf. Lemma 4.10(c). To

deal with the equivalent of J él), the critical part is the estimation (4.43). Here the exponent
appearing inside the second integral on the right hand side must be estimated by virtue of
the uniform local higher integrability. This, in turn, is ensured by 1 < p < 25%1, cf. (4.59).
We can then conclude as before to arrive at the result. g

Finally, note that because of Corollary 3.9, the strategy pursued in this section offers a
difference quotient alternative to [9] subject to the respective ellipticity regime; however, note
that here much stronger results apply,cf. [9, 12] for more information.

4.5. Uniqueness of Generalised Minimisers. A consequence of Theorem 1.2 is the fol-
lowing result on the uniqueness of generalised minimisers. Similarly to functionals of linear
growth depending on the gradient (see [8, Sec. 5]), uniqueness of generalised minimisers can
only be obtained modulo rigid deformations, that is, elements of the nullspace of e:

Theorem 4.13 (Uniqueness). Let f: R — R be a p-elliptic integrand of linear growth
with 1 < p < ”T“ Suppose that € is an open, bounded and connected Lipschitz subset of R™.
Then any two generalised minimisers u,v € GM(F; ug) differ by a rigid deformation, that is,

there exists R € R(§?) such that w = v + R holds £"~a.e. in Q.

Proof. Let u,v € GM(F;ug) be two generalised minimisers with respect to a prescribed
Dirichlet class Zy, := ug + LDo(€2). Since f is p—elliptic with 1 < < 14 1), both u and v
belong to LD(€2) by Theorem 1.2. We will show e(u) = e(v), and this will imply the claim:
Indeed, since e(w) = 0 is equivalent to w € R() provided Q is connected, we deduce that
there exists R € R(Q) such that u = v + R. To prove the claim, suppose that e(u) # &(v)
on a measurable set U with "™ (U) > 0. Then we obtain, using that f is strictly convex and
both E°u and E®v vanish identically in €2,

_ 1 _ _ o
5 [%(u +v)] < i(S[u] + §[v]) = min F[BD(Q)],
an obvious contradiction. The proof is complete. O

Building on the results of the previous sections, particularly to the proof of the higher
Sobolev regularity of generalised minimisers, we now briefly comment on the uniqueness issues
addressed in the introduction. In general, the failure of uniqueness of minima of variational
integrals (1.4) is mostly due to two reasons (compare [3]): Going back to the relaxed functional
T given by (1.6), positive homogeneity of f° implies that £°° is not strictly convex even if f is.
Thus a possible reason for non—uniqueness is the presence of the singular part of minimisers
which genuinely only effects the recession parts of §. The second reason for non—uniqueness

is a possible non—attainment of the correct boundary values which is partly addressed in
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Proposition 4.14. Let Q be a convexr Lipschitz subset of R™. Suppose that generalised
minima of the variational integral § given by (1.4) are unique modulo rigid deformations. If
one generalised minimiser u attains the correct boundary values in the sense that Tr(u—ug) =
0 H" '-a.e. on 09, then GM(F;ug) = {u}.

Proof. Let R € R(Q) \ {0} be an arbitrary non-zero rigid deformation and denote R its
continuous extension to 2. Then we have

(4.60) Jlu+ R =3+ | f°(-Roveg)dH" "

o0
because Tr(u — ug) = 0 H" l-a.e. on 9. Since the mapping T: 9 — R given by
T(z) := —R ® vpq for x € 09 is continuous and f>°: R;Lyxrf — R>¢ is continuous too, it

suffices to show that there exists z € 9 such that |R(z) ® vsa(z)| > 0. Indeed, in this case
we conclude by homogeneity of f°° and positivity of f that the boundary integral on the
right side of (4.60) is strictly positive so that u + R is not a minimiser of § over BD().
The proof is the concluded by Proposition 5.4 which provides the required characterisation
of generalised minima in terms of §. For simplicity, we shall argue for the unit ball Q = B
and only sketch the respective generalisation to arbitrary open Lipschitz domains 2 below.
Write R(z) = Az +b. If [R(2) ® vsp(2)| = 0 for all z € dB, then Az ® vsp(2) = —b ® vap(2)
for all z € OB. Since vpp(z) = z for any z € IB, this particularly implies Ae, @ e = —bO e,
for all £k =1,...,n. These identities imply

0 alg 0 0 bl 0
0 ... * 0 ... 0 ... 1 0 ..
Ae, ©Oep = alg ... Qgk ... Qpk = — by ... by ... b, =-b0Oe.
0 ... 1 0 ... 0 ... : 0
0 ... anr 0O ... 0 b, 0
and hence a;, = —b; for all j,k = 1,...,n. In consequence, a;; = —b; for all j =1,...,n, but

by scew—symmetry of A, aj; = 0 and thus b; = 0 for all j = 1,...,n. This further implies
ajr =0 for all j,k =1,...,n and thus R = 0. If Q is not a ball, then one may argue similarly,
now using the fact that for any open, bounded and convex Lipschitz subset €2 of R™ there exist
linearly independent z1,...,z, € 09 such that vga(z1),...,Vsa(2z,) are linearly independent
too. The details are left to the interested reader. 0

The previous lemma is an adaptation of [8, Lem. 5.5] to the symmetric gradient situation.
Finally, the second possible source of non-uniqueness is given by the boundary behaviour of
generalised minima. This is in the spirit of SANTI's example [54] which has been revisited
and adapted to the vectorial case by BECK & SCHMIDT (cf. [8, Thm. 1.17]). As such, we
believe that is possible by a similar adapation as has been given in Proposition 4.14 above to
generalise [8, Thm. 1.16] to the symmetric gradient situation. More precisely, we conjecture
that if f: RET — R is a convex integrand with (1.2) such that for every n € R\ {0},
o &= fP(neE) is a strictly convex norm® and if generalised minima are unique modulo
rigid deformations, then the set of all of generalised minima can be written as

GM(F;up) = {u+AR: —1<A<1}
for some fixed u € GM(F;up) and R € R(Q). However, the verification of this is beyond the

scope of this paper and shall be addressed in a future work.

3in the sense that if fn(&1) = fn(&2) = fn( A1 + (1 — N)&2) for £1,62 € R™ and 0 < X < 1, then & = &3.
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5. APPENDIX

5.1. Extensions of Theorems 1.2 and 1.3 to nonautonomous problems. Let us now
briefly comment on the situation where f has additional z-dependence. If f € C*(Q x RE)

is an integrand that satisfies essentially the assumptions of [9, Ass. 4.22], that is, f satisfies
(1.2) uniformly in x together with

w@@ﬁw&wmmwﬂmﬂwOHD”%N%@HDH%ﬂ%QH<W»
(5.1) NSl < (D2F(2)6,8) < A,
(D2 D2f(x, €)n, 1) < CDEf (@, )| + Il [n'l/ (1 + [€]2)

for all x € Q,n,n,&,2 € R > then the results of this paper carry over in a straightforward
manner to the situation of interest; in fact, as we work with finite differences, these assump-
tions can even be weakened, but this is left to the interested reader; also see the discussion in
[8, App. C]. If the smoothness of the z-dependence is diminished, a merger of the arguments
outlined in this work with the foundational work of MINGIONE (cp. [11, 42, 37]) leads to the

correspondingly modified theorems.

5.2. Proofs of auxiliary results. In this section, we provide the proofs of minor auxiliary
results used in the main body of the paper. We begin with the

Proof of Proposition 2.2. Let v € C°(R™;R™) and fix s < ¢t < 1. By the SMITH representa-
tion formula (2.3), ®: C°(R™;R2X") 5 e(u) — u € C°(R™;R™) is a Riesz potential operator

sym
of order one acting by convolution. Hence, a routine estimation yields for z,y € R", x # y
and 0 <t<1

lu(z) —u(y)| = |2(e(u))(z) — (e(u))(y)|
(5.2) : 1 1
< Clz -y /}Rn le(u)(2)] (|z — i + = z|”—1+t) dz.

Fixing a ball B = B(z,r) C R", dividing (5.2) by |z — y|""* and integrating with respect to
x,y € B consequently yields by symmetry for a suitable cut-off function n € C2°(R™; [0, 1])

u(y) // / d(z,y)
)< C
//]3><B Ix*yln” BxBJrr \Z*I\" ”S Sy

=F(z)

(z)F(z)
<C . (/R ni_(m)dy,

n |z =yt

where B’ = B(z, R) for some suitable 0 < r < R < oo. Now we use Young’s convolution
inequality twice and employ the fact that z — |2|7"7*** and x + |z|7""17 are integrable
over any ball B(z, R) as long as R < oo to conclude. The rest follows by standard localisation
and approximation arguments which we omit here. 0

Proof of Lemma 2.4. By [l, Lemma 2.2], for every —% < v < 0and p > 0 there exists a

constant ¢ = ¢(M) > 0 such that for all £, € R there holds

2 + €LY = (i + [l e(b)
W+ EE+TP Bt

2y + 1) —nl < I€ —nl.

Applying this with 4 = 1 and v = (1 — «)/2 yields the claim as —3 < v < 0 if and only if
l<a<?2.
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Now let ¢ € RM with [] > 1 and let 1 < @ < 2. Then (1 — «)/2 < 0. Hence, since
t — t(1=2)/2 is monotonically decreasing on R,

|g\>1;s|g|2>1¢2|g\2>1+\g|2:»2 e < (14 g =

P Va()] S V)

Since 1 < a < 2 and [¢] > 1, we have \§|2_°‘ < |¢| and thus min{|¢], [£]27*} < V2|V, (€)] in
this case. Now, if \§| < 1, then

1

2730 < (1+[¢*)7" = 2777 ¢ < [Val©)] = €] < V2IVa(9)),

and hence we see because of [¢] < |£>~% in this regime that min{|¢[, £~} < V2|V, (§)]
holds, too. Hence min{|¢, |€]>7*} < V2|V4 (&) for all ¢ € RM. Lastly if the measurable
function u: Q — RM is such that V,(u) € L?(Q;R™), then we have

/|u\<2—a>de:/ |u\<2—a>de+/ | @~ 4
o anlul<1} an{jul>1}

< £7(9Q) + c(p) / IV ()P da

sd

The proof is complete. O
We now proceed to the

Proof of Lemma 3.4. Fix xg € R™ and let @ be an arbitrary cube with = € @ and Z"(Q) =
t™. It is easy to see that there exists K = K (n) > 0 such that the cube Q) = Q(zo, Kt) (which
has center z and sidelength Kt) contains ). We then obtain

1
o - ol = i [ u— (glar < B o [ o= gl
Jensen KMt
= o L, ]{|u<x>—u<y>|dydx
Kn+a Kn
= jQrE Q|//'“ y)l dy dz
K2n+(x
< e 1 [ 1) — ) dyde
K2n+o¢
< o 1, L 1) — 0 + g — () dye
2K2n+a S
< o ) - (gl < 2K MEu) ).
We may therefore put C(n, a) := 2K2"T. The proof is complete. O

5.3. Calderén spaces. Other than the frequently function spaces BV, BV or Bj ,, the
Calderon spaces only appear at a single point in the main text and so their definition is given
in this part of the appendix. Let a > 0 and, for a given map u € L%OC(R";RN ) define its
fractional sharp maximal operator M#u by (3.6).

Definition 5.1 (Calderén Spaces on R™, [19, Chpt. 6]). Let 1 < p < 0o and o > 0. The
Calderén space €P(R™;R™) is defined by

PR R™) := {v € LP(R™";R™): M%v € LP(R")},
and its elements are normed by |[ull¢sr := |[ul|ir®nzm) + [MEul|Le ).

We finally link the Besov spaces to the Calderén spaces:
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Lemma 5.2 ([19], Theorems 7.1 and 7.5). Let a > 0. Then for any 1 < p < oo there holds
pp(RY) = FUP(R™) — By (R™).

As an important consequence of the preceding lemma, we record the embeddings

(5.3) WeP(R™) < €*P(R™) < BEP(R™), 1< p< oo, a> 0.

5.4. Relaxation. As mentioned in the introduction, we now give justification for some results
used in the main part of the paper. The primary aim of this section is to explain formula (1.6)
and the existence of generalised minima. We thus recap the requisite foundational theory of
functions of measures as exposed, e.g., in [20, 4].

5.4.1. Convex Functions of Measures. Given m € N, let f: R™ — R>oR be a convex function
of linear growth, i.e., f satisfies (1.2) with the obvious modifications. In this situation, it can
be shown that f°° defined by (1.5) is well-defined, convex and positively 1-homogeneous.
Let p be an R™-valued Radon measure of finite total variation on an open and bounded set
Q C R™. We denote

d d

p=pt et = oo e

its Radon—Nikodym decomposition into its absolutely continuous and singular parts p®, u°
with respect to Lebesgue measure, where |u®| denotes the total variation measure of . We
then define a new Radon measure f[u] by

s @ [ () azns [ (FE ) awl aeam),

where Z(Q) denotes the Borel-o—algebra on . We note that, by positive 1-homogeneity of
f°°, this gives rise to a well-defined measure indeed. Linking this to the area functional as
required for the definition of area- strict convergence for a given map u € BD(Q2), we have
with f:=/1+|-|? that \/1 + | Eu|?(Q) := f[Eu](Q).

We turn to formula (1.6) for the relaxed functional as given for BV—functions in [33] and
find by a straightforward applications of the results of GOFFMAN & SERRIN [34] that, given
an open and bounded Lipschitz subset © of R™ together with a Dirichlet datum wuy € LD(2),
we have

(5.5) §uo [u] = inf {1ll€n_1>£f{§[uk] (ug) C Dy = uo + LDo(2) }

up — win LY(Q;R")

We pick a ball B = B(z, R) with € B. By surjectivity of the trace operator Tr: LD(U) —
Lj;n—1(OU;R™) on bounded Lipschitz subsets U of R” (see Section 2.2) that there exists
vo € LD(B\Q) such that Tr(vg)|ss = 0 and Tr(vo)|aa = Tr(uo)|sn H™ '-a.e. on OB or 99,
respectively. Given u € BD(Q), we put

~ v Ju(x) forz e,
(5:6) ilw) = {Uo(:c) for z € B\Q.

Then there holds w € BD(B), and by the interior trace theorem as recalled in Section 2.2 we
have

Eu = E*U + E*u = E*ulLQ + E*ulLQ + E*ulLoQ + E*ul (B \Q)
dEu

_ fuLO 4 - g
K * 5!

u| + Tr(u — vo) ® vgaH" LN + EveL"L(B\Q).
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We insert this expression for y = Eu with A = B into (5.4) and obtain

f[Em(B)/Qf(gu)dx"+/ﬂf(d|dgfu>dlasu|

+ 2 (Tr(u —vo) O van) dH™ '+ | f(Evy)d L™
a0 B\Q

(5.7)

If we then aim for minimising f[Eu|(B) over all v € BD(2), we see by constancy of the
very last term of the preceding expression that it does not affect the minimiser v € BD(R2),
and thus a function v € BD() minimises f[Eu](B) if and only if it minimises the relaxed
functional given by (1.6).

We conclude this section by recalling two results due to Reshetnyak concerning the (lower
semi—)continuity of convex functions of measures in the version as given in [8].

Proposition 5.3 (RESHETNYAK, [45]). Letm € N, Q C R" open and let (uy) be a sequence of
R™—valued Radon measures of finite total variation which converges to a R™—valued Radon
measure of finite total variation p on 0 in the weak*-sense. Moreover, assume that all

measures [ and p take values in some closed convex cone K C R™. Then the following
holds:

(a) Lower Semicontinuity. If J?: K — [0,00] is a lower semicontinuous function, then

there holds
~( du = dpk
f( )du <hm1nf/f< )d,uk.
.7 () e Q] )

(b) If up — p strictly* as k — co and f K- [0,00) is a continuous and 1-homogeneous
function, then there holds

~( du = duk>
d d .
/f<mm>'” amﬁf(mw| e

5.4.2. Generalised Minima: FExistence and Characterisations. We now pass on to the verifi-
cation of (5.5) and establish the existence of generalised minima.

Proposition 5.4. Let Q) be an open and bounded Lipschitz subset of R™. Given a convex
integrand f: RIS — R with (1.2) and a boundary datum ug € LD(Q), define §y, by (1.6).
Then there exists a generalised minimiser of § in the sense of (1.7).
Moreover, the following are equivalent for u € BD(Q):
(a) u is a generalised minimiser in the sense of (1.7).
(b) w is the weak*-limit of an F-minimising sequence (uy) C Dy, (:= up + LDo(R2)).
(¢) w is the strong L*-limit of an F-minimising sequence (uy) C Dy, -

Proof. We begin with a preparatory remark. We choose an open and bounded Lipschitz
subset ) C R" with Q € €. Given ug € LD(), by surjectivity of the trace operator on LD
(see Section 2.2), we may extend ug by some vy € LD(B\Q) to a function g € LDg(£2). We
now invoke the straightforward generalisation of [9, Chpt. 2.3.1] whose proof we leave to the
interested reader:

Given Q and ug as above, let u € BD(Q) and denote its extension to Q via Uy by i. Then
there ezists (uy) C ug + C°(QR™) such that Uy — U area-strictly in 0 as k — oo, where
ug, u denote the extensions of ug,u to O by u, respectively.

We turn to the actual proof, and choose Q = B as above before (5.7).

Step 1. Ezistence of a generalised minimiser. By (1.2) we have m := inf, cpp(q) f[Eu](B) >
—o0 and so there exists a sequence (uy) C BD(Q2) and v € BD(B) such that uy, — v in BD(B)
as k — oo. By Proposition 5.3(a), f[Ev](B) < liminfy_,o f[Eu](B) = m. Since ug|g\g = vo,

“In the sense that p;, = g and |pg| () — |p|(Q) as k — co.
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v|g\@ = vo and so we conclude from (5.7) that u := v|q is a generalised minimiser in the sense
of (1.7). Now, since 2,, C BD(f2) and §u0|@u0 = §l2.,, we have infgp(q) Tuy < infg, 3.
On the other hand, let v € GM(F;ug) and apply the above area-strict approximation strategy
to obtain a sequence (uy) C ug + Cg°(;R™) such that up — w area-strictly as k — co. Then
we obtain by (5.3) — as the ultimate term on the right side of (5.7) is constant —

Suolu] = fIET(B) — [ f(Evo)da
(5.8) Be
= klingo fIEux)(B) — f(&vy)dax = kh—{go Slug] > i@nf 5.

B\Q ug

Altogether, we have therefore established the absence of gaps, i.e.,

5.9 in ¥ = inf ¥, = inf3.
(5.9) pin Su = b Suo = inf §

Step 2. Proof of the claimed equivalences. Ad (a)=-(b) and (a)=-(c). Let u € GM(F;uo)
and choose an area-strictly approximating sequence (uy) C ug + Co°(Q;R™) as indicated.
Then, employing formula (5.7) with Q = B, we obtain f[Eux](B) — f[Eu](B) by virtue of
Proposition 5.3. By constancy of the ultimate term in (5.7) and the fact that area-strict
convergence implies both L'- and weak*-convergence, we conclude by means of (5.9). Ad
(b)=(c). This follows trivially as weak*-convergence implies strong L'-convergence. Ad
(c)=(a). Let (ug) C Py, be an F-minimising sequence. By (5.5), we obtain for all v € BD()

= .. . (5.9) .=
(5.10) Suo[u] < liminf Flux] = g}i T = Jmin, Fuo-

The proof is complete. O
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