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Abstract. We establish that locally bounded relaxed minimizers of degenerate elliptic sym-

metric gradient functionals on BD(Ω) have weak gradients in L1
loc(Ω;Rn×n). This is achieved

for the sharp ellipticity range that is presently known to yield W1,1
loc -regularity in the full gra-

dient case on BV(Ω;Rn). As a consequence, we also obtain the first Sobolev regularity results

for minimizers of the area-type functional on BD(Ω).
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1. Introduction

1.1. Aim and scope. Let Ω ⊂ Rn with n ≥ 2 be an open and bounded set with Lipschitz
boundary ∂Ω. In this paper, we deal with the regularity of relaxed minimizers of functionals

F [u; Ω] :=

ˆ
Ω

f(ε(u)) dx, u : Ω→ Rn,(1.1)

where ε(u) := 1
2 (∇u + ∇u>) denotes the symmetric part of the gradient of the map u and

f : Rn×nsym → R is an integrand to be specified further below. Functionals of the form (1.1) are
key to the study of the elastic or plastic behaviour of solids or fluids. In such theories, these
functionals are used to model related energies in terms of the underlying displacement or velocity
fields, respectively, while particular choices of the integrands f allow to model different aspects
of the material or fluid; see, e.g., [FS00, Lub90].

Plasticity effects are usually accounted for by use of linear growth functionals [FS00], and
these constitute the starting point for the present paper. Specifically, we suppose that there exist
constants γ,Γ > 0 with

γ |z| ≤ f(z) ≤ Γ(1 + |z|) for all z ∈ Rn×nsym .(1.2)

This condition ensures that F [−; Ω] is finite on the space

LD(Ω) := {u ∈ L1(Ω;Rn) : ε(u) ∈ L1(Ω;Rn×nsym )},

which is the symmetric gradient-variant of W1,1(Ω;Rn) and endowed with the canonical norm
‖u‖LD(Ω) := ‖u‖L1(Ω)+‖ε(u)‖L1(Ω;Rn). Moreover, minimizing sequences with prescribed boundary
values u0 ∈ LD(Ω) remain bounded in LD(Ω), but by non-reflexivity of LD(Ω), they are not
necessarily weakly relatively compact in LD(Ω). As a consequence, integrands f satisfying (1.2)
necessitate the relaxation of F [−; Ω] to the space BD(Ω) of functions of bounded deformation.
Different from the superlinear growth case 1 < p < ∞, there is no constant c > 0 such that
‖Du‖L1(Ω;Rn×n) ≤ c‖ε(u)‖L1(Ω;Rn×nsym ) holds for all u ∈ C∞c (Ω;Rn). This key obstruction, also

known as Ornstein’s Non-Inequality, implies that W1,1(Ω;Rn) ( LD(Ω) and BV(Ω;Rn) ( BD(Ω)
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(see, e.g., [Orn62, CFM05, KK16]). Most notably, the full distributional gradients of LD- or BD-
maps do not need to belong to L1 or to the space of Rn×n-valued Radon measures. Hence, results
for linear growth functionals involving the full gradient cannot be applied in the current setting.

This motivates the quest for conditions on f such that relaxed minimizers genuinely belong
to BVloc(Ω;Rn) or even W1,1

loc(Ω;Rn), finally striving for a parallel regularity theory to what
is presently available for linear growth functionals involving full gradients on BV(Ω;Rn); see
[Bil03, Sch15] for overviews. This especially concerns the critical degenerate elliptic regime. To
reach the latter, even in the full gradient case on BV(Ω;Rn) or for the closely related functionals of
(p, q)-growth, it is then customary to impose additional boundedness hypotheses on (generalized)
minimizers; see Mingione’s overview [Min06]. Such boundedness assumptions are natural from
the perspective of applications, for instance the displacement u in (1.1) being confined to a
bounded spatial region. Still, aiming to parallel the full gradient theory and thereby taking the
local boundedness as a standing assumption, none of the previously developed strategies and
techniques allows to cover the entire critical ellipticity range for functionals (1.1) subject to (1.2).

In this paper, we close this gap and thereby complete the picture of Sobolev regularity for
linear growth functionals on BD. To state our main result, Theorem 2.1 below, we give the
precise set-up and its natural context first.

1.2. Relaxations and generalised minimizers. In all of what follows, we suppose that the
Dirichlet datum satisfies u0 ∈ LD(Ω). Defining LD0(Ω) as the ‖ · ‖LD(Ω)-closure of C∞c (Ω;Rn),
we then consider the variational principle

to minimize F [u; Ω] :=

ˆ
Ω

f(ε(u)) dx over u ∈ Du0
:= u0 + LD0(Ω),(1.3)

with a convex integrand f : Rn×nsym → R satisfying the linear growth condition (1.2). The lack
of weak compactness in LD(Ω) implies that solutions of the minimization problem (1.3) do not
need to exist in general, and a relaxation to the space BD(Ω) is required. To provide a unifying
framework, we put for a subset U ⊆ Ω with Lipschitz boundary ∂U and maps u, v ∈ BD(U)

F v[u;U ] :=

ˆ
U

f(E u) dx+

ˆ
U

f∞
(

dEsu

d|Esu|

)
d|Esu|+

ˆ
∂U

f∞(tr∂U (v − u)� ν∂U ) dH n−1.(1.4)

where the behaviour of the integrand at infinity is captured by the recession function

(1.5) f∞(z) := lim
s→∞

1

s
f(sz) for all z ∈ Rn×nsym .

By convexity and the linear growth condition (1.2), f∞ is well-defined, 1-homogeneous, finite and
convex. We refer the reader to Section 3.2 for a detailed description of the single constituents
in (1.4). The notion of (local) minimality to be employed in the sequel then is defined as follows:

Definition 1.1 (BD- and local BD-minimizers).

(a) Given u0 ∈ BD(Ω), a map u ∈ BD(Ω) is called a BD-minimizer (of F ) subject to the
Dirichlet datum u0 if Fu0

[u; Ω] ≤ Fu0
[w; Ω] holds for all w ∈ BD(Ω).

(b) A map u ∈ BDloc(Ω) is called a local BD-minimizer (of F ) if Fu[u;U ] ≤ Fu[w;U ] holds
for all subsets U b Ω with Lipschitz boundary ∂U and all w ∈ BD(U).

As can be directly inferred from the definition, any BD-minimizer is a local BD-minimizer. If
the integrand f ∈ C(Rn×nsym ) is convex with (1.2), we have the consistency relation

inf
u∈Du0

F [u; Ω] = min
u∈BD(Ω)

Fu0 [u; Ω].(1.6)

Most importantly, by weak*-compactness principles on BD(Ω), BD-minimizers do exist indeed,
see Corollary 3.6 and Remark 3.7 below. Still, by Ornstein’s Non-Inequality, the full gradients
of generic BD(loc)-maps need not be Radon measures, and it is thus a key theme to identify
ellipticity conditions on f and lower order hypotheses on BD-minimizers that not only ensure the
existence of full gradients as Radon measures but also their higher integrability. Here, a suitable
scale is that of µ-ellipticity, which we describe in detail next.



GRADIENT INTEGRABILITY FOR BOUNDED BD-MINIMIZERS 3

1.3. µ-ellipticity, (p, q)-growth and previous results. In the context of convex C2-integrands
of linear growth, the condition of µ-ellipticity quantifies the degeneration of the second order
derivatives of f . Specifically, given 1 < µ <∞, a C2-integrand f : Rn×nsym → R is called µ-elliptic
provided that there exist constants 0 < λ ≤ Λ <∞ with

λ
|ξ|2

(1 + |z|2)
µ
2

≤ 〈∇2f(z)ξ, ξ〉 ≤ Λ
|ξ|2

(1 + |z|2)
1
2

for all z, ξ ∈ Rn×nsym .(1.7)

Here, the condition µ > 1 on the lower growth exponent is essential, as otherwise the integrands
f are not of linear growth; see Remark 4.14 for more detail. Because of µ > 1, it is clear
that linear growth integrands with (1.7) feature a different growth behaviour from above and
below on the level of second derivatives. In this sense, they resemble integrands of (p, q)-growth.
For the latter, improved gradient regularity estimates for minimizers are well-known to require
a dimensional balance between p and q, whereas dimension independent thresholds necessitate
additional hypotheses. Starting with the foundational work of Marcellini [Mar89, Mar91] in
the scalar case, Mingione et al. [ELM99a, ELM99b, Min06] in the vectorial case and subsequent
contributions, typical bounds in this situation read as

q

p
< 1 +

2

n
(unconstrained case) and q ≤ p+ 2 (L∞loc-constrained case),(1.8)

which can also be expressed as bounds 2p
n and 2 on the difference (q − 2)− (p− 2) of the growth

exponents for ∇2f . Drawing this analogy for the relaxed functionals (1.4) in view of (1.7), one
thus aims for higher local gradient integrability for µ < 1 + 2

n in the unconstrained case, whereas
µ ≤ 3 comes up as the natural threshold in the L∞loc-constrained situation; here, (q − 2)− (p− 2)

corresponds to −1 − (−µ), while we have p = 1 in the bound 2p
n . In the full gradient case

and so for relaxed minimizers on BV, these bounds have been achieved in [Bil02, BS11]; also
see [Bil03]. This threshold is of intrinsic theoretical relevance, as it allows to include the 3-elliptic
area integrand

f(z) =
√

1 + |z|2, z ∈ Rn×nsym .

In the symmetric gradient case, however, only the unconstrained case has been tackled successfully
so far by the third author [Gme20] for µ < 1 + 2

n . Previous results [Gme16, GK19] made use of

fractional methods à la Mingione [Min03a, Min03b], but only gave the restricted range µ < 1+ 1
n .

Still, the desired ellipticity threshold µ ≤ 3 in the L∞loc-constrained situation has remained open.
As will be discussed in the following section, the sharp range 1 < µ ≤ 3 for higher gradient
integrability to be addressed here comes with more fundamental obstructions than in previous
contributions. Yet, dealing with this borderline case, we thereby obtain a fully parallel Sobolev
regularity theory to what is presently known for linear growth functionals on BV.

2. Main result and strategy of proof

We now proceed to display our main result and give a discussion of the underlying obstructions
afterwards. More precisely, we have the following theorem:

Theorem 2.1 (Main theorem). Let Ω ⊂ Rn be open and bounded, and let f ∈ C2(Rn×nsym ) be
a variational integrand which satisfies (1.2) and (1.7) with 1 < µ ≤ 3. Then any local BD-

minimizer u ∈ BDloc(Ω) ∩ L∞loc(Ω;Rn) of F is of class W1,1
loc(Ω;Rn). More specifically, for every

subset U b Ω there exists a constant c = c(n,Ω, λ,Λ, γ,Γ, ‖u‖L∞(U ;Rn)) > 0 such that whenever
B2r(x0) b U , we haveˆ

Br(x0)

|∇u| log(1 + |∇u|2)dx ≤ c
(

1 +
1

r2

)(
rn + rn−2 + |Eu|(B2r(x0))

)
.(2.1)

This result will be established in Section 4. It can also be interpreted as a critical borderline
case of the Lploc-constrained case for general p < ∞, which will be addressed in the follow-up
paper [BEG] based on the methods developed here. In order to motivate the particular set-up
and strategy of the proof, we now pause to explain the key difficulties and novelties in detail.

(a) Singular measures, lack of maximum principles and non-uniqueness. To get
access to the ellipticity assumption (1.7) imposed on f , it is natural to employ a version of the
difference quotient method. Since the distributional symmetric gradients of local BD-minimizers
u ∈ BDloc(Ω) ∩ L∞loc(Ω;Rn) a priori only belong to RM(Ω;Rn×nsym ), the direct use of difference
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quotients is however difficult to be implemented. In this context, a routine device is to consider
plain viscosity approximations, so minimizers vj of the stabilized functionals

Fj [v; Ω] := F [v; Ω] +
1

j

ˆ
Ω

|ε(v)|2dx for j ∈ N,(2.2)

on suitable Dirichlet classes. Different from the full gradient case, see [Bil03, BS11], we cannot
utilise tools such as maximum principles or truncation arguments to infer that the sequence
(vj)j∈N remains locally uniformly bounded in Ω. As explained in (d) below, this however turns
out to be crucial in the proof of Theorem 2.1, and reveals a conceptual difference to previous
contributions [GK19, Gme20] in the unconstrained case, where an approach based on (2.2) would
yield estimates for one (local) BD-minimizer. Moreover, even if the sequence (vj)j∈N remained
locally uniformly bounded in L∞ and we could establish locally uniform higher integrability
estimates on (∇vj)j∈N, this would only lead to a W1,1

loc-regularity result for at most one local
BD-minimizer. Yet, this does not rule out the existence of a local BD-minimizer u ∈ (BDloc(Ω)∩
L∞loc(Ω;Rn))\W1,1

loc(Ω;Rn): Since the positively 1-homogeneous (and hereafter not strictly convex)
recession function in (1.4) operates on singular measures for L n, the relaxed functional is not
strictly convex on BD(loc)(Ω), and in general (local) BD-minimizers might be highly non-unique.

(b) Ekeland-type viscosity approximations and keeping boundedness constraints.
To circumvent this issue, we implement an approximation strategy based on the Ekeland vari-
ational principle [Eke74], see Lemma 3.8 below. In the context of linear growth problems, this
strategy appeared first in [BS11], and has subsequently been employed in [GK19, Gme20] for
problems depending on the symmetric gradient. Essentially, working from a fixed locally bounded
local BD-minimizer, the Ekeland variational principle in combination with a suitable stabiliza-
tion yields a sequence whose single members satisfy a suitable version of almost-minimality. The
latter is quantified by a perturbation term and leads to an Euler-Lagrange inequality rather
than an equation. To get access to degenerate second order bounds as the key ingredient of the
proof, such perturbations have to be weak enough to be controllable by the available a-priori
bounds. Simultaneously, they have to be strong enough to give useful estimates. As will be dis-
cussed in Section 4.1, the natural Ekeland perturbation space then is the negative Sobolev space
W−2,1(Ω;Rn).

Here, and as argued above in (a), it is even more important than in previous contributions
to keep track of the local L∞-bounds. This necessitates the incorporation of an additional L∞-
penalization term into the functional, to be dealt with by Ekeland’s variational principle. The
precise control of L∞-norms of the Ekeland sequence is achieved by an adaptation of an idea
appearing in Schmidt’s habilitation thesis [Sch15], in turn being inspired by the penalization
strategy from Carozza et al. [CKdN11] in the (p, q)-context. This leads to approximations

Fj [w; Ω] =

ˆ
Ω

f(ε(w)) dx︸ ︷︷ ︸
original functional

+ δj

ˆ
Ω

(1 + |ε(w)|2)
n+1
2 dx︸ ︷︷ ︸

viscosity stabilisation

+

ˆ
Ω

gM (w) dx.︸ ︷︷ ︸
L∞-penalisation

Enforcing L∞-bounds in this way, a chief issue is that it is a priori not clear whether the Ekeland
sequence remains away from the corresponding L∞-threshold numbers. In fact, if a member of
the Ekeland sequence attained the corresponding threshold, it would be impossible to extract any
information from the Euler-Lagrange inequality, cf. Remark 4.3.

By an overall set-up of the proof slightly different from previous contributions, we establish in
Proposition 4.1 quantitative estimates on the distance of the Ekeland sequence to the critical L∞-
threshold. This strategy, which is directly tailored to our purposes, hinges on a fine analysis of the
blow-up of certain approximations in conjunction with a geometric argument. In consequence,
from then on, we will have access to the requisite Euler-Lagrange inequality.

(c) Ornstein, algebraic manipulations, L∞-constraints and their interplay. As dis-
cussed in (b), Theorem 2.1 is a consequence of degenerate weighted second order estimates. In
stark contrast to the full gradient case [Bil02, BS11] and in light of Ornstein’s Non-Inequality,
the derivation of such estimates must avoid the appearance of full gradients at all costs. Whereas
robust fractional methods as in Mingione [Min03b] can be employed here too, they do not allow
us to reach the desired ellipticity exponent µ = 3 from Theorem 2.1. This, in turn, necessitates
delicate algebraic manipulations that let us systematically re-introduce the symmetric gradients
in the underlying estimates.
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It is here where the L∞-penalization strategy from (b) has a substantially aggravating impact:
Namely, re-introducing the symmetric gradients comes to the effect of introducing certain pollu-
tion terms (of skew-symmetric structure) that are a priori difficult to be dealt with. In view of
Ornstein’s Non-Inequality, the only possibility here is to employ the Euler-Lagrange inequality
or its differentiated version. As argued in (b), the enforcing of uniform L∞-bounds necessar-
ily requires L∞-penalization terms, and the latter consequently appear in the Euler-Lagrange
inequality too. When we aim to bring the appearing pollution terms into a form that is treat-
able by the Euler-Lagrange inequality, the L∞-penalization terms make it impossible to use the
available a priori-bounds. Specifically, the Ekeland approximation set-up and degenerate second
order estimates here are intertwined in a form that has not arisen in former contributions. The
resolution of this matter, which requires a perhaps somewhat unusual set-up of the proof and
comes with a slightly unnatural yet sufficient estimate as a chief outcome, is given in Section 4.3,
cf. Theorem 4.7 and Remark 4.10.

(d) Uniform higher integrability: Admissibility, Korn and logarithmic losses. Once
the degenerate second order estimates from (c) are established, we are in a position to employ
specific test functions along the lines of Bildhauer [Bil02]. Similar to [BS11], these specific
test function are not a priori admissible in the Euler-Lagrange inequality. Whereas strategies as
e.g. in [BS11] do not apply to the situation here, this issue is circumvented by a novel approach
which also simplifies the proof in the full gradient case; see Remark 4.12 for more detail.

At this stage, all ingredients are available to establish Theorem 2.1 in Section 4.4. Specifically,
we arrive at uniform L log2 Lloc-estimates for the symmetric gradients of the Ekeland approxima-
tion sequence and thus, as a direct by-product of the Reshetnyak lower semicontinuity theorem
(cf. Lemma 3.5), at the absolute continuity Eu � L n. The logarithmic loss when passing to
gradients is a consequence of the singular integral representation for u ∈ C∞c (Rn;Rn)

∇u(k) =
2

nωn

∑
i≤j

(
p.v.∂i∇Kij ∗ ε(jk)(u)− p.v.∂k∇Kij ∗ ε(ij)(u) + p.v.∂j∇Kij ∗ ε(ki)(u)

)
with kernels Kij(x) = xixj/|x|n and the Cauchy principal value p.v., see e.g. [Res70]. It is well-
known that such operators come with the loss of one logarithmic power in the scale of Orlicz
spaces. Following Cianchi [Cia14], this loss cannot be prevented, and so any improvement of
Theorem 2.1 would require a conceptually different proof. This however would need to be com-
patible with the rather finely adjusted framework from Section 4.1, see Remark 4.11.

At present, even for the Dirichlet problem on BV, µ ≤ 3 is currently the best known and
hence critical ellipticity threshold for which higher gradient integrability can be achieved, cf.
[Bil02, BS11, Sch15]. Inspired by [BBMS17], it is only in different scenarios such as Neumann
problems on BV where µ is known to be allowed to be increased [BBG20]. This, in turn, happens
at the cost of no quantitative integrability gain and the inapplicability of the method to the
Dirichlet problem.

Lastly, we wish to stress that improved results can be obtained when passing from the critical
threshold µ = 3 to µ < 3, see Section 4.5. In particular, this includes problems with logarithmic
hardening, see Fuchs & Seregin [FS98b, FS00]. Such problems for full gradient functionals have
recently re-attracted attention, see De Filippis et al. [FM23, FFP24, FP24], and are partially
located at the borderline exponent µ = 1 of the ellipticity scale considered here. In the setting
of the present paper, one then has the a priori existence of the full weak gradients, simplifying
most the arguments for the case µ = 3 in a considerable way, see Remark 4.14.

Structure of the paper. Apart from the first two sections, the paper is organised as follows: In
Section 3 we fix notation, collect definitions and important background results on function spaces,
lower semicontinuity and the Ekeland variational principle. In Section 4 we then embark on the
proof of Theorem 2.1. Here we will make use of two particular extension and approximation
results, which are discussed for the reader’s convenience in the appendix, Section 5.

3. Preliminaries

3.1. Notation. We briefly comment on some of the notation used in this paper. We denote by
Br(x0) := {z ∈ Rn : |z − x0| < r} the open ball of radius r > 0 centered at a point x0 ∈ Rn.
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We write with slight abuse of notation Br(ξ) := {η ∈ Rn×nsym : |η − ξ| < r} for ξ ∈ Rn×nsym , where

we use | · | for the usual Hilbert–Schmidt norm on Rn×n, which stems from the inner product
〈ξ, η〉 := tr(ξ>η) for ξ, η ∈ Rn×n. It is useful to note that this inner product leads to the
orthogonal sum decomposition

Rn×n = Rn×nsym ⊕⊥ Rn×nskew(3.1)

into symmetric and skew-symmetric matrices. Moreover, we employ the notation a⊗ b := ab> for
the tensor product of two vectors a, b ∈ Rn and a� b := 1

2 (a⊗ b+ b⊗a) for the pure (symmetric)
tensor.

We denote by L n and H n−1 the n-dimensional Lebesgue and (n− 1)-dimensional Hausdorff
measures, respectively, and we abbreviate ωn := L n(B1(0)). Whenever S ⊂ Rn is a measurable
set with 0 < L n(S) < ∞ and w is an integrable function on S, we write (w)S :=

ffl
S
w dx :=

(L n(S))−1
´
S
w dx for the mean value of w over S. Moreover, for an open subset Ω of Rn and

a finite-dimensional inner product space V , the space of (finite) V -valued Radon measures on Ω
is denoted by RM(fin)(Ω;V ); in particular, RMfin(Ω;V ) ∼= C0(Ω;V ). For µ ∈ RMfin(Ω;V ), the
total variation measure of µ is denoted by |µ|, and the Lebesgue–Radon–Nikodým decomposition
into its absolutely continuous and singular parts with respect to L n is given by

µ = µa + µs =
dµ

dL n
L n +

dµ

d|µs|
|µs|.(3.2)

Finally, c > 0 denotes a generic constant whose value may change from line to line and whose
dependencies are usually indicated, while its precise value is only specified if it is of interest.

3.2. Function spaces. We first collect some definitions and results on the function spaces which
play a pivotal role in our paper. Throughout, let Ω ⊂ Rn be an open and bounded set.

3.2.1. Functions of bounded deformation. A function u ∈ L1(Ω;Rn) is said to be of bounded
deformation on Ω provided its distributional symmetric gradient can be represented by a finite
Rn×nsym -valued Radon measure Eu ∈ RMfin(Ω;Rn×nsym ). This can equivalently be expressed by
requiring that the total deformation

|Eu|(Ω) := sup
{ˆ

Ω

u · div(ϕ) dx : ϕ ∈ C∞c (Ω;Rn×nsym ), ‖ϕ‖L∞(Ω;Rn×n) ≤ 1
}

is finite. The linear space of all functions in L1(Ω;Rn) of bounded deformation is denoted by
BD(Ω), with the local variant BDloc(Ω) defined in the obvious manner. We refer the reader to
[ACM97, Koh82, TS81, GR19a] for a detailed exposition on these spaces and proceed to give the
relevant results required in the sequel.

We notice that the null space of the symmetric gradient ε for functions on Rn is given by the
space of rigid deformations defined by

R(Rn) := {x 7→ Ax+ b : A ∈ Rn×nskew, b ∈ R
n}.

Moreover, for a bounded set S ⊂ Rn, which refers to a ball or a cube later on, we may introduce
an L1-bounded projection P : L1(S;Rn) → R(Rn). To this end, we first choose an L2(S;Rn)-
orthonormal basis {π1, . . . , πM(n)} of R(Rn) and define

Pu :=

M(n)∑
j=1

( 
S

πjudx

)
πj for u ∈ L1(S;Rn).

Since each of the functions π1, . . . , πM(n) belongs to L∞(B1(0);Rn), the operator P is indeed

well-defined and L1-bounded.
For u ∈ BD(Ω), the Lebesgue–Radon–Nikodým decomposition (3.2) of Eu into its absolutely

continuous and singular parts with respect to the Lebesgue measure L n reads as

Eu = Eau+ Esu =
dEu

dL n
L n +

dEu

d|Esu|
|Esu| = E uL n +

dEu

d|Esu|
|Esu|.(3.3)

Here, the density of Eau with respect to L n can be identified with the symmetric part E u of the
approximate gradient ∇u of u.

On BD(Ω), there are three different notions of convergence beyond the usual norm convergence
which are of central importance: Given u, u1, u2, . . . ∈ BD(Ω), we say that the sequence (uj)j∈N
converges to u in the
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• (symmetric) weak*-sense on BD(Ω) and write uj
∗
⇀ u in BD(Ω) if uj → u strongly in

L1(Ω;Rn) and Euj
∗
⇀ Eu in the weak*-sense of Rn×nsym -valued Radon measures on Ω,

• (symmetric) strict sense if uj → u strongly in L1(Ω;Rn) and |Euj |(Ω)→ |Eu|(Ω),

• (symmetric) area-strict sense and write uj
〈·〉→ u in BD(Ω) if uj → u strongly in L1(Ω;Rn)

and 〈Euj〉(Ω)→ 〈Eu〉(Ω), where we have abbreviated

〈Eu〉(Ω) :=

ˆ
Ω

√
1 + |E u|2 dx+ |Esu|(Ω) for u ∈ BD(Ω).(3.4)

We note that if Ω ⊂ Rn has in addition a Lipschitz boundary, then there exists a bounded
linear (boundary) trace operator tr∂Ω : BD(Ω)→ L1(∂Ω;Rn), see [TS81]. Adopting the notation
〈Eu〉(Ω) from (3.4), this allows us to state the following approximation result:

Lemma 3.1 (Symmetric area-strict smooth approximation). Let Ω ⊂ Rn be open and bounded
with Lipschitz boundary oriented by ν∂Ω : ∂Ω → Sn−1, and let u0 ∈ LD(Ω). Then for every map
u ∈ BD(Ω) there exists a sequence (uj) in u0 + C∞c (Ω;Rn) such that ‖u− uj‖L1(Ω;Rn) → 0 and

〈Euj〉(Ω)→ 〈Eu〉(Ω) +

ˆ
∂Ω

|tr∂Ω(u− u0)� ν∂Ω|dH n−1 as j →∞.(3.5)

Moreover, if u ∈ BD(Ω) ∩ L∞(Ω;Rn), then there exists a constant CA(Ω, n) > 0 such that

‖uj‖L∞(Ω;Rn) ≤ CA‖u‖L∞(Ω;Rn) for all j ∈ N.(3.6)

Lemma 3.1 is well-known to hold in the BV-case, cf. [Bil03, Lem. B.2], and its proof adapts
in a straightforward manner to the BD-case considered here to yield (3.5); see also [BDG20,
Prop. 4.24] or [Gme20, Lem. 2.1]. This particular construction directly yields the additional
L∞-estimate (3.6), and we leave the details to the reader.

For our future purposes, we next record a lemma on an extension operator for LD- and BD-
functions which preserves L∞-bounds:

Lemma 3.2. Let Ω,Ω0 ⊂ Rn be two open and bounded sets with Ω b Ω0 such that Ω has a
Lipschitz boundary. There exists a linear and (norm-)bounded extension operator J : BD(Ω) →
BD(Rn) with the following properties:

(a) spt(Ju) ⊂ Ω0 for all u ∈ BD(Ω),
(b) J : LD(Ω)→ LD0(Ω0),
(c) There exists a constant C(Ω, n) > 0 such that ‖Ju‖L∞(Rn;Rn) ≤ C‖u‖L∞(Ω;Rn) holds for

all u ∈ BD(Ω) ∩ L∞(Ω;Rn).

By Ornstein’s Non-Inequality, such an operator cannot be constructed by reflection and local-
isation as in the W1,1- or BV-case. Instead, J can be obtained as a Jones-type operator [Jon81]
as given by Raita and the third author in [GR19b]. To keep our presentation self-contained, a
quick discussion thereof is provided in the Appendix 5.1.

3.2.2. Orlicz–Sobolev spaces. In order to accomplish the passage from symmetric to full gradients
in the proof of Theorem 2.1, we require a refined scaled version of Korn’s inequality. To this end,
let A : [0,∞)→ [0,∞) be a Young function, i.e., A has a representation

A(t) =

ˆ t

0

a(τ) dτ for t ≥ 0,

with a non-decreasing, left-continuous function a : [0,∞) → [0,∞] which is neither identical 0
nor ∞. We define the Lebesgue–Orlicz space LA(Ω;Rn) as the linear space consisting of all
measurable maps u : Ω→ Rn such that the Luxemburg norm

‖u‖LA(Ω;Rn) := inf

{
λ > 0:

ˆ
Ω

A

(
|u|
λ

)
dx ≤ 1

}
is finite. We then define the corresponding Orlicz–Sobolev space W1,A(Ω;Rn) involving full
gradients and the function space EA(Ω) involving symmetric gradient by

W1,A(Ω;Rn) := {u ∈ LA(Ω;Rn) : ∇u ∈ LA(Ω;Rn×n)},

EA(Ω) := {u ∈ LA(Ω;Rn) : ε(u) ∈ LA(Ω;Rn×nsym )}.
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As usual, the full gradients and the symmetric gradients, respectively, are understood in the sense
of distributions. For α > 0, we further set

Aα(t) := t logα(1 + t2) for t ≥ 0

and sometimes also write W1,L logα L(Ω;Rn) and EL logα L(Ω) instead of W1,Aα(Ω;Rn) and EAα(Ω).
To conveniently derive the estimate of Theorem 2.1, we now give the requisite scaled version of
Korn’s inequality:

Lemma 3.3 (Korn-type inequality with scaling). Let x0 ∈ Rn and r > 0. For every α ≥ 1
there exists a constant c = c(n, α) > 0 such that for every u ∈ EAα(Br(x0)) there holds u ∈
W1,Aα−1(Br(x0);Rn) with 

Br(x0)

Aα−1(|∇u|) dx ≤ c
(

1 +

 
Br(x0)

Aα−1

(
|u|
r

)
dx+

 
Br(x0)

Aα(|ε(u)|)dx
)
.(3.7)

Proof. The proof is a combination of the results of Cianchi [Cia14]. By scaling, it is no loss of
generality to assume x0 = 0 and r = 1. Due to [Cia14, Thm. 3.13, Ex. 3.15], we have for all
u ∈ E1,Aα(B1(0)) with a constant c = c(n, α) > 0

inf
r∈R(Rn)

 
B1(0)

Aα−1(|∇(u− r)|)dx ≤ c
(

1 +

 
B1(0)

Aα(|ε(u)|)dx
)
.(3.8)

In the following, let P denote the projection on B1(0) from Section 3.2.1 to the space R(Rn)
of rigid deformations. By the equivalence of all norms on finite dimensional spaces and since
dim(R(Rn)) <∞, there exists a constant c(n) > 0 such that

sup
B1(0)

|∇Pv| ≤ c
 

B1(0)

|v|dx(3.9)

holds for all v ∈ L1(B1(0);Rn). Using that Aα−1 is convex and doubling in the first two steps,
we have for any r ∈ R(Rn) with (u− r)B1(0) = 0 

B1(0)

Aα−1(|∇u|) dx

≤ c

 
B1(0)

Aα−1(|∇(u− r)|) dx+ c

 
B1(0)

Aα−1(|∇(P(u− r)|) dx+ c

 
B1(0)

Aα−1(|∇Pu|) dx

(3.9)

≤ c

 
B1(0)

Aα−1(|∇(u− r)|) dx+ cAα−1

( 
B1(0)

|u− r|dx
)

+ cAα−1

( 
B1(0)

|u|dx
)

≤ c

 
B1(0)

Aα−1(|∇(u− r)|) dx+ c

( 
B1(0)

Aα−1(|u|) dx

)
,

where the last inequality is valid due to the classical Poincaré inequality and the convexity ofAα−1.
Since it does not matter whether the infimum in (3.8) is taken over all r ∈ R(Rn) or over all
r ∈ R(Rn) with (u − r)B1(0) = 0, we then may pass to the infimum over all r ∈ R(Rn) with
(u − r)B1(0) = 0 in the previous inequality to conclude (3.7) for x0 = 0 and r = 1. Since

every function in LAα−1(B1(0);Rn) automatically belongs to LAα(B1(0);Rn), this completes the
proof. �

3.2.3. Negative Sobolev spaces. For k ∈ N we define W−k,1(Ω;Rn) as the collection of all distri-
butions T on Ω of the form

(3.10) T =
∑
|α|≤k

∂αwα

with functions wα ∈ L1(Ω;Rn) for all multi-indices α ∈ Nn0 of length |α| ≤ k. This linear space
is canonically endowed with the norm

‖T‖W−k,1(Ω;Rn) := inf
∑
|α|≤k

‖wα‖L1(Ω;Rn),

where the infimum is taken over all functions (wα)|α|≤k such that the representation (3.10) holds.

Endowed with this norm, W−k,1(Ω;Rn) is a Banach space. In this paper, we only consider the
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cases k ∈ {1, 2}, for which we notice the trivial embedding W−1,1(Ω;Rn) ⊂W−2,1(Ω;Rn) with

(3.11) ‖T‖W−2,1(Ω;Rn) ≤ ‖T‖W−1,1(Ω;Rn) for all T ∈W−1,1(Ω;Rn).

Let us further observe that for a function w ∈ L1(Ω;Rn) we can estimate the W−k,1-norm of its
derivative and finite difference quotient, and for s ∈ {1, . . . , n} and h > 0 there holds

‖∂sw‖W−2,1(Ω;Rn) ≤ ‖w‖W−1,1(Ω;Rn) ≤ ‖w‖L1(Ω;Rn),(3.12)

‖∂sw‖W−1,1(Ω;Rn) ≤ ‖w‖L1(Ω;Rn),(3.13)

‖∆s,hw‖W−1,1({x∈Ω: dist(x,∂Ω)>h};Rn) ≤ ‖w‖L1(Ω;Rn).(3.14)

The inequalities in (3.12) and (3.13) directly follow from the definition of the norm in the spaces
W−2,1(Ω;Rn) and W−1,1(Ω;Rn), respectively, while inequality (3.14) is obtained for a function
w ∈ C1(Ω;Rn) from the representation

∆s,hw(x) = ∂s

ˆ 1

0

w(x+ thes) dt,

and then follows for a general function w ∈ L1(Ω;Rn) by approximation.

3.2.4. Weighted Lebesgue spaces. Given a Radon measure µ on Ω and a finite dimensional inner
product space V , we denote for 1 ≤ p ≤ ∞ the V -valued Lp-space with respect to µ by Lpµ(Ω;V ),
equipped with the canonical norm. The following lemma on the identification of pointwise and
weak limits might be well-known, but we have not found a precise reference and thus state it here
for the reader’s convenience.

Lemma 3.4. Let m ∈ N and consider µ = θL n Ω for some θ ∈ L1(Ω;R≥1). Suppose that
(uj)j∈N in L2

µ(Ω;Rm) converges

(i) weakly in L2
µ(Ω;Rm) to some function u ∈ L2

µ(Ω;Rm), and
(ii) pointwisely L n-a.e. to some measurable function v : Ω→ Rm.

Then u = v.

Proof. Since L2
µ(Ω;Rm) is a Hilbert space, the Banach–Saks theorem [Bre11, Ex. 5.24] implies

the existence of a subsequence (uj(k)) of (uj) such that the corresponding Césaro means vN :=

N−1
∑N
k=1 uj(k) converge strongly in L2

µ(Ω;Rm) to u. On the one hand, passing to another
subsequence (vN(`)) of (vN ), we can assume that vN(`) → u pointwisely µ-a.e. in Ω and therefore,
by our assumption θ ≥ 1 on the density of µ, L n-a.e. in Ω, as ` → ∞. On the other hand, as
uj → v pointwisely L n-a.e. in Ω, we necessarily have vN(`) → v pointwisely L n-a.e. in Ω, and
therefore, by uniqueness (L n-a.e. in Ω) of pointwise limits, we end up with u = v. �

3.3. (Lower semi-)continuity results. In this section, we collect some (semi-)continuity results
which will prove instrumental in the proof of Theorem 2.1.

First, let f : Rn×nsym → R be convex and of linear growth from below, meaning that the first in-

equality in (1.2) holds. Given an open and bounded set Ω ⊂ Rn, we consider µ ∈ RMfin(Ω;Rn×nsym )
and then define, based on the Lebesgue–Radon–Nikodým decomposition (3.2) of µ, a measure
f(µ) via

f(µ)(U) :=

ˆ
U

f
( dµ

dL n

)
dL n +

ˆ
U

f∞
( dµ

d|µs|

)
d|µs| for Borel subsets U ⊂ Ω.(3.15)

If f is of linear growth also from above, meaning that also the second inequality in (1.2) is satisfied,
then the recession function f∞ of f defined as f∞(z) := lims→∞ s−1f(sz) for all z ∈ Rn×nsym is

well-defined, 1-homogeneous, lower-semicontinuous and convex on Rn×nsym with values in [γ,∞).
As a consequence, there holds f(µ) ∈ RMfin(Ω). However, we note that linear growth from above
is not required in (3.15), so in general we only have f∞ : Rn×nsym → R∪{∞}. The (semi-)continuity
of functionals of the form (3.15) is ensured by

Theorem 3.5 (Reshetnyak (lower semi-)continuity theorem). Let Ω ⊂ Rn be an open and
bounded set and let f : Rn×nsym → R be a convex function of linear growth from below. For functions
u, u1, u2, . . . ∈ BD(Ω) the following statements hold:

(a) If uj
∗
⇀ u in the (symmetric) weak*-sense in BD(Ω), then we have

f(Eu)(Ω) ≤ lim inf
j→∞

f(Euj)(Ω).
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(b) If uj
〈·〉→ u in the (symmetric) area-strict sense in BD(Ω), then we have

f(Eu)(Ω) = lim
j→∞

f(Euj)(Ω).

This theorem appears as a special case of the results of Reshetnyak [Res68] (also see [BS11]).
If the boundary ∂Ω is moreover Lipschitz, one may extend functions v ∈ BD(Ω) by a fixed map
ṽ ∈ BD(Rn) to all of Rn to obtain an element of BD(Rn). In conjunction with (3.3), Theorem 3.5
then yields the following result:

Corollary 3.6. Let Ω ⊂ Rn be an open and bounded set with Lipschitz boundary. Moreover,
let f : Rn×nsym → R be a convex function of linear growth satisfying (1.2), and define its recession
function by (1.5). Then for every u0 ∈ BD(Ω), the functional

Fu0
[u; Ω] :=

ˆ
Ω

f(E u) dx+

ˆ
Ω

f∞
(

dEu

d |Esu|

)
d|Esu|+

ˆ
∂Ω

f∞(tr∂Ω(u0 − u)� ν∂Ω) dH n−1.

as in (1.4) is lower semicontinuous with respect to (symmetric) weak*-convergence in BD(Ω) and
continuous with respect to (symmetric) area-strict convergence in BD(Ω).

Remark 3.7 (BD-minimizers and consistency). Based on Corollary 3.6, we now comment on the
existence of BD-minimizers and the consistency result (1.6). Recalling the compactness result
that on a bounded domain Ω with Lipschitz boundary every bounded sequence in BD(Ω) contains
a weakly* convergent sequence in BD(Ω), we obtain the existence of a minimizer of Fu0

[·; Ω] in
BD(Ω) by the lower semicontinuity part of Corollary 3.6. Concerning (1.6), the inequality “≤”
is obvious, while the reverse inequality “≥” follows from the continuity part of Corollary 3.6 in
conjunction with the (symmetric) area-strict approximation result from Lemma 3.1.

Secondly, we record a lower semicontinuity result for functionals extended from Dirichlet classes
to negative Sobolev spaces by infinity. Up to obvious modifications, so the treatment of lower
order terms, the proof is identical to [Gme20, Lem. 2.6].

Lemma 3.8. Let Ω ⊂ Rn be an open and bounded set with Lipschitz boundary, 1 < q < ∞ and
k ∈ N. Moreover, assume that f1 : Rn×nsym → R≥0 is a convex function that satisfies c−1|z|q ≤
f1(z) ≤ c(1 + |z|q) for some c > 0 and all z ∈ Rn×nsym , and that f2 : Rn → R≥0 ∪ {+∞} is a lower

semicontinuous function. Then, for every u0 ∈W1,q(Ω;Rn), the functional

F [u] :=


ˆ

Ω

(
f1(ε(u)) + f2(u)

)
dx if u ∈ Du0

:= u0 + LD0(Ω),

+∞ if u ∈W−k,1(Ω;Rn) \Du0

is lower semicontinuous with respect to the norm topology on W−k,1(Ω;Rn).

3.4. The Ekeland variational principle. As alluded to in the introduction, in order to deal
with possible non-uniqueness phenomena of BD-minimizers we use the Ekeland variational prin-
ciple [Eke74] in the proof of Theorem 2.1. We give here a version that is tailored to our purposes
in Section 4 below:

Proposition 3.9 (Ekeland variational principle, [Eke74], [Giu03, Thm. 5.6, Rem. 5.5]). Let
(X, d) be a complete metric space and let F : X → R ∪ {∞} be a lower semicontinuous function
with respect to the metric topology which is bounded from below and not identically +∞. Suppose
that, for some u ∈ X and some ε > 0, there holds F [u] ≤ infX F + ε. Then there exists v ∈ X
such that

(a) d(u, v) ≤
√
ε,

(b) F [v] ≤ F [u],
(c) for all w ∈ X there holds F [v] ≤ F [w] +

√
εd(v, w).

3.5. Miscellaneous bounds. We conclude this section by recording two estimates as follows:

Lemma 3.10 ([Giu03, Lem. 5.2], [BS11, Lem. 2.8]). Suppose that f : Rn×nsym → R is a convex

C1-function satisfying (1.2). Then we have the following statements:

(a) For all z ∈ Rn×nsym there holds |∇f(z)| ≤ Γ. In particular, we have Lip(f) ≤ Γ.

(b) For all z ∈ Rn×nsym there holds 〈∇f(z), z〉 ≥ γ|z| − Γ.



GRADIENT INTEGRABILITY FOR BOUNDED BD-MINIMIZERS 11

4. Gradient integrability and the proof of Theorem 2.1

We now give the proof of Theorem 2.1. To this end, it is convenient to use the notation

L∞≤t(Ω;Rn) := {w ∈ L∞(Ω;Rn) : ‖w‖L∞(Ω;Rn) ≤ t} for t > 0.

4.1. The Ekeland-type viscosity approximation. Towards the claim of Theorem 2.1, which
is a local result, let u ∈ BDloc(Ω) ∩ L∞loc(Ω;Rn) be a local BD-minimizer of F . In particular, on
each relatively compact subset U b Ω with Lipschitz boundary ∂U , u|U ∈ BD(U) ∩ L∞(U ;Rn)
is a BD-minimizer of F on U with respect to its own boundary values.

In view of Theorem 2.1, we may therefore directly assume that

u = u0 ∈ L∞(Ω;Rn) ∩ BD(Ω) and define m := ‖u‖L∞(Ω;Rn).(4.1)

We then proceed in three steps. As outlined in the introduction, we must simultaneously keep
track of the L∞-constraint within the Ekeland approximation scheme, and get access to the
corresponding algebraic manipulations which let us solely work with symmetric gradients. This
necessitates a very careful approximation procedure to be displayed in Step 1. In the subsequent
Step 2, we introduce the corresponding stabilised and L∞-penalising integrands, finally letting us
come up with the requisite Ekeland competitors for the main part of the proof in Step 3.

Step 1. Construction of regular minimizing sequences to regularised boundary values. In view of
Lemma 3.1, there exist a constant CA = CA(Ω, n) > 0 and a sequence (uj)j∈N in L∞≤CAm(Ω;Rn)∩
(u0 + C∞c (Ω;Rn)) such that

uj → u in the (symmetric) area-strict topology on BD(Ω).(4.2)

For later purposes, we record that

‖uj − u0‖L∞(Ω;Rn) ≤ (CA + 1)m(4.3)

with m being introduced in (4.1) above. By Corollary 3.6, Fu0 [−; Ω] is continuous with respect to
the (symmetric) area-strict topology in BD(Ω). Therefore, the consistency relation (1.6) implies
that

lim
j→∞

F [uj ; Ω] = lim
j→∞

Fu0
[uj ; Ω] = Fu0

[u; Ω] = min
BD(Ω)

Fu0
[−; Ω]

(1.6)
= inf

Du0

F [−; Ω],

meaning that (uj)j∈N is a minimizing sequence for F [−; Ω] in Du0 . Hence, passing to a non-
relabelled subsequence if required, we may assume

F [uj ; Ω] ≤ inf
Du0

F [−; Ω] +
1

8j2
for all j ∈ N.(4.4)

For an open and bounded set Ω0 with Ω b Ω0, we recall the extension operator J : LD(Ω) →
LD0(Ω0) from Lemma 3.2. In particular, J : LD(Ω) ∩ L∞(Ω;Rn) → L∞(Ω0;Rn) is a bounded
linear operator with respect to the L∞-norm. We denote the corresponding operator norm by

‖J‖∞ := sup{‖Jv‖L∞(Ω0;Rn) : v ∈ LD(Ω) ∩ L∞≤1(Ω;Rn)}

and define u0 := Ju0. We next consider a radial standard mollifier % ∈ C∞c (B1(0); [0, 1]) with
‖%‖L1(B1(0)) = 1 and set, for ε > 0, %ε(x) := ε−n%(xε ). For each j ∈ N, we then choose εj > 0

such that the mollification u∂Ω
j := (%εj ∗ u0)|Ω via convolution satisfies

‖u∂Ω
j − u0‖LD(Ω) ≤

1

8 Lip(f)j2
,

‖u∂Ω
j ‖L∞(Ω;Rn) ≤ ‖J‖∞‖u0‖L∞(Ω;Rn) = ‖J‖∞m

(4.5)

seriatim. Having constructed the sequence (u∂Ω
j )j∈N in (W1,n+1 ∩ L∞≤‖J‖∞m)(Ω;Rn), we then

define approximate Dirichlet classes by

Dj := u∂Ω
j + LD0(Ω).

For ũj := uj − u0 + u∂Ω
j ∈ Dj we then conclude on the one hand via (4.5)1

(4.6) ‖ũj − uj‖LD(Ω) = ‖u∂Ω
j − u0‖LD(Ω) ≤

1

8 Lip(f)j2
,

and on the other hand via (4.3) and (4.5)2

‖ũj‖L∞(Ω;Rn) ≤ ‖uj − u0‖L∞(Ω;Rn) + ‖u∂Ω
j ‖L∞(Ω;Rn) ≤ (1 + CA + ‖J‖∞)m =: M(4.7)
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for all j ∈ N. We next show that the infimum of F [−; Ω] in the Dirichlet class Du0 is approximated
by the corresponding one in the Dirichlet class Dj , which in turn is almost attained for the
function ũj . To this end, we first notice

|F [v; Ω]− F [w; Ω]| ≤ Lip(f)‖ε(v − w)‖L1(Ω;Rn×n) for all v, w ∈ LD(Ω).

For any function ϕ ∈ LD0(Ω) we hence obtain the inequalities

F [u0 + ϕ; Ω] ≤ F [u∂Ω
j + ϕ; Ω] + Lip(f)‖ε(u0 − u∂Ω

j )‖L1(Ω;Rn×n),

F [u∂Ω
j + ϕ; Ω] ≤ F [u0 + ϕ; Ω] + Lip(f)‖ε(u0 − u∂Ω

j )‖L1(Ω;Rn×n).

Taking into account (4.6), we now infimise on the right-hand sides over all functions ϕ ∈ LD0(Ω)
and arrive at

(4.8)
∣∣∣ inf

Du0

F [−; Ω]− inf
Dj
F [−; Ω]

∣∣∣ ≤ 1

8j2
,

while the specific choice ϕ = uj − u0 in the second inequality in combination with (4.4) yields

(4.9) F [ũj ; Ω] ≤ F [uj ; Ω] +
1

8j2
≤ inf

Du0

F [−; Ω] +
1

4j2

for all j ∈ N. Note that the sequence (ũj)j∈N has still the relevant properties of being smooth
in Ω with uniform L∞-bound and approximating u in the (symmetric) area-strict topology, but
has more regular boundary values.

Step 2. Definition of the W1,n+1-stabilised and L∞-penalizing integrands. We next introduce
suitable stabilised variational integrals defined in terms of ũj . This will allow us to simultaneously
keep control of the L∞-bounds in the Ekeland variational principle in Step 3. To do so, we denote

by CM = CM(n,Ω) > 0 a constant for the Morrey embedding W1,n+1(Ω;Rn) ↪→ C0, 1
n+1 (Ω;Rn),

so that every w ∈W1,n+1(Ω;Rn) satisfies the inequality

|w(x)− w(y)| ≤ CM‖w‖W1,n+1(Ω;Rn)|x− y|
1

n+1 for all x, y ∈ Ω.(4.10)

Equally, we denote by CK,n+1 = CK,n+1(n,Ω) ≥ 1 a constant such that every w ∈W1,n+1(Ω;Rn)
satisfies the Korn-type inequality

‖w‖W1,n+1(Ω;Rn) ≤ CK,n+1(‖w‖Ln+1(Ω;Rn) + ‖ε(w)‖Ln+1(Ω;Rn×nsym )).(4.11)

We may assume the estimate

(4.12) ‖ε(ũj)‖Ln+1(Ω;Rn×nsym ) ≤ Υ(j)

for the blow-up rate of the norms ‖ε(ũj)‖Ln+1(Ω;Rn×nsym ) with a convex and increasing C2-function

Υ: R≥0 → R≥0 with Υ(t) → ∞ as t → ∞. We then consider a convex and increasing function
h : [0, 2) → [0,∞) which satisfies h = 0 on [0, 1] and, for 3

2 ≤ t < 2, is even strictly increasing
with

1

ωn

( 4CM

M(2− t)4

(
1 + 2

n−1
2

(
L n(Ω) +

(
Υ
( 1

2− t

))n+1)))n(n+1)

< h(t).(4.13)

The construction of such functions Υ and h is elementary and is briefly addressed for the reader’s
convenience in Appendix 5.2.

Now let g : Rn → R ∪ {+∞} be given by g(·) = g̃(| · |), where

g̃(t) :=

{
h(t) if 0 ≤ t < 2,

+∞ if t ≥ 2.
(4.14)

We record that the function g is convex, lower semicontinuous, and its restriction to B2(0) is of
class C2. We now define the perturbed integrands fj : Rn×nsym → R by

fj(z) := f(z) +
1

2Ajj2
(1 + |z|2)

n+1
2 with Aj := 1 +

ˆ
Ω

(1 + |ε(ũj)|2)
n+1
2 dx.(4.15)

For future reference, we compute

∇fj(z) = ∇f(z) +
n+ 1

2Ajj2
(1 + |z|2)

n−1
2 z,(4.16)

∇2fj(z) = ∇2f(z) +
n+ 1

2Ajj2
(1 + |z|2)

n−3
2

(
(1 + |z|2)1(n×n)×(n×n) + (n− 1)z ⊗ z

)
,(4.17)
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for all z ∈ Rn×nsym . We note that by a simple convexity argument and (4.12) we have

Aj ≤ 1 + 2
n−1
2 (L n(Ω) + (Υ(j))n+1),

and thus, choosing t = 2− 1
j in (4.13) for j ≥ 2, we find the estimate

1

ωn

(4CMAjj
4

M

)n(n+1)

< g̃
(

2− 1

j

)
,(4.18)

which shall turn out important below. We finally introduce the W1,n+1-stabilised, L∞-penalizing
integrals by

Fj [w; Ω] :=


ˆ

Ω

fj(ε(w)) dx+

ˆ
Ω

g
( w
M

)
dx if w ∈ Dj ,

+∞ if w ∈W−2,1(Ω;Rn) \Dj .
(4.19)

We emphasize that, by construction and Korn’s inequality, Fj [w; Ω] can only be finite if w ∈
(W1,n+1 ∩ L∞≤2M )(Ω;Rn) (and thus in particular in C(Ω;Rn)).

Step 3. The Ekeland-type approximations vj and the Euler–Lagrange inequality. We note
that, for every j ∈ N, Fj [−; Ω] is lower semicontinuous with respect to the norm topology on
W−2,1(Ω;Rn), cf. Lemma 3.8 with f1 = fj , f2 = g(·/M), q = n + 1 and k = 2, and obviously,
Fj [−; Ω] is not identically +∞ on W−2,1(Ω;Rn). By virtue of (4.7) and the definition of g and Aj
in the first step, we then find

Fj [ũj ; Ω] ≤ F [ũj ; Ω] +
1

2j2

(4.9)

≤ inf
Du0

F [−; Ω] +
3

4j2
(4.20)

(4.8)

≤ inf
Dj
F [−; Ω] +

1

j2
≤ inf

W−2,1(Ω;Rn)
Fj [−; Ω] +

1

j2
.

Via the Ekeland variational principle from Proposition 3.9 we then find, for each j ∈ N, a function
vj ∈W−2,1(Ω;Rn) such that

‖vj − ũj‖W−2,1(Ω;Rn) ≤
1

j
,

Fj [vj ; Ω] ≤ Fj [w; Ω] +
1

j
‖vj − w‖W−2,1(Ω;Rn) for all w ∈W−2,1(Ω;Rn).

(4.21)

We now proceed to draw several conclusions from (4.21), which are in particular crucial for the
derivation of the perturbed Euler–Lagrange inequality.

Proposition 4.1. Let (vj)j∈N be the Ekeland-type approximation sequence from above. Then for
every j ∈ N the following estimates hold:ˆ

Ω

|ε(vj)|dx ≤
1

γ

(
inf
Du0

F [−; Ω] +
2

j2

)
,(4.22)

1

2Ajj2

ˆ
Ω

(1 + |ε(vj)|2)
n+1
2 dx ≤ 2

j2
,(4.23)

sup
j∈N
‖vj‖L∞(Ω;Rn) ≤ 2M,(4.24)

where γ is as in the linear growth condition (1.2) and M as in (4.7). Moreover, there exists
j0 ∈ N≥2 depending only on n, Ω and M such that

(4.25) ‖vj‖L∞(Ω;Rn) ≤
(

2− 1

j2

)
M < 2M for every j ≥ j0.

Proof. We initially consider an arbitrary j ∈ N. We start by testing (4.21)2 with w = ũj .
Using (4.21)1 in conjunction with (4.20) we then obtain

Fj [vj ; Ω] ≤ Fj [ũj ; Ω] +
1

j2
≤ inf

Du0

F [−; Ω] +
7

4j2
,(4.26)

so that, in particular, Fj [vj ; Ω] is finite. Now, on the one hand, inequality (4.22) follows directly
from the linear growth condition (1.2). On the other hand, in view of the definition of the
functional Fj in (4.19), we deduce vj ∈ Dj ∩W1,n+1(Ω;Rn) and, with vj ∈ C(Ω;Rn),

sup
Ω
|vj | ≤ 2M and L n({x ∈ Ω: |vj(x)| = 2M}) = 0,
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• x̃

x•

ΩMj

Ω

rj

Figure 1. The geometric situation in the globalisation of the L∞-threshold from ΩM
j :=

{x ∈ Ω: |vj(x)|/M > 2− 1
j
} to Ω by use of Hölder continuity. Here, x corresponds to

the first case, see (4.29), and x̃ to the second case, see (4.30). In both cases, the balls

with radius rj have non-trivial intersection with Ω \ ΩM
j , and the Hölder continuity

allows us to amplify the region where |vj | is at least M( 1
j
− 1

j2
) away from 2M to the

entire Ω.

which proves (4.24). Since this bound is not good enough for the subsequent derivation of the
Euler–Lagrange inequality, see Remark 4.3 further below, we next need to improve this estimate
to a strict inequality for sufficiently large indices. Towards this aim, we utilise vj ∈ Dj and
estimate via (4.26)

inf
Dj
F [−; Ω] ≤ F [vj ; Ω] ≤ Fj [vj ; Ω] ≤ inf

Du0

F [−; Ω] +
7

4j2
.

In view of (4.8) we then obtain

(4.27)
1

2Ajj2

ˆ
Ω

(1 + |ε(vj)|2)
n+1
2 dx+

ˆ
Ω

g
( vj
M

)
dx = Fj [vj ; Ω]− F [vj ; Ω] ≤ 2

j2
,

which in particular proves (4.23) and the estimate ‖ε(vj)‖Ln+1(Ω;Rn×n) ≤ 2Aj ; note that n ≥ 2
and Aj ≥ 1. Recalling the Korn-type inequality from (4.11), we may now choose j0 ∈ N≥2

(depending only on n, Ω and M) sufficiently large such that the inequalities

CK,n+1 ≤ j2
0 and CK,n+1ML n(Ω)

1
n+1 ≤ j2

0

are satisfied. In view of (4.11) and (4.24) we then estimate by use of Aj ≥ 1

‖vj‖W1,n+1(Ω;Rn) ≤ CK,n+1(‖vj‖Ln+1(Ω;Rn) + ‖ε(vj)‖Ln+1(Ω;Rn×n))

≤ CK,n+1

(
2ML n(Ω)

1
n+1 + 2Aj

)
≤ 4Ajj

2

for all j ≥ j0. Thus, as a consequence of (4.10), we find

(4.28) |vj(x)− vj(y)| ≤ 4CMAjj
2|x− y|

1
n+1 for all x, y ∈ Ω.

By the strict monotonicity of g̃ on [ 3
2 , 2) and by (4.27), we then infer

L n
({
x ∈ Ω:

|vj(x)|
M

> 2− 1

j

})
= L n

({
x ∈ Ω: g̃

( |vj(x)|
M

)
> g̃
(

2− 1

j

)})
≤ 1

g̃
(

2− 1
j

) ˆ
Ω

g
( vj
M

)
dx ≤ 1

g̃
(

2− 1
j

) < ωn

( M

4CMAjj4

)n(n+1)

,

where the last inequality is valid by construction of g, see (4.18). This inequality implies that the
set ΩMj := {x ∈ Ω: |vj(x)|/M > 2− 1

j } cannot contain a ball of radius rj := (M/(4CMAjj
4))n+1.

We now argue that |vj(x)| is strictly below 2M with a quantified (j-dependent) estimate. For
this purpose, we distinguish points away from and close to the boundary.
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Firstly, for x ∈ Ω with dist(x, ∂Ω) ≥ rj (implying Brj (x) ⊂ Ω) and |vj(x)|/M > 2 − 1
j , there

exists y ∈ Ω with |x− y| < rj and |vj(y)|/M ≤ 2− 1
j . Since vj ∈ C0, 1

n+1 (Ω;Rn) with (4.28), the

definition of rj leads to

|vj(x)|
M

≤ |vj(y)|
M

+
4CMAjj

2

M
|x− y|

1
n+1 ≤ 2− 1

j
+

1

j2
< 2.(4.29)

Secondly, for x ∈ Ω with dist(x, ∂Ω) < rj , there exists a boundary point y ∈ ∂Ω with |x−y| < rj .
Taking now advantage of vj(y) = u∂Ω

j (y) combined with the bound (4.5)2, we find in a similar
way

(4.30)
|vj(x)|
M

≤
|u∂Ω
j (y)|
M

+
4CMAjj

2

M
|x− y|

1
n+1 ≤ 1 +

1

j2
< 2.

This case distinction implies ‖vj‖L∞(Ω;Rn) ≤ (2 − 1
j2 )M and hence the final claim (4.25). This

completes the proof of the proposition. �

Lemma 4.2 (Euler–Lagrange inequality). Let (vj)j∈N be the Ekeland-type approximation se-
quence from above and j0 ∈ N as in the previous Proposition 4.1. Then the following Euler–
Lagrange inequality is valid for all j ≥ j0 and ϕ ∈W1,n+1

0 (Ω;Rn):∣∣∣∣ˆ
Ω

〈
∇fj(ε(vj)), ε(ϕ)

〉
dx+

ˆ
Ω

〈
∇g
( vj
M

)
,
ϕ

M

〉
dx

∣∣∣∣ ≤ 1

j
‖ϕ‖W−2,1(Ω;Rn).(4.31)

Proof. Let ϕ ∈W1,n+1
0 (Ω;Rn) be arbitrary. Then, since ϕ ∈ C0(Ω;Rn) by Morrey’s embedding,

we infer from (4.25) that for θ > 0 sufficiently small there holds |vj + θϕ| < 2M too. Hence
we have Fj [vj + θϕ] < ∞, and since g is differentiable on B2(0), we can test (4.21)2 with the
functions w = vj ± θϕ. Letting θ ↘ 0, we then obtain the claim (4.31). �

We conclude this section with some comments on our construction of the Ekeland-type ap-
proximation sequence:

Remark 4.3 (L∞-threshold). The specific strategy as displayed above is motivated by Proposi-
tion 4.1 and Lemma 4.2. Here, the key point is the quantified L∞-bound (4.25): If we only had
the slightly weaker estimate ‖vj‖L∞(Ω;Rn) ≤ 2M , the Euler–Lagrange inequality could not be
derived in the requisite form. Indeed, even for ϕ ∈ C∞c (Ω;Rn), Fj [vj + tϕ] = ∞ then could
potentially happen howsoever small |t| > 0 might be. Compared with the BV-setting considered
in [BS11, Sch15], the bound (4.25) moreover controls the minimal distance of ‖vj‖L∞(Ω;Rn) to
the threshold 2M in a precisely quantified way. This is also the chief reason for considering
W1,n+1-stabilisations (instead of W1,2-stabilisations considered in [Gme20]), letting us work with
bounded and continuous approximations.

Remark 4.4 (On bounded minimizing sequences). In the BV-setting of [BS11], the specific mini-
mizing sequence (uj)j∈N as chosen at the very beginning of the approximation scheme in Step 1
can a priori be taken to belong to L∞≤m(Ω;Rn). In the situation of [BS11], this is achieved by
possibly passing to the truncations

ûj :=

{
uj if |uj | ≤ m,
uj
|uj |m if |uj | > m,

which satisfies |∇ûj | ≤ |∇uj |. It is not clear to us how to show that the same function satisfies
a similar pointwise bound exclusively involving symmetric gradients (possibly up to a constant),
and so we are bound to stick to Lemma 3.1.

4.2. Preliminary estimates. We begin with the investigation of the regularity properties of
the sequence (vj)j∈N by proving the existence of second order derivatives (while uniform esti-
mates are postponed to the next Section 4.3) and a differentiated version of the Euler–Lagrange
inequality (4.31). To this end, it is convenient to define

σj := ∇fj(ε(vj)),

where fj is given by (4.15) and vj ∈ (W1,n+1 ∩ L∞≤2M )(Ω;Rn) is the function obtained from the
application of the Ekeland variational principle, for every j ∈ N.
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Lemma 4.5 (Non-uniform second order estimates). Let f ∈ C2(Rn×nsym ) satisfy (1.2) and, for
some Λ ∈ (0,∞), the bound

0 ≤ 〈∇2f(z)ξ, ξ〉 ≤ Λ
|ξ|2

(1 + |z|2)
1
2

for all z, ξ ∈ Rn×nsym .(4.32)

For every j ≥ j0 with j0 ∈ N as in Proposition 4.1 there holds vj ∈W2,2
loc(Ω;Rn) with

(1 + |ε(vj)|2)
n−1
2 |∂sε(vj)|2 ∈ L1

loc(Ω) for all s ∈ {1, . . . , n}.(4.33)

Proof. We take a point x0 ∈ Ω, two radii 0 < r < R < dist(x0, ∂Ω), and a localization
function % ∈ C∞c (Ω; [0, 1]) with 1Br(x0) ≤ % ≤ 1BR(x0). Furthermore, let s ∈ {1, . . . , n} and

0 < h < 1
2 (dist(x0, ∂Ω)−R). We recall that by construction we have vj ∈W1,n+1(Ω;Rn) and we

now employ the function ϕ := ∆s,−h(%2∆s,hvj) ∈W1,n+1
0 (Ω;Rn) in the Euler–Lagrange inequal-

ity (4.31) from Lemma 4.2. With the integration by parts formula for finite difference quotients
and with ε(%2∆s,hvj) = %2ε(∆s,hvj) + 2%∇%�∆s,hvj this gives∣∣∣∣ˆ

Ω

〈
∆s,h∇fj(ε(vj)), %2ε(∆s,hvj) + 2%∇%�∆s,hvj

〉
dx+

ˆ
Ω

〈
∆s,h∇g

( vj
M

)
,
%2∆s,hvj

M

〉
dx

∣∣∣∣
≤ 1

j
‖∆s,−h(%2∆s,hvj)‖W−2,1(Ω;Rn).(4.34)

In order to be able to conveniently use the growth conditions on ∇2fj , we rewrite

∆s,h∇fj(ε(vj))(x) =

ˆ 1

0

∇2fj(ε(vj)(x) + th∆s,hε(vj)(x)) dt∆s,hε(vj)(x)

via the fundamental theorem of calculus, and we then define, for L n-a.e. x ∈ Br(x0), the bilinear
forms Bj,s,h(x) : Rn×nsym ×Rn×nsym → R by

Bj,s,h(x)[η, ξ] :=

ˆ 1

0

〈
∇2fj

(
ε(vj)(x) + th∆s,hε(vj)(x)

)
η, ξ
〉

dt for all ξ, η ∈ Rn×nsym .

We next show that each of these bilinear forms is positive definite (which in particular allows for
the application of the Cauchy–Schwarz inequality), with suitable lower and upper bounds. As an
upper bound we infer from the formula (4.17) for ∇2fj(z) combined with assumption (4.32)

Bj,s,h(x)[ξ, ξ] ≤ Λ

ˆ 1

0

|ξ|2

(1 + |ε(vj)(x) + th∆s,hε(vj)(x)|2)
1
2

dt

+
n(n+ 1)

2Ajj2

ˆ 1

0

(1 + |ε(vj)(x) + th∆s,hε(vj)(x)|2)
n−1
2 |ξ|2 dt

≤ Θ(n,Λ)
(
1 + |ε(vj)(x)|2 + |ε(vj)(x+ hes)|2

)n−1
2 |ξ|2(4.35)

for a constant Θ depending only on n and Λ. Furthermore, using the inequality

θ̃(n)(1 + |ξ|2 + |η|2)
n−1
2 ≤

ˆ 1

0

(1 + |ξ + tη|2)
n−1
2 dt for all ξ, η ∈ Rn×nsym

from [Cam82, Lemma 2.VI], we get as a lower bound

Bj,s,h(x)[ξ, ξ] ≥ θ(n)

Ajj2
(1 + |ε(vj)(x)|2 + |ε(vj)(x+ hes)|2)

n−1
2 |ξ|2,

for a constant θ depending only on n. As a direct consequence of this lower bound we find

I :=

ˆ
Ω

〈
∆s,h∇fj(ε(vj)), %2ε(∆s,hvj)

〉
dx =

ˆ
Ω

Bj,s,h(x)[%ε(∆s,hvj), %ε(∆s,hvj)] dx

≥ θ(n)

Ajj2

ˆ
Ω

(1 + |ε(vj)(x)|2)
n−1
2 |%ε(∆s,hvj)|2 dx.

In a very similar way, we obtain from the convexity of the auxiliary function gˆ
Ω

〈
∆s,h∇g

( vj
M

)
,
%2∆s,hvj

M

〉
dx ≥ 0.
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This inequality allows us to take advantage of (4.34) in order to get

I ≤ −
ˆ

Ω

Bj,s,h(x)[%ε(∆s,hvj), 2∇%�∆s,hvj ] dx+
1

j
‖∆s,−h(%2∆s,hvj)‖W−2,1(Ω;Rn).

Via the Cauchy–Schwarz inequality we can reproduce term I (with prefactor 1
2 ) on the right-hand

side, and after absorbing it on the left-hand side, we arrive at

1

2
I ≤ 1

2

ˆ
Ω

Bj,s,h(x)[2∇%�∆s,hvj , 2∇%�∆s,hvj ] dx+
1

j
‖∆s,−h(%2∆s,hvj)‖W−2,1(Ω;Rn) := II+III.

Via Hölder’s inequality, the upper bound (4.35) and standard properties of finite difference quo-
tients (see e.g. [GT77, Chapter 7.11]) we next estimate

II ≤ 2Θ(n,Λ)

ˆ
Ω

(
1 + |ε(vj)(x)|2 + |ε(vj)(x+ hes)|2)

n−1
2 |∇%�∆s,hvj |2 dx

≤ C(n,Λ)‖∇%‖2L∞(Ω;Rn)‖1 + |ε(vj)| ‖n−1
Ln+1(Ω)‖∂svj‖

2
Ln+1(Ω;Rn),

which, in view of vj ∈W1,n+1(Ω;Rn), provides a bound for II that is independent of h. Finally,
by inequality (3.14) for negative Sobolev spaces, we have

III ≤ 1

j
‖%2∆s,hvj‖L1(Ω;Rn) ≤ ‖∂svj‖L1(Ω;Rn).

Collecting the estimates for I from below and above, we obtainˆ
Ω

|%ε(∆s,hvj)|2 dx ≤
ˆ

Ω

(1 + |ε(vj)(x)|2)
n−1
2 |%ε(∆s,hvj)|2 dx ≤ C,(4.36)

where the constant C depends on n,Ω,Λ, j, Aj and ‖vj‖W1,n+1(Ω;Rn), but not on h. Therefore,

the family (∆s,hε(vj))h is bounded uniformly in L2(Br(x0);Rn×n), which implies that ∂sε(vj)
exists in L2(Br(x0);Rn×n). By arbitrariness of s ∈ {1, . . . , n}, x0 ∈ Ω and 0 < r < R <

dist(x0, ∂Ω), Korn’s inequality shows vj ∈ W2,2
loc(Ω;Rn). Furthermore, with the strong conver-

gence ∆s,hε(vj) → ∂sε(vj) in L2(K;Rn×nsym ) for a given compactly supported set K ⊂ Ω, we can
select a suitable sequence (hi)i∈N in R>0 with hi ↘ 0 and ∆s,hiε(vj) → ∂sε(vj) L n-a.e. in K.
Then, by Fatou’s lemma, we haveˆ

K

(1 + |ε(vj)|2)
n−1
2 |∂sε(vj)|2 dx ≤ lim inf

i→∞

ˆ
K

(1 + |ε(vj)|2)
n−1
2 |∆s,hiε(vj)|2 dx.

Since the right-hand side is bounded by the previous reasoning, we have shown also the second

assertion (1 + |ε(vj)|2)
n−1
2 |∂sε(vj)|2 ∈ L1

loc(Ω), which completes the proof of the lemma. �

As a direct consequence of the second order estimates from Lemma 4.5, we next show that
also a differentiated version of the Euler–Lagrange inequality (4.31) is at our disposal.

Lemma 4.6 (Differentiated Euler–Lagrange inequality). Let f ∈ C2(Rn×nsym ) satisfy (1.2) and,
for some Λ ∈ (0,∞), the bound (4.32). For every j ≥ j0 with j0 ∈ N as in Proposition 4.1 we

have σj ∈W
1,n+1

n

loc (Ω;Rn×nsym ) and, for all s ∈ {1, . . . , n} and ϕ ∈W1,n+1
c (Ω;Rn), there holds∣∣∣∣ˆ

Ω

〈∂sσj , ε(ϕ)〉dx+

ˆ
Ω

〈
∂s

(
∇g
( vj
M

))
,
ϕ

M

〉
dx

∣∣∣∣ ≤ 1

j
‖ϕ‖W−1,1(Ω;Rn).(4.37)

Proof. We first show σj ∈ W
1,n+1

n

loc (Ω;Rn×nsym ) (which in particular proves that the first integral

in (4.37) is well-defined). With vj ∈ W2,2
loc(Ω;Rn) due to Lemma 4.5, we observe that σj is

weakly differentiable with ∂sσj = ∇2fj(ε(vj))∂sε(vj) for s ∈ {1, . . . , n}. Since
∣∣∇2fj(z))

∣∣ ≤
C(n,Λ)(1 + |z|2)

n−1
2 holds in view of (4.17) for all z ∈ Rn×nsym , we obtain from Hölder’s inequality,

applied with exponents 2n
n−1 and 2n

n+1 , the estimate

‖∂sσj‖
n+1
n

L
n+1
n (K;Rn×nsym )

≤
ˆ
K

(1 + |ε(vj)|2)
n−1
2

n+1
n |∂sε(vj)|

n+1
n dx

=

ˆ
K

(1 + |ε(vj)|2)
n−1
4

n+1
n (1 + |ε(vj)|2)

n−1
4

n+1
n |∂sε(vj)|

n+1
n dx

≤
(ˆ

K

(1 + |ε(vj)|2)
n+1
2 dx

)n−1
2n
(ˆ

K

(1 +
∣∣ε(vj)2

∣∣)n−1
2 |∂sε(vj)|2 dx

)n+1
2n
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for every compact subset K ⊂ Ω. In view of vj ∈ W1,n+1(Ω;Rn) and with the local integrabil-
ity (4.33) from Lemma 4.5, all terms on the right-hand side are finite, which proves the first claim

σj ∈W
1,n+1

n

loc (Ω;Rn×nsym ). We next test the Euler–Lagrange inequality (4.31) from Lemma 4.2 with
∂sϕ for an arbitrary function ϕ ∈ C∞c (Ω;Rn). Via the integration by parts formula and the first
inequality in (3.12), we then find∣∣∣∣ˆ

Ω

〈∂sσj , ε(ϕ)〉dx+

ˆ
Ω

〈
∂s

(
∇g
( vj
M

))
,
ϕ

M

〉
dx

∣∣∣∣
=

∣∣∣∣ˆ
Ω

〈
∇fj(ε(vj)), ε(∂sϕ)

〉
+
〈
∇g
( vj
M

)
,
∂sϕ

M

〉
dx

∣∣∣∣ ≤ 1

j
‖∂sϕ‖W−2,1(Ω;Rn) ≤

1

j
‖ϕ‖W−1,1(Ω;Rn).

We finally notice that this inequality holds by an approximation argument also for all functions

ϕ ∈ W1,n+1
c (Ω;Rn), where we take advantage of σj ∈ W

1,n+1
n

loc (Ω;Rn×nsym ), g ∈ C2(B2(0)), (4.14)

and (4.25) for the left-hand side, and of the embedding W1,n+1(Ω;Rn) ↪→W−1,1(Ω;Rn) for the
right-hand side. This finishes the proof of the lemma. �

4.3. Uniform degenerate second order estimates. We next improve on the second order
estimates of the approximating sequence (vj)j∈N and derive estimates, which are uniform in
j ∈ N. These estimates will be the essential ingredient for proving the superlinear estimates on
the gradients (∇vj)j∈N in the next Section 4.4.

Theorem 4.7 (Uniform second order estimates). Let f ∈ C2(Rn×nsym ) satisfy (1.2) and, for some
Λ ∈ (0,∞), the bound (4.32). Then there exists a constant c = c(n,Γ,Λ,M) such that for every
ball B2r(x0) b Ω and every function % ∈ C∞c (B2r(x0); [0, 1]) with 1Br(x0) ≤ % ≤ 1B2r(x0) and

|∇s%| ≤
(

2
r

)s
for s ∈ {1, 2, 3} there holds

(4.38)

n∑
k=1

ˆ
B2r(x0)

%4
〈
∇2fj(ε(vj))∂kε(vj), ∂kε(vj)

〉
dx

≤ c

r2

[ˆ
B2r(x0)

(1

r
+

1

r2
+
r2

j
+ |ε(vj)|

)
dx+

1

Ajj2

ˆ
B2r(x0)

(
1 +

1

r2
+ |ε(vj)|2

)n+1
2

dx

]
for all j ≥ j0 with j0 ∈ N as in Proposition 4.1.

Remark 4.8. We notice that, via the estimates (4.22) and (4.23) in the construction of the Ekeland-
type approximation sequence (vj)j∈N, all terms on the right-hand side of the estimate (4.38) of
Theorem 4.7 are bounded uniformly in j ∈ N. If, in addition, the condition (1.7) of µ-ellipticity
is assumed, we deduce from the formula (4.17) for ∇2fj(z) in particular the uniform weighted
second order estimate

ˆ
B2r(x0)

%4(1 + |ε(vj)|2)−
µ
2 |∇ε(vj)|2 dx+

1

2Ajj2

ˆ
B2r(x0)

%4(1 + |ε(vj)|2)
n−1
2 |∇ε(vj)|2 dx

≤ c(n,Γ, λ,Λ,M)

r2

[ˆ
B2r(x0)

|ε(vj)| dx+
(1

r
+

1

r2
+
r2

j

)
L n(B2r(x0))

+
1

Ajj2

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx+

1

j2

1

r

]
≤ c(n, γ,Γ, λ,Λ,M)

r2

[
inf
Du0

F [−; Ω] +
(

1 +
r2

j

)
L n(Ω) + 1 +

1

j2

(
1 +

1

r

)]
.

We further observe that the seemingly unnatural scaling in r for the right-hand side vanishes in
the limit j →∞.

In the subsequent proof of Theorem 4.7 we will use several times estimates of the same type.
To shorten the arguments within that proof we combine them in the following technical lemma.
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Lemma 4.9. Let f ∈ C2(Rn×nsym ) satisfy, for some Λ ∈ (0,∞), the bound (4.32). Then, for

vectors w, e ∈ Rn, a matrix M ∈ Rn×n and every z ∈ Rn×nsym there holds

〈∇2fj(z)((Mw)� e), ((Mw)� e)〉 ≤ |M |2
[
Λ
|w|2 |e|2

(1 + |z|2)
1
2

+
c(n)

Ajj2

(
(1 + |z|2)

n+1
2 + |w|n+1 |e|n+1

)]
.

Proof. This follows from a direct computation, using the special form of the perturbed inte-
grand fj from (4.15). Indeed, via the formula for ∇2fj from (4.17) and the upper bound (4.32)
we have

〈∇2fj(z)(((Mw)� e), ((Mw)� e)〉 ≤ Λ |M |2 |w|2 |e|2

(1 + |z|2)
1
2

+
c(n)

Ajj2
(1 + |z|2)

n−1
2 |M |2 |w|2 |e|2 .

The claim of the lemma now follows from Young’s inequality with exponents n+1
n−1 and n+1

2 . �

We now come to the proof of Theorem 4.7:

Proof of Theorem 4.7. We structure the proof into several steps.
Step 1: Preliminary estimate. We observe that the product formula yields

%4∂kε(vj) = %4ε(∂kvj) = −∇%4 � ∂kvj + ε(%4∂kvj)

for k ∈ {1, . . . , n}. This consequently allows to rewrite the left-hand side of (4.38) as

n∑
k=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂kε(vj), %
2∂kε(vj)

〉
dx

=

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j %4∂kε

(im)(vj) dx

= −1

2

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j

[
∂i%

4∂kv
(m)
j + ∂m%

4∂kv
(i)
j

]
dx

+

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j ε(im)(%4∂kvj) dx

=: A+B.(4.39)

Notice that all integrals are well-defined, by the explicit form of ∂kσj and the (weighted) second
order estimate (4.33) for vj from Lemma 4.5.

Step 2: Estimate for A. We observe that A can be decomposed into the three parts

A = −1

2

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j

[
∂i%

4∂kv
(m)
j + ∂i%

4∂mv
(k)
j

]
dx

+
1

2

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j

[
∂i%

4 ∂mv
(k)
j + ∂m%

4∂iv
(k)
j

]
dx

− 1

2

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j

[
∂m%

4∂iv
(k)
j + ∂m%

4∂kv
(i)
j

]
dx

=: I + II + III.

On I and III. Using the symmetry of σj , i.e. σj(x) ∈ Rn×nsym for all x ∈ Ω, we see that I = III. For
future purposes, we rewrite the term in square brackets in term I as

1

2

[
∂i%

4∂kv
(m)
j + ∂i%

4∂mv
(k)
j

]
= 4%3

(
∇%⊗ (ε(vj)ek)

)(im)
for all k, i,m ∈ {1, . . . , n}.

Using once again the symmetry of σj together with the orthogonal sum decomposition (3.1),
the definition of σj and the Cauchy–Schwarz inequality for the bilinear form associated with
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∇2fj(ε(vj)), we find

|I + III| ≤ 2 |I| = 8

∣∣∣∣ n∑
k=1

ˆ
Ω

〈∂kσj , %3∇%⊗ (ε(vj)ek)〉dx
∣∣∣∣

= 8

∣∣∣∣ n∑
k=1

ˆ
Ω

〈∂kσj , %3∇%� (ε(vj)ek)〉dx
∣∣∣∣

= 8

∣∣∣∣ n∑
k=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂kε(vj), %∇%� (ε(vj)ek)
〉

dx

∣∣∣∣
≤ 1

4

n∑
k=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂kε(vj), %
2∂kε(vj)

〉
dx

+ 64

n∑
k=1

ˆ
Ω

〈
∇2fj(ε(vj))%∇%� (ε(vj)ek), %∇%� (ε(vj)ek)

〉
dx.

We note that, even though σj and hence also ∂kσj take values in Rn×nsym , the inner product in
the first line is well-defined; see (3.1). The first term on the right-hand side can be absorbed
into the left-hand side of (4.39). The second term is bounded due to the estimate |∇%| ≤ 2

r and

Lemma 4.9, applied with M = r−1%1(n×n)×(n×n), w = r∇% and e = ε(vj)ek for k ∈ {1, . . . , n},
via

64

n∑
k=1

ˆ
Ω

〈
∇2fj(ε(vj))%∇%� (ε(vj)ek), %∇%� (ε(vj)ek)

〉
dx

≤ cΛ

r2

ˆ
B2r(x0)

|ε(vj)| dx+
c(n)

Ajj2r2

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx.

(4.40)

On II. Again employing the symmetry of σj , we have

II =

n∑
k,i,m=1

ˆ
Ω

∂kσ
(im)
j ∂i%

4∂mv
(k)
j dx.

Since the derivative ∂mv
(k)
j appearing in the integral is not estimated in terms of the symmetric

gradient ε(vj), we integrate by parts twice (where all computations are justified due to the
regularity estimate for vj in Lemma 4.5). In this way, we obtain

II = −
n∑

k,i,m=1

ˆ
Ω

σ
(im)
j

[
∂ik%

4∂mv
(k)
j + ∂i%

4∂mkv
(k)
j

]
dx

=

n∑
k,i,m=1

ˆ
Ω

(
∂m

[
σ

(im)
j ∂ik%

4
]
v

(k)
j + ∂m

[
σ

(im)
j ∂i%

4
]
∂kv

(k)
j

)
dx

=
n∑

k,i,m=1

ˆ
Ω

(
∂mσ

(im)
j ∂ik%

4v
(k)
j + σ

(im)
j ∂ikm%

4v
(k)
j

+ ∂mσ
(im)
j ∂i%

4∂kv
(k)
j + σ

(im)
j ∂im%

4∂kv
(k)
j

)
dx

=: II1 + . . .+ II4,

where now the only derivatives of vj appearing in II1, . . . , II4 are of the form ∂kv
(k)
j , which after

summation in k ∈ {1, . . . , n} gives the divergence of vj and is hence estimated by |ε(vj)|.
• On II1. We first express the integrand of II1 (summed over i, k,m ∈ {1, . . . , n}) via the

symmetry of σj as

n∑
k,i,m=1

∂mσ
(im)
j ∂ik%

4v
(k)
j =

n∑
k,i,m,`=1

∂`σ
(im)
j ∂ik%

4v
(k)
j δ`m

=

n∑
`=1

〈∂`σj , (∇2%4vj)⊗ e`〉
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=

n∑
`=1

〈∂`σj , (∇2%4vj)� e`〉

=

n∑
`=1

〈
∇2fj(ε(vj))∂`ε(vj), (∇2%4vj)� e`

〉
.

By the product rule we next observe

∇2%4 = ∇
(
4%3∇%

)
= 12%2∇%⊗∇%+ 4%3∇2%,

and via the Cauchy–Schwarz inequality for the associated bilinear form of ∇2fj(ε(vj))
we then find for II1 the estimate

|II1| = 12

∣∣∣∣ n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), (∇% · vj)∇%� e`
〉

dx

+ 4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %(∇2%vj)� e`
〉

dx

∣∣∣∣
≤ 1

4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %
2∂`ε(vj)

〉
dx(4.41)

+ 160

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))(∇% · vj)∇%� e`, (∇% · vj)∇%� e`

〉
dx

+ 160

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%(∇2%vj)� e`, %(∇2%vj)� e`

〉
dx.

For the second and the third integral on the right-hand side, we apply Lemma 4.9, for
the choices M = r∇% ⊗ ∇% and M = r%∇2%, w = r−1vj and e = e` for ` ∈ {1, . . . , n}.
With |M | ≤ 4

r (and dropping the factor (1 + |z|2)−1/2 in the first term) we thus arrive at

|II1| ≤
1

4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %
2∂`ε(vj)

〉
dx

+
c(n,Λ)

r2

ˆ
B2r(x0)

|vj |2

r2
dx+

c(n)

Ajj2r2

ˆ
B2r(x0)

(
(1 + |ε(vj)|2)

n+1
2 +

|vj |n+1

rn+1

)
dx.

• On II3. We can initially proceed exactly as for II1 and estimate by the Cauchy–Schwarz
inequality

|II3| =
∣∣∣∣ n∑
`=1

ˆ
Ω

〈∂`σj , (∇%4 div(vj))� e`〉dx
∣∣∣∣

= 4

∣∣∣∣ n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %(∇%div(vj))� e`
〉

dx

∣∣∣∣
≤ 1

4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %
2∂`ε(vj)

〉
dx

+ 16

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%(∇%div(vj))� e`, %(∇%div(vj))� e`

〉
dx.

We again use Lemma 4.9, with M = r−11n×n, w = r%∇%div(vj) and e = e` for ` ∈
{1, . . . , n}. With |div(vj)| ≤ |ε(vj)| this gives

|II3| ≤
1

4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %
2∂`ε(vj)

〉
dx

+
c(n,Λ)

r2

ˆ
B2r(x0)

|ε(vj)| dx+
c(n)

Ajj2r2

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx.
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• On II2. With the formula (4.16) for ∇fj , the bound Γ for the Lipschitz constant for
∇f in view of Lemma 3.10(a), |∇3%| ≤ 8

r3 and Young’s inequality with exponents n+1
n

and n+ 1 we obtain

|II2| =
∣∣∣∣ n∑
k,i,m=1

ˆ
Ω

∇fj(ε(vj))(im)(∂ikm%
4)v

(k)
j dx

∣∣∣∣
≤ c(n,Γ)

r3

ˆ
B2r(x0)

|vj | dx+
c(n)

Ajj2r3

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n
2 |vj | dx

≤ c(n,Γ)

r2

ˆ
B2r(x0)

|vj |
r

dx+
c(n)

Ajj2r2

ˆ
B2r(x0)

(
(1 + |ε(vj)|2)

n+1
2 +

|vj |n+1

rn+1

)
dx.

• On II4. We proceed similarly as in the estimation of II2, now additionally using the
pointwise estimate |div(vj)| ≤ |ε(vj)|, and Young’s inequality with exponents n+1

n−1 and
n+1

2 . In this way, we find

|II4| =
∣∣∣∣ n∑
k,i,m=1

ˆ
Ω

∇fj(ε(vj))(im)∂im%
4∂kv

(k)
j dx

∣∣∣∣
≤ c(n,Γ)

r2

ˆ
B2r(x0)

|div(vj)| dx+
c(n)

Ajj2r2

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n
2 |div(vj)| dx

≤ c(n,Γ)

r2

ˆ
B2r(x0)

|ε(vj)| dx+
c(n)

Ajj2r2

ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx.

Combining all the estimates from Step 2, we arrive at

A ≤ 3

4

n∑
`=1

ˆ
Ω

〈
∇2fj(ε(vj))%

2∂`ε(vj), %
2∂`ε(vj)

〉
dx

+
c(n,Γ,Λ)

r2

ˆ
B2r(x0)

(
|ε(vj)|+

|vj |
r

+
|vj |2

r2

)
dx

+
c(n)

Ajj2r2

ˆ
B2r(x0)

(
(1 + |ε(vj)|2)

n+1
2 +

|vj |n+1

rn+1

)
dx.

(4.42)

Step 3: Estimating B. The estimate for the second term B, which is given as

B =

n∑
k=1

ˆ
Ω

〈∂kσj , ε(%4∂kvj)〉dx,

can be obtained by exploiting the differentiated Euler–Lagrange inequality (4.37) as stated in
Lemma 4.6, with the test function ϕ = %4∂kvj . Here, we briefly pause to justify that this choice
of ϕ (even though it does not belong to W1,n+1(Ω;Rn)) is admissible in (4.37) for every fixed

j ≥ j0. Since we have vj ∈ (W1,n+1 ∩W2,2
loc)(Ω;Rn) by construction and Lemma 4.5, we can

choose a sequence (hi)i∈N in R>0 with hi ↘ 0 such that for k ∈ {1, . . . , n} we have

%4∆k,hivj → %4∂kvj strongly in Ln+1(Ω;Rn),(4.43)

ε(%4∆k,hivj)→ ε(%4∂kvj) L n-a.e. in Ω,(4.44)

as i→∞. We consider the (weighted) Hilbert space H := L2
µj (B2r(x0);Rn×nsym ), where

µj := (1 + |ε(vj)|2)
n−1
2 L n B2r(x0).

Since (ε(%4∆k,hivj))i∈N is uniformly bounded in H (cf. (4.36)), a (non-relabeled) subsequence
converges weakly in H, and its limit can be identified by the pointwise convergence (4.44) in
combination with Lemma 3.4 as ε(%4∂kvj) (which, in view of (4.33), also belongs to H). By the

estimate |∇2fj(z)| ≤ C(n,Λ)(1 + |z|2)
n−1
2 for all z ∈ Rn×nsym from (4.17) combined with (4.33) and

by the Cauchy–Schwarz inequality, we notice that the linear functional

Ψk : H 3 ψ 7→
ˆ

B2r(x0)

〈∂kσj , ψ〉dx =

ˆ
B2r(x0)

〈
∇2fj(ε(vj))∂kε(vj), ψ

〉
dx ∈ R
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is well-defined and belongs to the dual space H′. Therefore, we have that Ψk(ε(%4∆k,hivj)) →
Ψk(ε(%4∂kvj)), i.e.,ˆ

Ω

〈∂kσj , ε(%4∆k,hivj)〉dx→
ˆ

Ω

〈∂kσj , ε(%4∂kvj)〉dx as i→∞.

Concerning the second term in the Euler–Lagrange inequality (4.37) we notice that |∇2g(vj/M)|
is uniformly bounded in B2r(x0) by the strict inequality (4.25) together with g ∈ C2(B2(0)), and
with ∂kvj ∈ Ln+1(Ω;Rn) ⊂ L(n+1)/n(Ω;Rn) and the convergence (4.43), we then inferˆ

Ω

〈
∂k

(
∇g
( vj
M

))
,
%4∆k,hivj

M

〉
dx→

ˆ
Ω

〈
∂k

(
∇g
( vj
M

))
,
%4∂kvj
M

〉
dx as i→∞.

Noticing that the limit on the right-hand side is non-negative by the strict convexity of g on
B2(0), we can now take advantage of the Euler–Lagrange inequality (4.37), applied with the test
function ϕ = %4∆k,hivj ∈ W1,n+1

c (Ω;Rn) for every k ∈ {1, . . . , n}. With the limit of the two
integrals as established above, this yields

B ≤
n∑
k=1

(ˆ
Ω

〈∂kσj , ε(%4∂kvj)〉dx+

ˆ
Ω

〈
∂k

(
∇g
( vj
M

))
,
%4∂kvj
M

〉
dx

)

= lim
i→∞

n∑
k=1

ˆ
Ω

〈∂kσj , ε(%4∆k,hivj)〉dx+

ˆ
Ω

〈
∂k

(
∇g
( vj
M

))
,
%4∆k,hivj

M

〉
dx

≤ 1

j
lim
i→∞

n∑
k=1

‖%4∆k,hivj‖W−1,1(Ω;Rn).

With the convergence (4.43) combined with the embedding Ln+1(Ω;Rn) ↪→ W−1,1(Ω;Rn), the
product rule and the inequalities in (3.12) and (3.13), we obtain for the left-hand side of the
previous inequality

lim
i→∞

‖%4∆k,hivj‖W−1,1(Ω;Rn) ≤ ‖%4∂kvj‖W−1,1(Ω;Rn) ≤
(

1 +
4

r

)
‖vj‖L1(B2r(x0);Rn)

for k ∈ {1, . . . , n}. Therefore, we end up with

(4.45) B ≤ c(n)

j

(
1 +

1

r

)
‖vj‖L1(B2r(x0);Rn).

Step 4: Conclusion. We now return to the estimate (4.39) from Step 1. Taking advantage of
the estimate (4.42) for A from Step 2, where we can absorb the first term on the left-hand side
of (4.39), and of the estimate (4.45) for B from Step 3, we arrive at

n∑
k=1

ˆ
B2r(x0)

%4
〈
∇2fj(ε(vj))∂kε(vj), ∂kε(vj)

〉
dx

≤ c(n,Γ,Λ)

r2

ˆ
B2r(x0)

(
|ε(vj)|+

|vj |
r

+
|vj |2

r2
+
r2 |vj |
j

+
r |vj |
j

)
dx

+
c(n)

Ajj2r2

ˆ
B2r(x0)

(
(1 + |ε(vj)|2)

n+1
2 +

|vj |n+1

rn+1

)
dx,

where we have also employed the fact that the localization function % is supported only inside of
the ball B2r(x0). At this stage, we employ on the right-hand side the uniform bound (4.24) on

the L∞-norm of vj . Taking into account the trivial inequality r
j ≤

1
r + r2

j , we then arrive at the

estimate stated in the theorem, with the claimed dependence of the constant c. �

We conclude this subsection by commenting on a detail of the structure of the above proof:

Remark 4.10. For the estimation of the terms II1 and II3 in the above proof, it might seem more
natural and conceptually easier to employ the non-differentiated Euler–Lagrange inequality (4.31)
from Lemma 4.2 rather than its differentiated analogue (4.37) from Lemma 4.6. Specifically, one
might be inclined to write

II1 =

n∑
k,i,m=1

ˆ
Ω

∂mσ
(im)
j ∂ik%

4v
(k)
j dx =

ˆ
Ω

〈div(σj), τj〉dx = −
ˆ

Ω

〈σj , ε(τj)〉dx,(4.46)
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where τj is defined in the obvious way. Then, if we aim to use (4.31), we are bound to re-introduce
the corresponding L∞-penalization term, leading us to

|II1| ≤
∣∣∣∣ˆ

Ω

〈σj , ε(τj)〉dx+

ˆ
Ω

〈
∇g
( vj
M

)
,
τj
M

〉
dx

∣∣∣∣+

∣∣∣∣ˆ
Ω

〈
∇g
( vj
M

)
,
τj
M

〉
dx

∣∣∣∣ = IIa1 + IIb1.(4.47)

Whereas IIa1 is conveniently controlled by (4.31), the available a-priori bounds do not exclude a

potential blow-up of IIb1 as j →∞. This is so because the strict bound in (4.25) does not rule out
the possibility that lim supj→∞ ‖vj‖L∞(K;Rn) = 2M holds on an open subset K b Ω, and in this

case uniform L1-bounds on ε(τj) are rendered useless. In turn, this is the main reason for the
more involved algebraic transformations employed in the above proof. This principal advantage
however is only usable through the passage to the weighted second order estimates: Proceeding in
this way, the difficulties inherent in (4.46)–(4.47) do not vanish completely but rather transfer to
the appearance of second order quantities and two pollution terms in (4.41). It is thus a key point
that our approach in the above proof of Theorem 4.7 results in terms which are either absorbable
or conveniently controllable, which would not be the case for (4.46)–(4.47).

4.4. W1,L log L
loc -regularity. Based on the weighted second order estimates gathered in the previ-

ous paragraph, we now proceed to the

Proof of Theorem 2.1. We split the proof into four steps. Throughout, let % ∈ C∞c (Ω; [0, 1]) be

a localization function with 1Br(x0) ≤ % ≤ 1B2r(x0) and |∇s%| ≤
(

2
r

)s
for s ∈ {1, 2, 3}, as in the

statement of Theorem 4.7. Furthermore, the inequality log(1 + t) ≤ t for t ≥ 0 implies that there
exists a constant c > 0 such that

(4.48) log(1 + t) ≤ ct 1
4 for all t ≥ 0.

Step 1: Integration by parts in the Euler–Lagrange inequality and choice of a suitable test func-
tion. We first notice from ∇f(ε(vj)) ∈ W1,2

loc(Ω;Rn×nsym ), see Lemma 4.5, and σj := ∇fj(ε(vj)) ∈
W

1,(n+1)/n
loc (Ω;Rn×nsym ), see Lemma 4.6, that

(4.49) (∇fj −∇f)(ε(vj)) ∈W
1,n+1

n

loc (Ω;Rn×nsym ).

This allows to use the integration by parts formula in the first integral of the Euler–Lagrange
inequality (4.31). Thus, also employing the symmetry of ∇fj , we infer that

(4.50)

∣∣∣∣∣
ˆ

Ω

〈
∇f(ε(vj)), ε(ϕ)

〉
dx−

n∑
i,m=1

ˆ
Ω

∂m((∇fj −∇f)(ε(vj))
(im))ϕ(i) dx

+

ˆ
Ω

〈
∇g
( vj
M

)
,
ϕ

M

〉
dx

∣∣∣∣∣ ≤ 1

j
‖ϕ‖W−2,1(Ω;Rn)

holds for all ϕ ∈W1,n+1
c (Ω;Rn). Because of ∇f(ε(vj)) ∈ L∞(Ω;Rn×nsym ), (4.49) and∥∥∥∇g( vj

M

)∥∥∥
L∞(Ω;Rn)

<∞,

see (4.25), we find by approximation of general maps ϕ ∈ (W1,1
c ∩ Ln+1)(Ω;Rn) by C∞c (Ω;Rn)-

maps in the norm topology of (W1,1 ∩ Ln+1)(Ω;Rn) that the inequality (4.50) holds true for
all competitors ϕ ∈ (W1,1

c ∩ Ln+1)(Ω;Rn). We note that the use of the integration by parts
formula has allowed to weaken the regularity requirement for the test functions compared with
the Euler–Lagrange inequality (4.31), where ϕ ∈ W1,n+1

c (Ω;Rn) is required. This circumvents
an additional approximation argument to justify our choice of a test function

(4.51) ϕ := %4 log2(1 + |ε(vj)|2)vj ,

which obviously belongs to the space (W1,1
c ∩Ln+1)(Ω;Rn) and where, for convenience of notation,

we have suppressed the explicit notation of the dependence of ϕ on j. We further observe that

ε(ϕ) = %4 log2(1 + |ε(vj)|2)ε(vj) + 4%3∇%� log2(1 + |ε(vj)|2)vj

+ %4∇(log2(1 + |ε(vj)|2))� vj .
(4.52)
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Step 2: Uniform local higher integrability estimates. With the test function ϕ from (4.51) in
the previous step and by integration by parts, the Euler–Lagrange inequality (4.50) implies

I :=

ˆ
Ω

%4 log2(1 + |ε(vj)|2)
〈
∇f(ε(vj)), ε(vj)

〉
dx

≤ −
ˆ

Ω

〈
∇f(ε(vj)), 4%

3∇%� log2(1 + |ε(vj)|2)vj
〉

dx

−
ˆ

Ω

〈
∇f(ε(vj)), %

4∇(log2(1 + |ε(vj)|2))� vj
〉

dx

+

n∑
i,m=1

ˆ
Ω

∂m((∇fj −∇f)(ε(vj))
(im))%4 log2(1 + |ε(vj)|2)v

(i)
j dx

−
ˆ

Ω

%4 log2(1 + |ε(vj)|2)
〈
∇g
( vj
M

)
,
vj
M

〉
dx

+
1

j
‖%4 log2(1 + |ε(vj)|2)vj‖W−2,1(Ω;Rn)

=: II + III + IV + V + VI.

With Lemma 3.10(b) and (4.48), we first observe

(4.53) I ≥ γ
ˆ

Ω

%4 |ε(vj)| log2(1 + |ε(vj)|2) dx− c(Γ)

ˆ
Ω

%4|ε(vj)|dx.

In order to estimate next the terms II and III, we recall from Lemma 3.10(a) that f is Lipschitz
continuous with constant Γ and that vj satisfies the L∞-bound from (4.24). Using (4.48) we then
obtain

II ≤ 4

ˆ
Ω

%3 |∇f(ε(vj))| |∇%| log2(1 + |ε(vj)|2) |vj | dx ≤ c(Γ,M)

r

ˆ
B2r(x0)

|ε(vj)| dx.

We next observe the estimate∣∣∇(log2(1 + |ε(vj)|2))
∣∣ ≤ 4(1 + |ε(vj)|2)−1 |ε(vj)| |∇ε(vj)| log(1 + |ε(vj)|2).

Via Young’s inequality, we then find for term III

III ≤ c(Γ,M)

ˆ
Ω

%4(1 + |ε(vj)|2)−1 |ε(vj)| |∇ε(vj)| log(1 + |ε(vj)|2) dx

≤ γ

2

ˆ
Ω

%4 |ε(vj)| log2(1 + |ε(vj)|2) dx

+ c(γ,Γ,M)

ˆ
Ω

%4(1 + |ε(vj)|2)−
3
2 |∇ε(vj)|2 dx,

and for term IV

IV ≤ c(n,M)
1

2Ajj2

ˆ
Ω

%4(1 + |ε(vj)|2)
n−1
2 |∇ε(vj)| log2(1 + |ε(vj)|2) dx

≤ c(n,M)

Ajj2

ˆ
Ω

%4(1 + |ε(vj)|2)
n−1
2 log4(1 + |ε(vj)|2) dx

+
c(n,M)

Ajj2

ˆ
Ω

%4(1 + |ε(vj)|2)
n−1
2 |∇ε(vj)|2 dx.

Under the ellipticity condition (1.7) with µ ≤ 3, we may now take advantage of the second order
estimates from Theorem 4.7 as stated in Remark 4.8 in order to deal with the second terms on
the right-hand side of the estimate for III and IV. Using (4.48), we find in this way

III + IV ≤ γ

2

ˆ
Ω

%4 |ε(vj)| log2(1 + |ε(vj)|2) dx

+
c(n, γ,Γ, λ,Λ,M)

r2

[ ˆ
B2r(x0)

|ε(vj)| dx+
(1

r
+

1

r2
+
r2

j

)
L n(B2r(x0))

+
1

Ajj2

(
1 + r2

) ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx+

1

j2

1

r

]
.
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We next discuss term V. Since g|B2(0) is finite, of class C2 and convex, we have the monotonicity
inequality

0 ≤ 〈∇g(y1)−∇g(y2), y1 − y2〉 <∞ for all y1, y2 ∈ B2(0).

We recall that ∇g(0) = 0 and, by (4.25), ‖vj‖L∞(Ω;Rn) < 2M . Hence, applying the monotonicity

inequality pointwisely with y1 = vj(x) and y2 = 0 yields 〈∇g(
vj
M ),

vj
M 〉 ≥ 0 L n-a.e. in Ω.

Therefore, we have

V = −
ˆ

Ω

%4 log2(1 + |ε(vj)|2)
〈
∇g
( vj
M

)
,
vj
M

〉
dx ≤ 0.

Finally, we can estimate term VI via (3.11), (3.12) and (4.48)

VI =
1

j
‖%4 log2(1 + |ε(vj)|2)vj‖W−2,1(Ω;Rn) ≤

c(M)

j
‖ε(vj)‖L1(B2r(x0),Rn×n).

We are now ready to synthesise all estimates for the terms I–VI. Absorbing the first term on
the right-hand side in the estimate for III + IV in the lower bound (4.53) for I and then using
also (4.23), we obtain

ˆ
Br(x0)

|ε(vj)| log2(1 + |ε(vj)|2)dx

≤
ˆ

Ω

%4|ε(vj) log2(1 + |ε(vj)|2) dx

≤ c
(

1 +
1

r
+

1

r2
+

1

j

)ˆ
B2r(x0)

|ε(vj)|dx+
( 1

r3
+

1

r4
+

1

j

)
L n(B2r(x0))

+
c

Ajj2

(
1 +

1

r
+

1

r2

)ˆ
B2r(x0)

(1 + |ε(vj)|2)
n+1
2 dx+

1

j2

1

r

≤ c
(

1 +
1

r2
+

1

j

)ˆ
B2r(x0)

|ε(vj)|dx+
( 1

r3
+

1

r4
+

1

j

)
L n(B2r(x0)) +

c

j2

(
1 +

1

r2

)
(4.54)

with a constant c = c(n, γ,Γ, λ,Λ,M) > 0.
Step 3: LDloc-regularity. We now aim to employ Reshetnyak’s (lower semi-) continuity theorem

to conclude that Esu ≡ 0 in Br(x0). To this end, we first note that (4.2), (4.6) and (4.21)1 yield
vj → u in W−2,1(Ω;Rn). Furthermore, (4.22) and the compact embedding LD(Ω) ↪→ L1(Ω;Rn)
yield the existence of a (non-relabelled) subsequence of (vj)j∈N which converges in the (symmetric)
weak*-sense on BD(Ω), to the same limit u. In particular, going back to (4.54), we find

lim inf
j→∞

ˆ
Br(x0)

|ε(vj)| log2(1 + |ε(vj)|2)dx ≤ c
(

1 +
1

r2

)(
rn−2 + |Eu|(B2r(x0))

)
(4.55)

with a constant c = c(n, γ,Γ, λ,Λ,M). With the notation Aα(t) := t logα(1 + t2) introduced in
Section 3.2.2, we next define a function Φ: Rn×nsym → [0,∞) via Φ(z) := A2(|z|) for z ∈ Rn×nsym . The
corresponding recession function is given by

Φ∞(z) := lim
t→∞

Φ(tz)

t
= lim
t→∞

|z| log2(1 + t2 |z|2) =

{
0 if |z| = 0

+∞ if |z| > 0.
(4.56)

With vj
∗
⇀ u in BD(Br(x0)) the lower semicontinuity part of Theorem 3.5 (with the notation

introduced in (3.15)) in combination with (4.55) implies
ˆ

Br(x0)

Φ(E u)dx+

ˆ
Br(x0)

Φ∞
( dEu

d|Esu|

)
d|Esu| = Φ(Eu)(Br(x0))

≤ lim inf
j→∞

Φ(Evj)(Br(x0)) ≤ c
(

1 +
1

r2

)(
rn−2 + |Eu|(B2r(x0))

)(4.57)

with a constant c = c(n, γ,Γ, λ,Λ,M). In view of (4.56), this implies |Esu| ≡ 0 in Br(x0). By
arbitrariness of the ball Br(x0) with B2r(x0) b Ω, this in turn yields that Esu ≡ 0 in Ω. Hence,
in particular, we arrive at u ∈ LDloc(Ω) as well as E u = ε(u), and estimate (4.57) then entails
that u ∈ E1,A2(Br(x0)) with the corresponding estimates.
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Step 4. W1,L log L
loc -regularity. To conclude the proof, we now invoke the Korn-type inequal-

ity (3.7) from Lemma 3.3 to find via (4.57)ˆ
Br(x0)

|∇u| log(1 + |∇u|2)dx =

ˆ
Br(x0)

A1(|∇u|) dx

≤ c
(
rn +

ˆ
Br(x0)

A1

( |u|
r

)
dx+

ˆ
Br(x0)

A2(|ε(u)|) dx

)
≤ c
(

1 +
1

r2

)(
rn + rn−2 + |Eu|(B2r(x0))

)
for each ball Br(x0) with B2r(x0) b Ω, with a constant c = c(n, γ,Γ, λ,Λ,M). Since M depends
only on n, Ω and m, this is the desired estimate (2.1) and the proof of the theorem is complete. �

We conclude this subsection with two remarks on the above proof, both concerning potential
improvements and its application to full gradient scenarios.

Remark 4.11 (W1,L log L-regularity for µ = 3). The above proof yields that every locally bounded

BD-minimizer u of F belongs to W1,L log L
loc (Ω;Rn) with ε(u) ∈ L log2 Lloc(Ω;Rn×nsym ) provided that

µ ≤ 3. It is not clear to us whether the above strategy can be improved for µ = 3 to obtain

ε(u) ∈ L logq Lloc(Ω;Rn×nsym ) and in turn u ∈W1,L logq−1 L
loc (Ω;Rn)

by Lemma 3.3 (which is sharp) for some q > 2. To arrive at this conclusion, one might be inclined
to employ the test function ϕ = %4 logq(1 + |ε(vj)|2)vj in the Euler–Lagrange inequality (4.50).
When estimating term III by means of Young’s inequality as above, we then have to control

γ

2

ˆ
Ω

%4(1 + |ε(vj)|2)
1
2 log2(q−1)(1 + |ε(vj)|2) dx.

By the uniform L log2 Lloc-integrability of ε(vj) or by absorption, this is possible only for q ≤ 2. In
the full gradient case and subject to additional structure conditions on the integrands f , this can
be overcome by use of stronger weights in Theorem 4.7 (see e.g. [BS15, Lem. 4.2], [Bil02, Lem.
3.2]). Here, however, the appearance of the symmetric gradients seems to destroy any benefits
of such additional assumptions on f , whereby the local L log2 L-integrability of ε(u) might be
optimal; see Section 4.5 below for improvements for µ-elliptic integrands with 1 < µ < 3.

Remark 4.12 (Admissibility of competitors). The integration by parts in Step 1 of the preceding
proof is motivated by the fact that the Euler–Lagrange inequality from Lemma 4.2 requires
competitors ϕ ∈ W1,n+1

0 (Ω;Rn). Aiming to test with ϕ given by (4.51), we however cannot
argue by analogous means as in (4.43) ff.. More precisely, we put H = L2

µj (B2r(x0);Rn×nsym ), where

µj = (1+ |ε(vj)|2)
n−1
2 L n is as in Step 3 of the proof of Theorem 4.7. Considering approximations

ϕh := %4 logγ(1+βhj )vj with βhj :=
1

4

n∑
i,m=1

∣∣∆i,hv
(m)
j + ∆m,hv

(i)
j

∣∣2 and γ = 2,(4.58)

the desired Euler–Lagrange inequality satisfied by ϕ then would follow from Lemma 3.4 and

Ψ ∈ H′, where Ψ: H 3 ψ 7→
ˆ

B2r(x0)

〈∇fj(ε(vj)), ψ〉dx,

provided that (ϕh)h>0 is bounded in H. Expanding the symmetric gradients ε(ϕh) as

%4 log2(1 + βhj )ε(vj) + 2%4vj �
log(1 + βhj )

1 + βhj
∇βhj + (∇%4)� log2(1 + βhj )vj =: Jh1 + Jh2 + Jh3 ,

Lemma 4.5 is too weak to conclude that (Jh2 )h>0, and so (ε(ϕh))h>0, is bounded in H. This could
be resolved by setting γ = 1 in (4.58), but then comes at the cost of the substantially weaker
regularity conclusion u ∈ BVloc(Ω;Rn) by the above proof of Theorem 2.1. The integration by
parts circumvents this issue, and also provides a simplification in the full gradient case, see [BS11,
Lem. 5.3], where the L log2 Lloc-gradient integrability of local BV-minimizers only follows by use
of a two-step argument based on the analogue of (4.58) with γ = 1.
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4.5. Improved W1,4−µ-regularity for 1 < µ < 3. As explained in the above Remark 4.11 the
Sobolev regularity stated in Theorem 2.1 seems to be optimal in the borderline case µ = 3, but
can still be improved under stronger ellipticity conditions with µ ∈ (1, 3). In fact, a modification
of the proof of Theorem 2.1 yields the following result:

Theorem 4.13 (W1,4−µ
loc -regularity, 1 < µ < 3). Let Ω ⊂ Rn be open and bounded, and let

f ∈ C2(Rn×nsym ) be a variational integrand which satisfies (1.2) and (1.7) with 1 < µ < 3. Then

any local BD-minimizer u ∈ BDloc(Ω) ∩ L∞loc(Ω;Rn) of F is of class W1,4−µ
loc (Ω;Rn).

Proof. We only comment on the required changes in the proof of Theorem 2.1. The suitable test
function for the Euler-Lagrange inequality (4.50) is in this case given by ϕ = %4(1 + |ε(vj)|2)

q
2 vj

with q = min{1, 3− µ}. In Step 2, term I then produces the desired expressionˆ
Ω

%4(1 + |ε(vj)|)min{2,4−µ} dx

up to one term of at most linear growth, while terms II–VI are treated in analogy with the above
proof (where the restriction 3 − µ of the exponent in ϕ is needed for the estimation of term III
and the restriction 1 for the estimation of the terms IV and VI coming from the regularization).
Passing to the limit j →∞ as above and employing the standard Korn inequality, we then arrive

initially at an improved W
1,min{2,4−µ}
loc -regularity of the bounded local BD-minimizer u. For the

case µ < 2, this regularity result can further be improved via the following observations: using
the weighted second order estimates for the sequence (vj)j∈N, we infer a corresponding estimate

for u, which in particular implies local W2,4/(2+µ)-regularity. At that stage, we may then use the
standard Euler-Lagrange equationˆ

Ω

〈
∇f(ε(u)), ε(ϕ)

〉
dx = 0 for all ϕ ∈W1,1

c (Ω;Rn),

for the test function ϕ = %4(TK(1 + |ε(u)|2))
3−µ
2 u with truncation TK(t) = min{K, t} for t ≥ 0

at level K > 0 (needed for its admissibility). This allows to bound the expressionˆ
Ω

%4
(
TK(1 + |ε(u)|)

)3−µ|ε(u)|dx.

By monotone convergence and once again the standard Korn inequality we then end up with the
desired W1,4−µ

loc -regularity. �

Remark 4.14 (The borderline case µ = 1 and simplifications). If one admits µ = 1 as the lower
growth exponent in (1.7), one may integrate twice to see that integrands f with this property are
at least of L log L-growth, but not of linear growth. In particular, this leads to the variant

λ
|ξ|2

(1 + |z|2)
1
2

≤ 〈∇2f(z)ξ, ξ〉 ≤ Λ
L(|z|)

(1 + |z|2)
1
2

|ξ|2 for all z, ξ ∈ Rn×nsym ,(4.59)

where L: R≥0 → R≥0 is monotonously increasing with

lim inf
t→∞

L(t)

t log(1 + t)
∈ (0,∞].(4.60)

Growth conditions of this type have recently been considered by De Filippis et al. [FFP24,
FM23, FP24]. The smallest choice of L with (4.60) is L(t) = ψ(t) := `t log(1 + t) with ` > 0. In
the situation of variational problems (1.3) over Dirichlet subclasses of Orlicz–Sobolev-type space

Eψ(Ω) := {u ∈ L log L(Ω;Rn) : ε(u) ∈ L log L(Ω;Rn×nsym )},
the Korn-type inequality from Lemma 3.3 on open and bounded sets Ω ⊂ Rn with Lipschitz
boundary yields that minimizers exist in W1,1(Ω;Rn). The slightly improved coercivity embodied
by the additional log-term in (4.59) then moreover implies that minimizers are unique. Problems
of this sort have been studied in [FS98a, FS98b, FS99, FS00] in the context of Prandtl-Eyring
fluids and materials with logarithmic hardening. In the case where such materials are confined
to a bounded spatial region, whereby one is in the situation of L∞-constrained minimizers as
considered in the present paper, the a priori W1,1(Ω;Rn)-regularity of minimizers implies that
neither the involved algebraic manipulations from Section 4.3 nor the use of Ekeland’s variational
principle are then necessary. Specifically, an adaptation of the arguments of the proof of Theorem
4.13 yields that locally bounded minimizers are of class W1,3

loc(Ω;Rn).
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Ω
Q∗1
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Q∗4

Q∗5

Q1
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∂Ω
Q1

Q2

Q3
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Figure 2. Based on a one-to-one correspondence between the cubes ofW1 in Ω and the

cubes ofW3 in Rn\Ω, the requisite extension operator J from Lemma 3.2 is constructed

via a reflection principle indicated above in the picture.

5. Appendix

In this appendix we briefly address the extension results and the construction of auxiliary maps
as used in the main part. To keep our exposition at a reasonable length, we focus on the key
points throughout.

5.1. Proof of Lemma 3.2. To keep our presentation self-contained, we briefly address the lin-
ear extension operator from Lemma 3.2. This operator is a variant of Jones’ extension operator
from [Jon81] and has been employed first in [GR19a] in the context of C-elliptic differential opera-
tors, cf. [BDG20]. We note that a (non-linear) operator with similar properties can be constructed
by using that BD(Ω) and W1,1(Ω) have the same trace spaces along ∂Ω. However, we would then
need to carefully discuss the construction of its right-inverse to obtain the corresponding weaker,
yet sufficient version of Lemma 3.2.

We start by recording an estimate for projections: Given a non-degenerate cube Q ⊂ Rn and
v ∈ L1(Q;Rn), we denote by PQv the projection from Section 3.2.1 on Q onto R(Rn). Since
R(Rn) is finite dimensional and hence the L1- and L∞-norms on Q are equivalent, for every
v ∈ L1(Q;Rn) there holds

‖PQv‖L∞(Q;Rn) ≤ c
 
Q

|PQv|dx ≤ c
 
Q

|v|dx(5.1)

for some constant c > 0 depending only on n.
Let Ω ⊂ Rn be an open and bounded set with Lipschitz boundary. In order to construct

the linear extension operator J, we pick a dyadic Whitney decomposition of Ω, i.e., a countable
family W1 of open, dyadic cubes Q (whose length is denoted by `(Q)) such that

(W1) ∪Q∈W1
Q = Ω, and the cubes from W1 are pairwise disjoint,

(W2)
√
n`(Q) ≤ dist(Q, ∂Ω) ≤ 4

√
n`(Q) for all Q ∈ W1,

(W3) for Q,Q′ ∈ W1 with Q ∩Q′ 6= ∅ there holds

1

4
≤ `(Q)

`(Q′)
≤ 4,

(W4) and for every Q ∈ W1 there exist at most 12n cubes Q′ ∈ W1 with Q ∩ Q′ = ∅ and
Q ∩Q′ 6= ∅.

Analogously, we choose a dyadic Whitney decomposition W2 of Rn \ Ω. Next, we denote by W3

the set of all cubes Q ∈ W2 with `(Q) ≤ 3diam(Ω)
16n . Most importantly, for each Q ∈ W3, there

exists a reflected cube Q∗ ∈ W1 such that for some constant c = c(Ω) > 0 there hold

1

c
≤ `(Q)

`(Q∗)
≤ c and dist(Q,Q∗) ≤ c`(Q).(5.2)

All these properties can be traced back to [Jon81], also see [DHHR11, Prop. 8.5.3, Lem. 8.5.4]
for a modern treatment. We may then choose θ > 1 sufficiently close to 1 such that the family
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j − 1 j j + 1

j + 1
2

j − 1
2

j + 3
2

j − 1
2

•

•

•

1
2

1
2

1
2

Υ

Υ̃

Figure 3. Construction of Υ. As indicated in the figure, one first passes to the affine-

linear interpolation of Υ̃ at the points j+ 1
2
, j ∈ N (light blue dotted line). Mollification

at radius ε = 1
4

then leaves Υ̃ unchanged in the 1
2
-neighbourhoods of all points j ∈ N,

and yields the desired function Υ (dark blue line).

(θQ)Q∈W3
(with θQ having the same center as Q and `(θQ) = θ`(Q)) satisfies θQ ⊂ Rn \ Ω for

all Q ∈ W3 and yields a locally uniformly finite cover of ∪Q∈W3Q with (W2)–(W4) and (5.2) still
being in action, possibly with worse constants. We take a partition of unity (ϕθQ) in C∞c (Rn \
Ω; [0, 1]) subordinate to the covering (θQ)Q∈W3

. For u ∈ BD(Ω) we then set

Ju :=

{
u in Ω,∑
Q∈W3

ϕθQPQ∗u in Rn \ Ω.
(5.3)

Under mild (and natural) growth assumptions on the derivatives of the functions in (ϕθQ) it is

established in [GR19a, Sec. 4.1] that J : LD(Ω)→ LD(Rn) is a bounded linear operator, and the
BD-case follows by analogous arguments. It remains to give the argument for the L∞-stability
asserted in Lemma 3.2(c). To this end, we fix a cube Q ∈ W3 and obtain for x ∈ Rn \ Ω:

|(ϕθQPQ∗u)(x)| ≤ ‖PQ∗u‖L∞(θQ;Rn) ≤ c‖PQ∗u‖L∞(Q;Rn) ≤ c‖PQ∗u‖L∞(Q∗;Rn)

for a constant c = c(n,Ω, θ) > 0. Here, the second inequality is a consequence of the equivalence
of all norms on a finite dimensional space with scaling, whereas the third inequality again follows
from this equivalence together with (5.2). In combination with (5.1), we then arrive at

|(ϕθQPQ∗u)(x)| ≤ ‖PQ∗u‖L∞(Q∗;Rn) ≤ c
 
Q∗
|u|dx ≤ c‖u‖L∞(Ω;Rn),

for a constant c = c(n,Ω, θ) > 0. Since the family (θQ)Q∈W3
of blown-up Whitney cubes still

satisfies (W4) with worse constants, the number of overlapping cubes θQ (with Q ∈ W3) is
uniformly bounded by a constant c = c(n, θ) > 0. Consequently, J : L∞(Ω;Rn) → L∞(Rn;Rn)
is a bounded linear operator too.

Finally, if Ω0 ⊂ Rn is an open and bounded set with Ω b Ω0, we choose a cut-off function
η ∈ C∞c (Ω0; [0, 1]) with 1Ω ≤ η ≤ 1Ω0 and define Ju := ηJu. It is then straightforward to see
that the operator J : BD(Ω)→ BD(Rn) has all the properties claimed in Lemma 3.2. �

5.2. Construction of Υ and h. We briefly discuss the elementary construction of the auxil-
iary functions Υ and h which entered the proof of existence of the Ekeland-type approximation
sequence in Section 4.1, cf. (4.12) and (4.13).
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Concerning the function Υ, we set Υ̃(0) = 0 and

Υ̃(j) :=

j∑
`=1

(j + 1− `)‖ε(ũj)‖Ln+1(Ω;Rn×nsym ) for j ∈ N.

By construction, Υ̃ is an increasing function on N0, and the differences

Υ̃(j)− Υ̃(j − 1) =

j∑
`=1

‖ε(ũj)‖Ln+1(Ω;Rn×nsym ) for j ∈ N

are increasing as well. By use of an affine-linear interpolation of Υ̃ as indicated in Figure 3, we

may then extend Υ̃ to the entire R≥0. Setting Υ := ρ ∗ Υ̃ with a standard mollifier of radius 1
4

leaves Υ̃ unchanged on intervals of length 1
2 around each j ∈ N. Moreover, Υ is convex, increasing

and of class C∞ on R≥0 with Υ(j) ≥ ‖ε(ũj)‖Ln+1(Ω;Rn×nsym ) for each j ∈ N.

Concerning the function h, we start by writing the left-hand side of (4.13) as Φ(t) for t ∈ [ 3
2 , 2).

Based on the observation that the resulting function Φ: [ 3
2 , 2) → (0,∞) is given in terms of

concatenations and products of non-negative, non-decreasing and convex C2-functions, it is not
difficult to see that Φ itself is a non-negative, (even strictly) increasing and convex C2-function.
We then define the desired function h on [0, 1] as h ≡ 0 and on [ 3

2 , 2) as

h(t) := βΦ(t) + (1− β)Φ( 3
2 ) ≥ Φ(t) for t ∈ [ 3

2 , 2)

for some constant β > 1 with βΦ′( 3
2 ) > 2Φ( 3

2 ). Based on this choice, we then may perform a

similar extension as above to obtain an increasing, convex C2-function on [0, 2) with the requisite
properties.
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