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ABSTRACT. We establish W1-regularity and higher gradient integrability for relaxed mini-
mizers of convex integral functionals on BV. Unlike classical examples such as the minimal
surface integrand, we only require linear growth from below but not necessarily from above.
This typically comes with a non-uniformly degenerate elliptic behaviour, for which our results
extend the presently available bounds from the superlinear growth case in a sharp way.
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1. INTRODUCTION

Functionals with linear growth are one of the central topics in the Calculus of Variations,
comprising the classical (non-parametric) minimal surface problem as a special case. Compared
with more classical settings — e.g., elastic energies in reflexive Sobolev spaces — they come with a
crucial lack of compactness and potential concentration effects. This eventually leads to relaxed
formulations on the space BV of functions of bounded variation [AFP00, GMS79, Giu77], and
the underlying regularity theory needs to take care of the generic degenerate elliptic behaviour
of the integrands. Fundamentally different from the Sobolev case, a primary objective here is
the absence of the singular parts and so the W''-regularity of minima; see Section 1.2 for more
detail.

While conditions for Sobolev regularity in the realm of linear growth functionals are fairly
well understood [BBG20, BEG24, BS13, BS15, Bil03, GK19b, Gme20], much less is known
for non-uniformly elliptic problems on BV. Deferring the precise meaning of this notion to
our discussion below, such functionals represent the endpoint case of non-uniformly elliptic
superlinear growth problems: With origins in the works of Marcellini [Mar89, Mar91], the latter
— also known as (p, ¢)-growth functionals — now face an abundance of criteria leading to improved
regularity assertions; see [BS20, BS24, CKPdN11, ELM99, ELM04] for a non-exhaustive list,
and De Filippis & Mingione [DFM25a, Min06] for overviews. Yet, the borderline case p = 1 is
widely open so far and comes with more fundamental obstructions than in superlinear growth
scenarios. In this paper, we aim to give the first results in this limiting case which bridge
between the two growth regimes in a sharp way. Referring the reader to Section 1.2 below for
the precise statements, we give our detailed set-up first.
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1.1. Setting and LSM-extensions. In all of what follows, let 2 C R™ be an open and
bounded set with Lipschitz boundary. As the central objects of the present paper, we consider
convex variational integrands F' € C(RV*™) which satisfy the growth bound

(1.1) vz| < F(z) <T(1+|2]9) for all z € RV*",

where 0 < v <T' < oo and 1 < g < co. For future reference, we note that the choice ¢ =1 in
(1.1) corresponds to classical linear growth and is, for instance, fulfilled by the area integrand

F(z) =1+ |z

Henceforth, let ug € W"9(€; RY) be a Dirichlet datum. In view of the variational problem

(1.2)  to minimize Fu;Q)] = / F(Vu)dz over Wi’O‘I(Q; RY) == ug + Wy 4(Q; RY),
Q
we deduce from the upper growth bound of (1.1) that .#[—; Q] is well-defined on the Dirichlet
class W}L’Uq(Q; RY). However, by the lower growth bound from (1.1), minimizing sequences will,
in general, only be bounded in Wl’l(Q;RN ). The latter space is non-reflexive, and concen-
tration effects might prevent minimizing sequences from being relatively weakly compact in
W (Q; RY) indeed. As a classical procedure, compactness can be achieved by passing to the
larger space BV (Q; RY) of functions of bounded variation. In consequence, since .Z[—;)] is a
priori only well-defined on W4(Q; RY), this necessitates a suitable extension to BV(Q; RN).
Keeping in mind the direct method of the Calculus of Variations, such extensions ought to
be lower semicontinuous with respect to the convergence yielding compactness; in our situation,
this is the weak*-convergence on BV(£; RY) (see Section 2 for the precise definition). This is
accomplished by the Lebesgue—Serrin-Marcellini (LSM) extension

uj) in ug + Wé’q(Q;RN)}

o . — ; .
(1.3) F gl Q) = mf{hjmg.}f/gl (Vu;)da: u oy in BV(Q;RY)

for u € BV(€; RY). Originally introduced in [Mar86] in the semiconvex context, LSM extensions
have been considered recently by De Filippis et al. [DFKK24, DFM25b] in the study of convex
functionals of (p, ¢)-growth with p > 1. However, in the BV-situation as discussed here, they
usually cannot be represented by integrals or measures by easy means if ¢ > 1, and come
with both benefits and drawbacks; see Section 1.2(a) below for a discussion. For now, we
note that sequences as required in (1.3) always exist in our setting (see Lemma 2.1), whereby
?ZO[—; Q)] is well-defined on BV(£2;RY). Crucially, the Dirichlet datum is directly included
in the definition of the relaxed functional. This feature might be anticipated from classical
relaxations in the linear growth context, where it corresponds to the usual solid-boundary-
value approach. In particular, it causes the emergence of boundary penalisation terms; see also
the integral representation (1.13) in the case ¢ = 1 below.

In the following, we call u € BV(;RY) a relazed or BV-minimizer of Z subject to the
Dirichlet datum wug provided that

(1.4) T [wQ < F, ;9] forallv e BV(Q;RY).

Uo

We note that in (1.4), the competitors are allowed to be arbitrary in BV(;RY). As a
key point, Theorem 4.4 below establishes that (1.3) is in fact the correct extension for the
minimization problem (1.2). Namely, subject to the growth condition (1.1) and Dirichlet
data ug € WH4(Q;RY), the original functional .%[—; )] coincides with the relaxed functional
?ZO[—; Q] on the Dirichlet class Wt’oq(Q;RN ), relaxed minimizers of .# always exist, and we
have the no-gap-result
(1.5) min %, [—;Q]= inf F[—;Q].
BV (Q;RY) W}L-,C;J(Q;RN)

Interestingly, minimality of some u € BV(Q;RY) for the relaxed functional directly implies
strong structural features on the densities cﬁgizzl of the singular parts, see Proposition 4.5: The
finiteness of the relaxed functional excludes that these densities are contained in parts of the
rank-one-cone of directions where F' has superlinear growth.

In general, by potential concentration effects of minimizing sequences, the absolutely contin-
uous and singular parts of gradients of relaxed minimizers are intertwined in a delicate manner.
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It is thus natural to inquire as to which conditions on the integrand F imply the complete
absence of the singular parts D*u and, if possible, higher gradient integrability.

1.2. Main results, context and strategy of proof. Regularity assertions of this kind nec-
essarily rely on some form of ellipticity of F. In this regard, a flexible scale is that of (u,q)-
ellipticity, letting us grasp the typical degenerate elliptic behaviour of C?-integrands verifying
(1.6). With origins in [BF01, BF02, Bil03], we say that F € C*(RN*") is (u, q)-elliptic with
1<pu<ooand 1 <g< oo if there exist constants 0 < A < A < oo such that

(1.6) AL+ |22) 75 €2 < (VEF(2)€,6) < A(L+2)2) = €2 for all 2,& € RV*™,

In the classical linear growth context, (1.6) is typically satisfied for 1 < p < 0o and ¢ = 1, and
implies that the corresponding ellipticity ratio

highest eigenvalue of V2 F(z
(1.7) Rp(z) = -2 & (2)

lowest eigenvalue of V2F(z)

blows up as |z| — oco. Thus, in the terminology of De Filippis & Mingione [DFM25a], even
classical linear growth C2-integrands are non-uniformly elliptic. In this sense, integrands obey-
ing (1.6) can be regarded as very non-uniformly elliptic. It is then natural to examine how far
the ellipticity ratio can be deteriorated while still maintaining the Wllc;(lz—regularity of relaxed
minimizers and connecting this borderline case with the available results for classical linear and

(p, q)-growth in a sharp way. This is answered by

Theorem 1.1 (Universal higher gradient integrability). Let Q@ C R™ be open and bounded with
Lipschitz boundary. Moreover, let F € C*(RN*") be a variational integrand with (1.1) and
(1.6), where 1 < p,q < oo satisfy

2
(1.8) q+p<2+—r

{1§u<1+2 ifn >3,
and n
n—1

1< <2 ifn=2.

Then, for any ug € WH9(Q; RY), every relaxed minimizer v € BV(€Q; RY) of .# subject to the
Dirichlet datum uo belongs to W (Q; RN).

More precisely, there exist a constant ¢ = c(v,T,\,A,n,q,n) € [1,00) and an exponent
d = d(n,u,q) € [1,00) such that the following estimates hold for every such u € BV(Q;RY)
and all balls Br(zo) € Q-

(a) Iflg,u<1—|—% and n > 3, then

2—p)n % d
(1.9) (][ |Vu| 72 d;c) <c <1 + <f [Vul dx) )
Br/2(zo) Br (o)

(b) If 1< p<2andn=2, then

1 d
2—p || 2=
(110) I A < (14 ( £, 9142) )
r(z0)

where 4 - ||
t — exp(|t]) — 1; see Section 2.1 for its precise definition.
(¢) If n =2 and pu = 2, then we have for every 1 <t < co that

1 a
(1.11) (][ |Vu|tdx> < exp (ct (1+ (][ |Vudm> ))
Bry2(%o) Br(zo)

Note that, if one writes the left-hand side of (1.9) as

n—2
1 @—p)n G
VP 7 E, = (T ) T
Ln=2(Bg/2(z0)) Br,2(z0)

then (1.10) can be understood as the sharp substitute of (1.9) for n = 2. In the two-dimensional
case and subject to the stronger condition (1.12) below, the previous result can be sharpened
to yield the local Ch“-regularity of relaxed minimizers:

expL!(Bra(zo)) 0 the scaled Orlicz norm with respect to the Young function
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Theorem 1.2 (Universal C*“-regularity in n = 2 dimensions). Let Q@ C R? be open and
bounded with Lipschitz boundary, and let F € C*(RN*2) be a variational integrand satisfying
(1.1) and (1.6), where

(1.12) max{2,q} + 3u < 6.

Moreover, let ug € W (G RN). Then, for any 0 < o < 1, every relazed minimizer u €
BV(Q;RN) of F subject to the Dirichlet datum ug belongs to (WH N CL)(Q;RY).

loc

We now briefly comment on the proof of Theorems 1.1 and 1.2. To this end, it is instructive
to firstly recall the available results in the purely linear growth case, meaning that ¢ = 1 in the
upper bound in (1.1). Owing to convexity of F', which gives us access to Reshetnyak’s lower
semicontinuity theorem [Res68], one then has the classical integral representation

. /dDsuy .
yuo[u,ﬁ]_/QF(vu) dx—i—/QF (d|DSu|)d|D u|

+/ F>(traoa(ug —U)(X)l/ag)d%nil
o0

(1.13)

for u € BV(Q;RY). In (1.13), Du = D%+ D%u = Vu.Z" + ddIB:Z‘ |D*u| is the Lebesgue-Radon-
Nikodym decomposition of the measure derivative Du, trag: BV(Q;RYN) — L'(9Q; RY) is the
boundary trace operator on BV(Q;RY), and vpq: dQ — S"~! is the outer unit normal to 9;
see Section 2.2 for more detail.

In this setting and moreover assuming (1.6) with ¢ = 1, the first Wl regularity results are
due to Bildhauer [Bil02, Bil03]. More precisely, if 1 < u < 1+ %, then one relaxed minimizer
belongs to W (Q:;RY) and, if 1 < p < 3, one locally bounded relaxed minimizer belongs
to WHH(€; RN). The first author and Schmidt [BS13] extended these results to any relaxed
minimizer and not only a specific one obtained by pure viscosity approximations. To underline
this point, assume for simplicity that ug € Wl’Q(Q;RN ); then one may consider viscosity
stabilizations

1
(1.14) Fjlv; ::/F(Vv)dm—kf_/ Vol?dz,  ve WLAQRY).
Q JJa

Denoting by v; the unique minimizer of (1.14), the strategy of [Bil02, Bil03] is centered around
establishing uniform higher integrability estimates on the functions v;. The sequence (v;), in
turn, is shown to converge to some minimizer of (1.13). However, since F'*° is positively 1-
homogeneous (whereby F°° is not strictly convex) and acts on a different part of Du than the
one governed by the strictly convex function F', the relaxed functional (1.13) fails to be strictly
convex. As a consequence, minimizers of (1.13) might be non-unique; see [BS13, San72]. Thus,
even though the minimizer found by the approach following (1.14) is Wl regular, this does
not rule out the existence of other, more irregular minimizers. This issue can be circumvented
by an approximation strategy based on the Ekeland variational principle [Eke74], see [BS13]
for its first use in the context of linear growth functionals and [BEG24, EL25, FPS24, Gmel6,
GK19b, Gme20, Sch15, Woz23] for related implementations. Based on this discussion, we now
highlight some key points and novelties in the overall proof.

(a) LSM-relaxations. To the best of our knowledge, the present paper seems to be the first
Sobolev regularity contribution in the vectorial BV-context which completely avoids integral
representations. All previous approaches in the purely linear growth situation rely at some point
on the representation (1.13) and refined continuity properties for e.g. the area-strict topology.
From a lower semicontinuity viewpoint, (1.3) is indeed the canonical extension of the functional
F[—; Q] to BV(Q;RY), comes with no Lavrentiev gap (see Theorem 4.4) but is also technically
favourable: The existence of recovery sequences is relatively easy to establish (see Lemma 4.1),
letting us avoid the detour over the integral representation (1.13) and the continuity part
of Reshetnyak’s theorem; see Remark 5.7 for more detail. However, in the exponent regime
considered here, the requisite integral representations are currently not available anyway. This
issue is essentially due to the appearance of the Dirichlet data in (1.3), and is briefly addressed
for the reader’s convenience in the Appendix, Section 7. As one of the key points, however,
the present paper furnishes the metaprinciple that integral representations are not required for



NON-UNIFORMLY ELLIPTIC VARIATIONAL PROBLEMS ON BV 5

Sobolev regularity assertions, even for classical linear growth problems q = 1 as a special case.
Working exclusively with (1.3), however, comes to the effect that minimality itself is hard to
be localised in general and if so, such local minimality results or localised estimates as (1.9) or
(1.10) are a consequence of regularity statements; see, e.g., Remark 5.13 and Corollary 5.18.

(b) Universal gradient estimates: Ekeland approximations versus gaps. In our
situation, which includes classical linear growth as a special case, the ghost of non-uniqueness
still persists (apart from very special situations, see, e.g. [BL25]). Following the discussion
after (1.14), this necessitates suitable Ekeland-type viscosity approximations u; based on the
perturbation space W™ !, see Section 2.2.2 for the latter. This approximation step is crucial
in order to arrive at universal regularity results, that is, for all relaxed minimizers. However,
despite being finely adjusted to the underlying scenarios in the purely linear growth context,
previous approaches as developed in [BEG24, BS13, FPS24, GK19b, Gme20, Sch15] do not
suffice here. In essence, this is due to the Lipschitz-type (but not Lipschitz) estimate from
Lemma 2.11. Without further refinement, this estimate entails that the auxiliary approximat-
ing problems might become decoupled from the original ones during the Ekeland approximation
procedure. Indeed, on a more technical level, a straightforward adaptation of the methods
established in [BS13, BEG24, Gme20] might lead to intermediate Lavrentiev gaps during the
approximation process. Because of ¢ > 1, however, a direct g-growth uniformization of approx-
imating integrands such as, e.g., in [ELM99, CKPdN11] might lead to %;[u;; ] /4 ?ZO [u; ],
see Remark 5.5. In particular, the connection to the original functional might get lost. Since
we are bound to employ an Ekeland-type argument due to the possible phenomenon of non-
uniqueness of relaxed minimizers, this means that non-uniqueness and the deteriorated growth
behaviour are two coupled effects which have a considerably worse impact than in the purely
linear growth case.

Thus, the construction of a suitable approximating sequence whose members share on the
one hand a useful local W~ '!-almost minimality amenable to subsequent regularity estimates
and on the other hand satisfy %#;[u;; Q] — ?ZD [u; ], requires a fine-tuned and conceptually
novel set-up. Its precise implementation, which relies on a quantitative handling of the potential
L9-gradient blow-ups of W%-almost minimizers for each j € N, is given in Section 5.1; see also
Remarks 5.5-5.7.

(c) Universal gradient estimates and exponent ranges. As a consequence of this
somewhat different procedure, the subsequent perturbed Euler-Lagrange inequality takes a
slightly weaker form than in previous contributions, partially leading to the non-admissibility
of natural test maps; see Section 5.2. While comparatively weak, the resulting estimates are
still robust enough to allow an optimisation of cut-offs in the spirit of [BS20, BS24, CS24,
DFKK24]; in this regard, Section 3 provides the requisite background results. In combination
with Reshetnyak’s lower semicontinuity theorem, we prove in Sections 5.3 and 5.4 that — despite
the additional difficulties due to the g-growth from above in (1.1) — the W '-regularity assertion
from Theorem 1.1 holds for any relaxed minimizer. Since we do not rely on integral or measure
representations of ?ZO[—;Q], the precise form of the estimates (1.9)—(1.11) requires another
argument. As a consequence of an intermediate universal regularity result (Proposition 5.11)
and thereby improving the very weak convergence properties of the approximating sequence,
the latter is ultimately shown to have weak gradients converging .Z"-a.e.. This requires a
restructuring of the proof, but comes to the effect that the estimates can be localised to appear
in their natural forms (1.9)—(1.11).

Theorem 1.2, in turn, strongly hinges on Theorem 1.1(b) and advances an argument due to
Bildhauer & Fuchs [BF03] towards p = 1 and its applicability in the Ekeland approximation
scheme. The latter, being necessary to obtain universal estimates, forces us to perform the
underlying limit passages differently. In particular, they must be accomplished in an order to
get useful access to the available a priori estimates. This requires a variant of the Frehse—
Seregin lemma [FS98], see Lemma 2.13. We thereby arrive at gradient continuity, from where
an adaptation of an argument due Ancona and Brezis [Anc09] implies Theorem 1.2.

In view of the available results for the related functionals of (p,q)-growth, the exponent
ranges of Theorems 1.1 and 1.2 seem to be close to optimal. In this sense, our results provide
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a sharp bridging between the case p = 1 and p > 1; see also Remark 1.3 below. Moreover,
integrands whose growth can be located at the interface of both scenarios are equally included
in our setting as special cases. For instance, this concerns non-uniformly elliptic integrands
of critical Orlicz growth (e.g., LlogL-growth from below), a class that has lately attracted
attention, see [DF25] for an overview and [EMMP22, DFM23, DFP24, DFDFP24| for some
recent results in this direction. Since the condition (1.6) is typically satisfied in this situation
for 4 =1, Theorems 1.1 and 1.2 immediately apply in the underlying ranges of q.

Remark 1.3 (Comparison with (p, ¢)- and (y, s, ¢)-growth conditions). We briefly compare the
precise assumptions on the exponents 1 and g with related previous results in the superlinear
context, meaning that F(z)/|z| — oo as |z| = co. In [BF01, FMO00], various regularity results
are established under the assumption

2
(1.15) u+q<2+ﬁ,

which, in general, is more restrictive than (1.8). Condition (1.15) has a nice interpretation with
earlier regularity results under (p, ¢)-growth conditions, in which the lower bound in (1.1) is
replaced by 7y|z|P for some p > 1 and (1.6) holds with u = 2—p: Classical results in this context
(see, e.g., [CKPdN11, Mar89, Mar91]), ensure gradient regularity under the condition

2
(1.16) To14 2,
P n
which perfectly matches (1.15) in the limit p N\, 1. More recently, the condition (1.16) was
improved in [BS24, Sch21, Sch24] to

q 2
1.17 - <14+ —-",
which is consistent with condition (1.8) of the present paper in the limit p N\, 1. In fact, with
methods of the present paper it seems possible to extend the higher integrability results of
[Sch21] to the subquadratic case and n = 2 dimensions. Finally, we remark that (1.17) reads
q < 3p if n = 2, which is also consistent with condition (1.12) with the choice u = 2 — p; note

that (1.12) trivially holds if 1 <p < ¢ <2 and u=2—p.

Lastly, if ¢ = 1 in (1.1) and (1.6), purely linear growth integrands share some similarities
with (p, ¢)-growth integrands on the level of second derivatives. Still, the landmark for W!-
regularity in the realm of the unconstrained Dirichlet problem on BV is 1 < p < 1+ % (see
also [Bil03, Gme20]), which is slightly extended by Theorem 1.1 (c), also covering the endpoint
case p = 1+ % in n = 2 dimensions. Further improvements are only available for a related
Neumann problem [BBG20] or under additional L°°-hypotheses [BEG24, BS13, Bil02]. In the
latter case, the dimension-independent range 1 < p < 3 implies the Wi regularity of relaxed
minimizers. While we shall pursue such L°°-constrained results as companions of Theorem 1.1
in future work, improvements for ¢ = 1 in the unconstrained case seem unlikely. In particular,
it is not clear to us whether the methods of this paper can be adapted to yield W' -regularity
withg=land 1l <pu <1+ % in the vectorial case. Indeed, in view of the currently available
strategies, the results of the present paper indicate that — even though purely linear growth
problems have a strong resemblance to (p, ¢)-growth problems on the level of second derivatives
— both classes are different on a more fundamental level; see Remark 5.14.

1.3. Structure of the paper. We now briefly comment on the organization of the paper. In
Section 2, we fix notation and collect the key background facts and definitions for the proofs of
Theorems 1.1 and 1.2. After recording an analytic lemma on good cut-off functions in Section 3,
Section 4 gathers various fundamental properties of the relaxed functionals. In particular, this
comprises the existence of relaxed minimizers and a no-gap-result, identifying (1.3) as the
correct extension. Along with the more involved construction of the underlying Ekeland-type
vanishing viscosity sequence as a central point, Section 5 is devoted to the proof of Theorem 1.1
and a related dimension reduction result for the singular set. Section 6 serves to establish
Theorem 1.2. The Appendix, Section 7, gives a quick discussion of integral representations and
provides the proofs of several auxiliary results that enter the main part.
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2. PRELIMINARIES

2.1. General notation. Throughout the entire paper and unless stated otherwise, 2 C R™
denotes an open and bounded set with Lipschitz boundary. For zo € R™ and r > 0, we put
B.(79) = {z € R": |z — z0| < r} and, accordingly, S"~! := dB1(0). The n-dimensional
Lebesgue and (n — 1)-dimensional Hausdorff measures are denoted by #™ and s#"~!. For two
matrices 2,2’ € RNX" we write (2, 2) for their Hilbert-Schmidt inner product.

For a finite dimensional inner product space V', we denote by RM(2; V') the V-valued Radon
measures on (2, whereas we write RMg, (2; V) for the finite, V-valued Radon measures on 2
endowed with the total variation norm |u|(€2). For a non-negative Radon measure, in formulae
w € RM(2), a Borel set U C Q with Z"(U) > 0 and a p-integrable map u: Q@ — V, we

moreover set
1
udp = 7/ udp and (u)p, ::][ udz.
fU "%n(U) U (o) B, (z0)

To obtain inequalities involving Orlicz norms which obey the correct scaling, it is convenient
to denote for a Young function ®: R>¢ — Rx>g, a ball B,.(z¢) and u € L (R™ V)

loc

Hull e 5, (2 = inf {)\ > 0: .7{&(900) @(%) dz < 1}.

Given a measurable map u: Q — RY and x € Q, we denote for £ € {1,...,n} and 0 < h <
dist(x, 00Q) the associated difference quotient in ¢-th direction by

Afula) =  (ula + her) = u(a))

where ey is the ¢-th standard unit vector, and sometimes write Ay, = A;h for brevity. Finally,
we use ¢, C' > 0 to denote generic constants which may change from one line to the other, and
we only specify them if their precise values are required in the sequel.

2.2. Function spaces. We now collect some background definitions and results for various
function spaces to enter the main part. With few exceptions, the material is discussed in
greater in detail in [AFP00, EG92].

2.2.1. Functions of bounded variation. We say that u € L'(Q;RN) is of bounded variation,
denoted by u € BV(Q;RY), if its total variation

Dul(@) = sup { [ (undiv(i)) da: o € CE@QRY), fplhmie < 1}

is finite; here, div(y) is the row-wise divergence. The space BVio.(€2;RY) then is defined in
the obvious way. As already mentioned in the introduction, the Lebesgue—Radon—Nikodym
decomposition of Du for u € BV(Q; RY) reads as

dD%u
d|Dsu|
Here, Vu € LI(Q; RY*") is the approximate gradient of u. For future reference, we recall that
Alberti’s celebrated rank-one theorem [Alb93] asserts that

(2.1) Du=D%+D°u=Vu 2"+ |D%ul, where D%u < Z™ and D°u L Z".

dDs?
(2.2) rk((ﬂTsZ') =1 |D%ul-a.e. in €.
Given u,u1, ... € BV(Q;RY), we say that the sequence (u;) converges in the weak*-sense to u

and write u; — u provided that u; — u strongly in L'(Q;RY) and Du; - Du in the sense of
wealk*-convergence in RMg, (Q; RY*").

If a sequence (u;) in BV(Q;RY) is bounded with respect to the BV-norm ||[v|py ) =
[v]lL1 (o) + |Dv|(£2), then there exists u € BV(Q; RY) and a (non-relabelled) subsequence such
that u; — u in BV(Q;RY). In the following, we shall refer to this fact as weak*-compactness
theorem on BV(Q;RY). The next lemma is certainly clear to the experts, but we have not
found a precise reference and so we include it for the reader’s convenience:

Lemma 2.1. Let ug,u € BV(Q;RN). Then there exists a sequence (u;) in ug + C2°(Q;RY)
such that u; = u in the weak*-sense on BV(Q;RY).
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Proof. Put v := u — ug and define, for sufficiently large j € N, v; == p., * (n;v). Here, p., is

the 0 < g; < %—rescaled variant of a standard mollifier, and n; € CL(€; [0, 1]) satisfies n;(x) = 0

whenever 0 < dist(z, Q) < % as well as 1;(x) = 1 whenever x € Q is such that % < dist(z, 09).

Clearly, v; — v strongly in L' (Q; RY), and we have for all ¢ € C2°(Q;RV*™) that

/(cp,Vfu]) dz = 7/ (div(p),vj) do — — / (div(yp),v) dz = / {p, Dv) as j — oo.
Q Q Q Q
The sequence (u;) with u; == uo + v; then has the desired properties. (|

We note that the previous lemma is in line with the fact that the boundary trace operator
trag: BV(QRN) — L1 (0Q; RY) is continuous with respect to norm convergence, but not with
respect to weak*-convergence on BV (Q; RY).

2.2.2. Negative Sobolev spaces. Following [BS13, Gme20], it is convenient to perform Ekeland
perturbations in the negative Sobolev space W_Ll(Q;IRN ) in the main regularity proof. We
recall that 7' € 2'(€; RY) belongs to W11 (€; RN) if there exist maps Tp, ..., T, € L'(Q;RY)
with

(2.3) T="Ty+ Z O Ty, as an identity on 2'(Q; RY).
k=1
The W~ norm of T is given by
|7l w-1.1(q) = inf { S I Tklliiy: Tos- -, Tn € LY RY) satisfy (2.3)},
k=0
and makes W™ (Q; RY) into a Banach space. For future reference, we record that
(2.4) 195ullw-11() < llullLr ) for allu € L*(Q;RY) and all j € {1,...,n}.
Moreover, if u € L! (;RY) is compactly supported in €2, then we have the estimate
(2.5) ||AZhuHW_1,1(Q) < lullp o) forall ¢ € {1,...,n} and all 0 < h < dist(spt(u), Q)
for the difference quotients; see [BEG24, Sec. 3.2.3] and [Gme20, Lem. 2.5] for more detail.
2.2.3. A Campanato-type lemma. Next, we recall a logarithmic Campanato-type embedding

which can be found in the classical paper of Frehse [Fre75], see also Kovats [Kov99, Main
Theorem].

Lemma 2.2. Suppose that, for some o € R™, R > 0 and a function u € L*(Bag(zg)) there
exists constants K > 0 and p > 1 such that, for all y € Br(zo) and all 0 < r < R, there holds

(]ir(y) fue) = (w)y.r* dx>é < Klog(2R/r)7?.

Then, u is continuous in Br(xo) and there exists K' = K'(p, K) > 0 with
lu(x) —u(x")| < K'log(2R/|x — 2'|)' ™" for allz,x" € Bg(xo).

2.2.4. Weighted Lebesgue spaces. In order to establish the admissibility of certain test maps in
the main part, see Section 5.2, we finally collect the following lemma from [BEG24, Lem. 3.4];
for related results, see [GGZ74, Lem 11.1.18] and [LMO05, Ex. 12.12(f)].

Lemma 2.3. Letm €N, § € LY(Q) with > 1 £"-a.e. in Q and put p := 0.2"_Q. Denoting
the corresponding weighted L*-space by LZ(Q;RM), suppose that (u;) in LZ(Q;R"L) converges
(a) weakly to some u € LZ(Q;R’”), and
(b) pointwisely £™-a.e. to some measurable v: Q — R™.

Then u = v.
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2.2.5. Exponential Orlicz classes. In the main part, see Section 5.3, we shall need Orlicz spaces
adapted to the function z + exp(|z|>~#) — 1 with 1 < u < 2. This function is only convex
for sufficiently large values of the arguments, which is why we require a modification and
comparison estimates. Put 6,(¢) == exp(t*~#) — 1. We compute

0/(t) = (2 — u)((l St (2 - M)t2_2“> exp(t2H)
and, recalling that 1 < p < 2, note that

(=1 e 7
t>tm—<§jﬁ> —  9l(t) >0,
whereby 6, is convex on (tg,00). We then consider, for a value tg < t; < oo to be fixed later
on, the continuous function ®,,: R>g — R defined by
Qﬁ%:{;®mﬁ?%—iﬁ ift <t
O,

(2.6) (t) ift >t

Moreover, we note for the left and right derivative of ®, at ¢; that

1 =t H

; —(exp(£57) = 1) < (2 — )ty “exp(t2H) el exp(s) — 1 < (2 — p)sexp(s),
1

and from here, it is clear that there exists ¢; = t1(u) > ¢o such that ®, is a convex function.

In the following, we fix such a choice of ¢; and we state a comparison estimate which is proved

in the Appendix, Section 7.2.

Lemma 2.4. Let 1 < pu < 2 and let t1 > 0 be as above. Then there exists a constant ¢ =
c(ty, ) > 1 such that for every v € L'(B,(z0)) with o € R™ and r > 0 there holds

(2.7) ‘HU”L%(B (z0)) = Ao #Hexle(B (20)) < C‘|‘|UHL%(B,,,(:EO))'

2.3. Functionals of measures. Even though our main result, Theorem 1.1, will be established
by not referring to integral representations, it is yet useful to record some background facts on
convex functionals of measures; see, e.g., [DT84, GS64] for more detail. We begin with:

Definition 2.5 (Recession function). Let f: R™ — (—o0, 00| be a convex function. The reces-
sion function f*°: R™ — (—o0,00] of f then is defined by

(2.8) f(z) = }{I(l) tf(%) for all z € R™.

The recession function captures the behaviour of the function at infinity. Moreover, f°°(z)
exists in (—oo, 0o] for every z € R™ by the convexity of f; this is a consequence of the fact that
convex functions can always be minorised by affine-linear maps and that difference quotients
of convex functions are increasing. However, since f does not need to be of linear growth, it is
indeed possible that f*°(z) = +oo for some z € R™. We now proceed to Reshetnyak’s lower
semicontinuity theorem [Res68], which we give in the form of [BS13, Thm. 2.4].

Proposition 2.6 (Reshetnyak’s lower semicontinuity theorem). Let Q@ C R™ be open and
bounded. Moreover, suppose that w, i1, p2, - - - € RMgn (2; R™) take values in a closed, convex
cone K C R™ and are such that p; = p in RMg,(Q;R™). Then, if f: K — [0,00] is lower
semicontinuous, conver and 1-homogeneous, then there holds

(2.9) / f(dd|u|) dlpu| < hmlnf/ f(dd|Zj|) dlpesl-

For future reference, we single out the following remark:

Remark 2.7. Proposition 2.6 usually comes with a variant concerning continuity (see, e.g.
[BS13, Thm. 2.4]): If, in the situation of Proposition 2.6, f: K — [0,00) is continuous, 1-
homogeneous and we moreover have that |;[(Q) — |¢|(€2), then there holds

(210) [ 1 () e = g [ (E ) alw
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In our applications, however, f: K — [0,00] is typically neither continuous (but only lower
semicontinuous) and extended real-valued. Under these assumptions, the continuity assertion
(2.10) does not hold true, see Example 2.9 below.

Remark 2.8. Let F': RV*" — R be convex and put K := R>¢ x RV*". We introduce the
linear perspective integrand F#: K — R U {oo} by

tF (% if ¢
(2.11) F#(t,2) = (7) ife>0, z € RNVxn,
F>(z) ift=0,

whereby F7# is a continuous, convex function which is homogeneous of degree 1. For a Radon
measure p € RMg, (Q; RV*"), we put v := (£™, 1) and observe that

/F#(dd|y>d| |_/ (dzn)dx+/£)Fm(dd$|>d|“S’

where p = p®+ p® is the Radon-Nikodym decomposition of u such that p* < .£" and p* L.Z".

Example 2.9. Let 1 < ¢ < co. We define a convex function f: R = R by f(z) =z for 2 >0
and f(z) == |z|? for z < 0. Following Remark 2.8, we record that f#: Rsq x R — R U {oo} is
lower semicontinuous and satisfies f# = oo on {0} x Rq, whereas f#(0, 2) = z for 2 € R>g. For
J > 2, define p; = —%J_I/j. Then 4; = 0 in RMg, ((—1, 1); R) together with |p;]((—1,1)) — 0
as j — co. Adopting the notation of Remark 2.8 with n = N = 1, we have v; Ay= (£1,0)
and |v;|((—=1,1)) — |v|((—1,1)). However, we compute

dv; 1 J—roo
i = du»z—,/ fe(=1)ds_ »=+oo/—>o:/ f* dv
/(—1,1) (d|Vj\> il JJ=1n (=) d8-1/5 (=1,1) (d| |> vl

In particular, Reshetnyak’s continuity theorem is not available for lower semicontinuous, ex-
tended real-valued convex integrands; note that f however matches the chief assumption (1.1).

2.4. Ekeland’s variational principle. Next, we recall Ekeland’s variational principle [Eke74]
(see also [Giu03, Thm. 5.6, Rem. 5.5]) which shall prove crucial for our approach.

Lemma 2.10 (Ekeland). Let (X,dx) be a complete metric space, and let F: X — R U {oco}
be a functional which is lower semicontinuous with respect to dx , bounded from below and with
infx F<oo. Ifx € X and € > 0 are such that Flx] < co and

Flz] < inf F + €2,
X
then there exists y € X such that
dx(z,y) <e and Fly] < Flz]+edx(y,z) forallz € X.

2.5. Miscellaneous estimates. In this section, we collect some elementary estimates which
shall enter the main part. We begin with the following Lipschitz-type estimate:

Lemma 2.11 ([Giu03, Lem. 5.2]). Let 1 < ¢ < oo, and let F € C(RN*™) be a convex function
such that there exists a constant ¢ > 0 with

0<F(z) <c(l+]z9) for all z € RN*™,
Then there exists a constant L > 0 such that
(2.12) |F(z) = F(2')| < L(1 + |2| + \z’|)q_1|z — 2 for all z,2' € RV*",
Next, we record an elementary but fundamental lemma:

Lemma 2.12 ([Giu03, Lem. 6.1]). Let 0 < p < 0 < 00 and let Z: [p, 0] — R>¢ be a bounded,
non-negative function. Suppose that, for all p < s <t < o, there holds

(2.13) Z(5) <OZ(t)+ (t —s) A, + (t — s) P Ay + B,

where Ay, A2, B >0, a,8 >0 and 0 < 6 < 1 are constants. Then there exists ¢ = c¢(«, 3,0) €
[1,00) such that

(2.14) Z(s) < c((t—s) A + (t— s) P Ay + B).
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Lastly, in view of the Lipschitz bounds in the two-dimensional case (see Section 6), we require
the following variant of an estimate due to Frehse and Seregin [FS98, Lem. 2.4].

Lemma 2.13 (of Frehse-Seregin-type). Let n =2, a € [1,2), L > 0 and § > 0. For xy € R?
and r > 0, set A.(z0) == Ba,(z0) \ Br(x0). Suppose that, for some zo € R? and 0 < R < o0, a
pair of functions H € L?(Bag (o)) and h € WH?(Bag(x0))) satisfies the inequality

I 3
(2.15) / szx§</ H2dx) / |h|*|H|dx + 6 forall0 <r < R.
By (z0) T \J A, (z0) A (z0)

Then, for any 1 < p < oo, there exists a constant
c=c(p, RNl 2B,n(x0)) + IVRIL2(Byp (o)) L) >0
such that

c
H2dz§7/ H?>dz +6 forall0O <r < R.
/Br(fl’o) (10g2(¥))17 Bar(zo)

Since the statement of the lemma is not quite that of [FS98, Lem. 2.4], a self-contained proof
is offered in the Appendix, Section 7.3.

3. GOOD CUT-OFFS

Towards the main regularity proofs in Section 5 and 6 below, we now isolate a lemma on
good cut-offs in the spirit of [BS20, BS24].

Lemma 3.1. Fiz p € [2,00) and suppose that Q > p is such that
Q<22= ifn>4,
Q<400 ifn=3,
Q=00 ifn=2.
Then there exists a constant C = C(n,Q) such that for any ball B = Bg(zo), any v €

(W2 NLP)(Bg) and all radii 0 < p < 0 < R, there exists a cut-off function n € W™ (Bg)
satisfying

. 2
(3.1) 0<n<l, n=1 in By, [Vl Br) < o—p
such that the following holds for all o > 0: If n > 3, we have
1 v p
(32) ||U\V77|a\\LQ(BR) < C(a,p)Q—a<||0- ’UHL2(B0\1?)) + ”UHL (BU\B/J1)>
((0=p)pm)z  ((o—p)pr2)¥
where
(3.3) ( D(l 2) d ( U(l p)
. v = (n— — =] and v = (n- - =).
1 0 2 0
For n = 2, we have
7z 7z
) 1O lhmug < Ot — e (Lt TG EF G )
: R) — 1 _1_
(0 =p)p)? ((o = p)?p?)+
and
| exp([v])[Vn|* Lo (B r)
(3.5)

<C(oc—p _O‘<
( ) (c—plp (0 —p)?p?

Proof. We follow the strategy of [CS24, Lemma 5.1] combined with improvements in dimension
n = 2 inspired by [Sch24]. Let v € (W2 NL?)(Bg). Define, for r € [0, R], the map v, : S*~1 —
R by v,.(2) := v(rz) for z € S*"1. Then there exists a set .4 C [0, R] such that £1(4") =0
and v, € WH2(S"~1) for every 7 € [0, R] \ 4. We set

2
el sy e ot [ vvar)
B, \ B,

lexp(jo)llis, 5,y  llexp(vDlLie, \Bp)”(’v”iZ(Ba\Bp)>

(3.6) Uy = {r € [p,o] \ A

gn-1 r2 (o — p)rn—1
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where V, denotes the weak tangential gradient along S*~!. In consequence, Fubini’s theorem,
the elementary inequality |V, v, (2)| < [rVu(rz)| and the definition of Uy in the form

/ |Vv|2dx:/ r”_l/ \Vo(rz) > d™ 1 (2) dr
B, \ B, p Sn—1
2/ 7“"_1/ lr IV v, (2)|2 d™ (2) dr
(p,0)\U1 §n—t

_ _ 1
g—=p B, \ B,

imply that .Z1(U;) > 3(o — p). By analogous means, we find that

61 G {rebol\ s [ ararn e s s [ iranf

satisfies £!(Us) > 3 (o — p). Hence, putting U := Uy N U, we arrive at

(3.8) 2wy > 2 S P

Next, we define a Lipschitz cut-off function n € WH*°(Bg;[0,1]) by

1 if r € (0, p),
n(x) = n(|z]), where n(r) = -iﬂ%(U)/ 1y(s)ds ifr e (p, o),
0 if r € (o, R).

By definition, we have that 0 < <1,p=11in B, and n € Wé’oo(B,,), and by the Lebesgue
differentiation theorem there holds, for # = rz with r € [0, R] and 2z € S"71,

0 for Z1ae r¢ U,

(3.9) |V77(TZ)| = for Llae. reU.

Z1(U)

Hence, recalling (3.8), the map 7 satisfies all the properties claimed in (3.1). For r € [0, R]\ A/,
we set

(3.10) E(v;) = V7|2 gn-1) + [[or|lLesn-1)

and observe that the choice of U ensures that

1

n— ne 472 2
sup {7“ QlE(Ur)} <supr T (s [VllL2s,\B,)
(o T

rel’ reU —p)rn=t
4 »
o=t ) lhrmo s,
(3.11) ) :
< <(0_p)p(n—1)(1—5)> loVvllLz @, \B,)

4 P
+ ((Up)p(n—l)(l—g)) ||/U||LP(B,,\BP)~

Let us first consider the case n > 3. We note that the exponent @ € [1,00) is such that
Wh2(Sn=1) 5 LO(S"1), and there exists C' = C(n, Q) > 0 such that

llvrllLegn-1y < CE(vr) for all r € U.
Hence, we deduce from (3.9) that

L_ n—1
91 oy < 2108 sup {7 forllonn |
TE

and the claimed estimate (3.2) follows by employing 52 < £(U) < o — p from (3.8) together
with (3.11).
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It remains to consider the case n = 2. Here, we use the following consequence of Lemma 3.2
below: There exists C = C(p) > 0 such that

orllim @y < O (Il + e 120 190,155, ) forall r € U.

The above estimate in combination with the properties of 1 in the form
lo|Vnl*(lLee (Br) < 72 ’ ||
vVl <( ) Sup ||Vr||Lee (st
(Br) (c—p)/) e r (sY

and the choice of U imply (3.4).
Lastly, the claimed inequality (3.5) follows by a similar argument with minor modifications.
Firstly, in this case, we recall that n = 2 and define U; by

(3.12) U2¢={ o\ s [ el arnt o) s /&\Bpexp<|v|>dx}.

Clearly, we still have (3.8). Moreover, using (3.14) from below, we find a constant C' > 0 such
that

lexp(lorDlle= @ < C(llexpon)lren + Il expllond @ I 7o 2o

holds for all » € U. The claimed inequality (3.5) then follows by inserting the properties of 7,
U defined in (3.6) and U defined in (3.12). This completes the proof. O

Lemma 3.2. Let I C R be a bounded interval, and let 1 < p < co. Then we have

u—(uw)r IIP“ 1757

p+2\ 7=
(3.13) Ju = @l < (257) A L 17

2

for all u € WH2(I). Moreover, we have
(3.14) lexp(lul) Lo (r) < llexp(ul)llur 1w [F2 ) + 220 exp(lul) L ry-

Proof. By density, it suffices to show (3.13) for u € C'(I) and, without loss of generality, we
may assume that (u); = 0. By the integral mean value theorem, there exists y € I such that
u(y) = (u); = 0. By the fundamental theorem of calculus, we have for every x € I that

()| b2

leallEy oy 1 2

)| (s |d]

We obtain (3.13) by taking the supremum over all 2 € I and raising the resulting inequality

to the power ﬁ. The argument for (3.14) is similar. We here choose y € I such that

exp(|u(y)]) = (exp(|u(-)]))r and we then obtain

exp(|u(z)]) — exp(Ju(y)|) < | eXp(|uD||L2(I)||UIHL2(I)7

/ " exp((u(s)])ul (s)] ds <

which implies
(3.15) lexp(|ul)llLe(r) < lexp(jul)llrzcnllullzcr + ]{exp(IUD dz
Inserting the elementary inequality

1 1
lexp(lul)llLzzy < llexp(fuDllgy )l exp(uDlle

into (3.15), we obtain with Young’s inequality that

1 1
lexp(lubllcmo) < gllesp(ul = + 5l expllulus ol s + f exp(lul) dz

This completes the proof. O
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4. ON THE RELAXED FUNCTIONAL

In this section, we collect some elementary properties of the Lebesgue—Serrin—-Marcellini
extension (1.3), where we recall that 2 C R™ is open and bounded with Lipschitz boundary.
Moreover, we assume that 1 < ¢ < oo, ug € WLq(Q;RN), and that the convex function
F € C(RNV*") satisfies (1.1). We begin with the following routine, yet crucial observation:

Lemma 4.1 (Recovery sequence). Let u € BV(;RY) be such that ?ZO [u; ] < oo. Then
there eists a recovery sequence (uj) in ug + C2°(RY) for u, meaning that u; — u in the
weak*-sense on BV(Q;RY) and

(4.1) lim [ F(Vu;)dz =7, oL Q.

j—oo Jq

Proof. For each k € N, there exists a sequence (w¥) in ug + Wg?(Q; RY) such that w? = u as
j — oo and

(4.2) lim inf/ F(Vw§)dz < F [u; Q]+ —
j—oo Jo
We find a subsequence (w; k) of (w ) such that
(4.2) 1
(4.3) lim F(Vw )dz = lim inf F(Vw yde < ZF, S Q) + .
i—oo Jo j—oo Jq k
Next, for each k € N, we choose an index i, € N such that
1 2
(4.4) ||wfk =) < Z and /QF(wa ydr < .F [u Q] + T

By our assumptions on F, we have the estimate (2.12) with some L > 0. Recalling that
wik € ug + W(l)’q(Q; R?Y) and mollifying wfk — g, we find vy, € ug + C°(2;RY) such that
1

(4.5) ||V?)k||Lq(Q) < ||wa% Li(Q) + 2||VUOHLQ(Q) +1 and |jvg — ’w;—cik le,q(Q) < m,

where

1 —1
My = L(£™(Q)7 + 2V,

q
|Lq(Q) + QHVUOHLQ(Q) + 1)

In conclusion, we arrive at
/ F(Vuy)da — / F(Vw} )dax
Q Q k

gL(/(l—l—IVwk |+ |Vor|) qu) (/ |V (v —w |qu>q

(4.5),
< L(.i”"( )a + 2|V}, e + 2 Vol Q)+1) ||V('Uk_w§ik)”Lq(Q)

(4.5), 1
< Pl
~ k

(2.12)
< L/(1+|Wk|+|vw; DAV (o — wh, )| da

Ut

and so

(44), __, 3
(4.6) ; F(Vuop)de < 7, [u;Q] + T
On the other hand, (4.4), and (4.5), directly give us vy, — u strongly in L' (Q;RYN). Moreover, by
(4.6) and (1.1), the sequence (v,) is bounded in W*(Q; RY), and so there exists a subsequence
(vg,) of (vg) and v € BV(Q;RY) such that vy, — v in BV(Q;RY) as | — oo. Since v, — u
strongly in L'(Q; RY), we have v = u. Hence, setting u; := vg,, u; — u in BV(Q; RY) implies

. (4.6) . .
Fo 4] < liminf Zlu; Q) < limsup (ﬁu [u; Q) + 3) =7 [w;Q).
l—o0 kl 0

l—o0

This is (4.1), and the proof of the lemma is complete. O
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Lemma 4.2 (Existence of relaxed minimizers). There exists a minimizer u € BV(;RY) of

?ZO[—; ], meaning that u satisﬁes

(4.7 [u Q) < [v Q] for allv € BV(Q; RY).

Proof. We firstly note that ?uo [uo; 2] < oo implies ?ZO [—; Q] # o0 on BV(Q;RY). It is clear
by (1.1) that ?ZO[—; Q] is bounded from below, and we denote m = infgy(q) ?ZO [—; Q). We
may thus pick a minimizing sequence (vx) in BV(Q; RY) such that ?Zo [vg; ] — m. By (1.1),
(Dvy,) is bounded in RMg, (92; RN*"). By Lemma 4.1, for each k € N, there exists a sequence
(v]) in ug + C (4 RY) such that v] = vy in BV(Q;RY) as j — oo together with

) 1 1
IIWi*kaLl(Q)<3 and /F(V 1) de < F [vk’QH; for all j € N.
Q

Hence, for each k € N, wy, == ’UE satisfies

1 1

(4.8) lwi — vk||L1(Q) < z and / F(Vwg)de < ﬁ oves Q] + T
Q

By (1.1) and Poincaré’s inequality, the sequence (wy) in ug + Wy?(€;RY) is bounded in
BV(Q;RY). Thus, by the weak*-compactness theorem on BV (;RY), there exists a subse-
quence (wy,) of (wy) and u € BV(;RY) such that wy, = u in BV(Q;RY). Then
. (4.8), o 1
uolt; Q] < liminf Flwy,; Q] < liminf (JUO[%;Q] + k—) =m.

71— 00 1—00 7

F
This implies (4.7), and the proof is complete. O

Lemma 4.3. Let u,uy, uy, ... € ug+ Wyl (€ RY) be such that wj — u strongly in L' (Q; RN).
Then there holds
(4.9) Flu; Q] < liminf Fluj; Q).

j—o0
Proof. We may assume that liminf;_, % [u;; Q] < 0o, as otherwise there is nothing to prove.
Moreover, we let (u;,) be a subsequence of (u;) such that

(4.10) lim F[u;;; Q] = liminf F[u;; Q).

i—00 j—00

By our growth assumption (1.1) and Poincaré’s inequality, (uj,) is bounded in W' (Q; RN).
Hence, there exists another subsequence (uj, ) of (uj,) and v € BV(; RYM) such that uj,,
v in the weak*-sense on BV(€;RY). Since uj, — u strongly in LY(Q;RY), we have u =
v and therefore Dv = VuZ"; in particular, Duj, A Vul" in RMg, (Q; RV *7). Setting

ko= (L7 Vuy, £") and v = (L7, VuZ™"), we thus have vy X v in RMg, (Q;R x RVX7),
Hence, recalling the linear perspective integrand F# from (2.11) and the discussion afterwards,
Reshetnyak’s lower semicontinuity theorem (see Proposition 2.6) implies that

dv
Z0-Ql — # < #( vk — Faning Zl. -
T [u; Q] /P <d| |)d|z/| hmlnf F (d|yk|)d|uk| hkmﬁgff[uﬁk,ﬂ].

In view of (4.10), this yields (4.9), and the proof is complete. O

It is important to note that, different from the quasiconvex case, the previous lemma holds
without restrictions on ¢; in the quasiconvex case, we would require 1 < ¢ < -5, see [CK17,
GK24]. We next provide a consistency result, and we point out that it is the 1dent1ty (4.11) below
which allows us to call ?ZO [—; Q] an extension of F[—;]. Moreover, the relaxed functional
does not feature a relaxation or Lavrentiev gap:

Theorem 4.4 (Consistency and no-gap-result). We have

(4.11) Flu; Q] = ?ZO [u; Q] for allu € ug + Wy (S RY),
and
(4.12) inf F|— Q= min_ Z, [ =m € (—o0,0).

)
uo+ W I (RN) BV (;RN)
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Proof. For (4.11), we consider a function u € ug + Wg?(€;RY) and an arbitrary sequence (u;)
in up + Wé’q(Q;RN) with u; = w in BV(Q;RY). Then, in particular, u; — u strongly in
L'(Q;RY), and so Lemma 4.3 yields .Z[u; Q] < ?ZO [u; Q]. On the other hand, in the present
situation, the constant sequence (u;) = (u) is admissible in (1.3), whereby Z. w9 < Z[u; Q).
Combining both inequalities, (4.11) follows.

As to (4.12), we note that >’ is clear by (4.11). On the other hand, Lemma 4.2 yields the
existence of some function u € BV(Q;RY) with ?ZO [u; 2] = m € (—o00,00). We then consider
a recovery sequence (u;) in ug + C2°(Q;RY) as in Lemma 4.1. In conclusion,

uo [

m=F w2 L lim Fu;;0 > i F[0)
j—oo U+ W d (RN
and so '<’ follows too. The proof is complete. O

As alluded to in the introduction, we conclude the present section with a discussion of
elementary properties of maps u € BV(Q; RY) for which the relaxed functional is finite. Again,
we stress that no integral representation of the functional (1.3) is required for this conclusion:

Proposition 4.5 (On finiteness of ?ZO [u; Q). Suppose that F € C(RNV*") satisfies (1.1), and
let

(4.13) Cs = {z:a®b: ac SN beS" ) liminf

t—o00

F(ttz) _ oo}

be the set of all rank-one directions on which F has proper superlinear growth. If u €
BV(Q;RY) satisfies 920 [u; ] < oo, then

(4.14) ID*u|(AL) = |D*u ({x € Q: %(m) c %}) =0
and
(4.15) A AR = o ({x € 0N: tran(up —u)(z) @ vaq € %s}) =0.

Proof. Let £ C R™ be open and bounded with Lipschitz boundary such that 2 € . Extending
up to ', it is no loss of generality to directly assume that ug € WH4(€;RY). For an arbitrary
function w € BV(Q;RY), we denote the extension of w by the values of ug outside of Q by

- w  in Q,
W = _
(') in O/ \ Q.

We notice that, for any sequence (w;) in BV(Q;RY), there holds w, 2w in the weak*-
sense on BV(Q;RY) if and only if @, = @ in the weak*-sense on BV(Q;RV). Since u €
BV(Q;RY) satisfies ?ZO [u; Q] < oo by assumption, Lemma 4.1 provides us with a sequence
(uj) in W}L’Oq(Q;RN) such that u; = u in BV(Q;RY) and F[u;; Q] — ?ZO [u; Q] as j — oo. As
a consequence, we have 7; — @ in BV(Q; RV), and so, in particular, (#",Du;) = (£, Du)
in RMg, (€;R x RV*"). The function u (and likewise the functions %;) have distributional
gradients
DT = Dul_Q + (traga(ug — u) ® vaa) A" L OQ + Vueg L™ L (' \ Q),
Du; = Vu; "L Q + VueL" L (Q'\ Q).

Based on Remark 2.8, see (2.11), these formulas in conjunction with Reshetnyak’s lower semi-

(4.16)

continuity theorem from Proposition 2.6 give us

dD%u
F(Vu dx+/F°° d|D*u +/ F>®(tron(ug — 1) @ veq) d#" !
/Q (Vu) ) (d|DSu\) |D*ul . (traa(uo — u) ® voq)

(4.16), 4 ( d(Z", Du) n T
(T /F (7(1‘(3”71)@')(1\(.,% DD)|

Prop. 2.6
(4.17) <7 limint FH(

J—00 Q/

d(fn,Dﬂj) S
W) d|(Z", Duy)|

J]—00 Q

19 liminf [ F(Vu;)dz + / _F(Vu) da
oN\Q
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—
=Tl Q) +/ _ F(Vug)dz,
\?)
where we have usecLiS the last step that (u;) is a recovery sequence for ?uo [u;Q]. By as-
sumption, we have .7, [u; 2] < oo and g € Whe(Q; RN), whereby the right-hand side of the
previous inequality is finite. Since F, F*° > 0, the previous estimate particularly entails that

dD%u
4.1 F* D F> — n-l )
(4.18) /A (d|DSu|)d| u|+/A% (tron(uo — 1) @ voq) A" ! < oo

By Alberti’s rank-one-theorem, see (2.2), the density Cﬁgszl is contained in the rank-one-cone

|D%ul-everywhere. By the very definition of €, see (4.13), and those of AL, A2 (4.18) imme-
diately yields |D%u|(AL) = 5"~ 1(A2) = 0. This is (4.14) and (4.15), thereby completing the
proof of the proposition. O

Remark 4.6 (Proper superlinear growth from below). If 1 < p < ¢ < oo and (1.1) is modified
to 7|z|P < F(2) <T(1+ |2]9) for all z € RV*" with 0 <5 < T < oo, then

Co={z=a®b: ac SN beS"}.

Moreover, if u € BV(Q;RY) is such that ?ZO [u; ] < o0, then the lower growth bound on F
implies that u € W"?(Q;RY), and there exists a sequence (u;) in W}L’O‘J(Q;RN) such that
uj — u weakly in WH?(€Q; RV). Tt then follows that Du = 0, and so (4.14) is trivially satisfied.
Moreover, by the continuity properties of the trace operator with respect to weak convergence
on WHP(Q; RY), we have trag(u) = trag(ug) A" -a.e. on S, whereby (4.15) follows too.
This is in line with the natural fact that, in this situation, the relaxation to the larger space
BV(Q;RY) instead of W7 (Q; RY) is not necessary.

5. PROOF OF THEOREM 1.1: SOBOLEV REGULARITY IN ALL DIMENSIONS

In this section, we establish Theorem 1.1, and so we briefly pause to clarify the structure of
the proof. As discussed in the introduction, our strategy requires a finely adjusted Ekeland-
type viscosity approximation strategy, to be given in Section 5.1. Section 5.2 proceeds to collect
degenerate weighted second order bounds, which form the key background estimates for the
higher integrability of relaxed minimizers in Section 5.3. In order to obtain the localised form of
the estimates from Theorem 1.1(a)—(c), Section 5.4 establishes the pointwise convergence .£"-
a.e. for the gradients of the Ekeland sequence, thereby completing the proof of Theorem 1.1.
Since we avoid integral representations, we finally prove a local minimality result in Section 5.5
as a consequence of uniform higher integrability estimates.

5.1. Ekeland-type viscosity approximations. Throughout this subsection, we tacitly as-
sume that the convex variational integrand F' € C* (RN ") satisfies the growth bound (1.1) with
1 < g < 0o. Moreover, we recall that 0 C R™ is open and bounded with Lipschitz boundary,
and that ug € WH7(Q; RY).

Let u € BV(Q;RY) be a relaxed minimizer of .#[—; ] so that, in particular,

(5.1) ?ZO [u; Q] < ?ZO [v; Q] for all v € BV(Q; RY).

By Lemma 4.1, we find a sequence (v;) in ug + C2°(€; RY) such that

(5.2) v; S uin BV(Q;RY) and Z, [w;Q] = lim [ F(Vo;)da.

j—© Jo

Passing to a non-relabelled subsequence if required, we thus may assume that

(5.3) ?ZO [u; Q] < / F(Vvj)dx < ?ZO [u; Q] + for all j € N.

Q 1052
In view of our stabilization approach, we define a convex C2-function ()q: RNV*n R>q by
(z)g = (1 + 122)z — 1) for all z € RV*™,

and briefly collect some of its properties in a form that shall be convenient later on.
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Lemma 5.1. There exist constants Ly, Ay > 0 such that the following hold for all z, 2" € RN X7,

(5.4) (2)q < |21,

(5.5) 2] > 1= (V2 = 1)72|? < (2),,

(5.6) [(2)q = (£)ql < L+ |2| + [2']) 7 Mz = 2],
(5.7) [V2(2)ql < Ag(1+ 2772,

1 25_1q—1

(5-8) (V2({2)q)',2') 2 q

Proof. Assertion (5.4) directly follows from the definition of (-),, and (5.6) follows from Lemma 2.11.
For (5.5), note that if |z| = 1, then (z), = (v/2 — 1)?. The function [0, 00) > ¢ ~ (t); is convex,
and

d tot>1 ] d
) = > >V2 1= —((V2-1)t for all £ > 1.
dt<>1 i dt(( )t) 2

From here, (5.5) follows. Finally, we compute V2((z),). Noting that (z), = f(v) with f(s) =
(s —1)? and v = /1 + |2|?, we find
({2,2"))?

(V2((2))#'#) = alg = (v = 17222210 1 q(v - 1)1 (
(U _;)q—l |ZI‘2 + q(’l) — 1)q—2

Z? (<Z,Z’>)2>

v v3

=q 3 (g —2)v +1)((z,2))%
From this identity, it is easy to deduce (5.7) and (5.8). The proof is complete. O
We now define a stabilized integrand via
1 n
(5.9) Fj(z) =F(2) + W(z>q for all z € RV*",

where S; is defined in terms of v; as

S;=1+ / (Vuj)qde.
Q

In view of our future purposes, we note that the key reason for working with (-), instead of
| - |7 in the second term in (5.9) is that (), is of class C* regardless of the specific choice of
1 < ¢ < 0o. We then consider the related stabilized functional given by

(5.10) Fiw; Q] = / F;(Vv)dz for v € WLI(QRY) == ug + Wl RY).
Q
By use of v; € Wi%(2;RY) in the third step, we obtain
— . 1
inf 7o (0" inf Z[0) < inf F[9 < Pl Q) + —
BV((;RN) WL (QRN) WL (QRN) 105
(5:3) & 1
< Tl Q) + 552
1
Wi (URN) 5]

We now smoothly approximate ug € WH?(Q; RY) in the W' %norm. More precisely, let T, €
WH4(R™: RN) be an arbitrary but fixed extension of ug with ol w1.a@ny < cn.alluollwra@)
where ¢, o > 1is a constant. With p.(z) = e""p(£) denoting an e-rescaled standard mollifier,
we have for all 0 < e < 1 that

(5.11) [l pe *EOHWL‘?(Q) < lpe *HOHWM(RTL) < HEO”wlvq(R") < Cn,QHUOHWLq(Q) = M.
Recalling the constant I' > 0 from (1.1), we define

(5.12) C=T+)(L"(Q)+M? and C :=59(MI+2L"(Q2)+1)(C+1).
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We then choose a constant Ly > 0 such that (2.12) holds with L = Lp. For each j € N, we let
0 < e; < 1 be so small such that ug j = (pe, * Uo)|o € C™(Q; RY) satisfies
1

(5.13) l[uo = wojllwra@) < —,
Kj

where
= 5072 | L (327(Q)7 + 2M + 6(108;5%(C + 1))7) |

Lq
109,52

+50j2[<LF+ )(3"(9)% +1+2||Vuj||Lq(Q))q*1}

+ 5052
= /@5.1) + 552) + n§-3).

The constant x; is precisely adjusted in a way such that several emerging terms below take
a particularly convenient form, and we shall comment on the entering of its single summands
in detail throughout. Recalling that v; € ug + C° (€ RY) for each j € N, we now put ¢; =
v; —up € C(QRY) and define

(5.14) fﬁj =g+ €D i=wug; + W(l),max{Z,q} (€ RN).
Based on (5.13), we record that
~ 1
(5.15) v = Bjllwra) = llvj = uos = Yillwraqe) = lluo — o jllwra) < —
J
In an intermediate step, we consider for fixed j € N the variational principle
(5.16) to minimize %;[—; ] over D;.
We observe that
inf 71— 0] " Filug 0] O / F(Vug) do + —— / (Viuo;)g do
D, il = J 40,75 - 0 0,j 105jj2 0 0,j/q

(5.17) (1.1)é(5.4)

(r+1)/(1+ Vuo,|%) da

(5.11) (5.12)

< T+ D)L+ M9) c,

and it is crucial to note that C > 0 is independent of j € N. Obviously, by a similar reasoning,
we also have

(5.18) inf  F[—;Q] < Flue; Q] < D(L™(Q) + M) < C.

Wy (RN)

We next show that the original minimization problem (1.2) is approximated by the mini-
mization problem (5.16) with the stabilized functionals and the regularized Dirichlet boundary
datum, and that the latter is almost minimized by the function v;.

Lemma 5.2. For each 7 € N we have

1
(5.19) inf [ Q] —inf 79| < =,
WLL(QRN) D J
and the function v; € ©; introduced above is almost minimal with
. . 1
(5.20) Zilo5: 9] < inf Z[= 0 + 15

Proof. In view of (5.16), we choose a sequence (i) in W™ 129} (Q: RV such that

(5.17)
(5.21) Filuoj + ¢r; Q] — izr)lffj[—; Q < ¢ as k — oo,
J

whereby it is no loss of generality to assume that

(5.22) fj [’U,OJ + ©k; Q] <C+1 for all k € N.
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Hence, the definition (5.10) of .%; with the integrand F; from (5.9) in combination with in-
equality (5.5) implies

(\@* 1) 1 (5.22)
0572 ), (IV (uo,j+¢)|"—1) dz < 105,72 Q(V(uo,jerk))qu < C+1 forallkeN,

and with the elementary inequality % < v/2 — 1, we then arrive at

(5.23) / V(o + op)|?de < 27(Q) +108,5239(C+1)  for all k € N.
Q

Now, for any ¢ € W(l)’max{z’(I} (Q;RY), we have that

| F [uo + »; Q] — Fluo,; + ¢; Q|

(2.12)
<L / (1+ Vol + [Vao | + 2|V (o j + @))7 [V (o — o, )] d
Q

g—1

< Le( [ (4]0l + Vo] + 21V (o + @))7dw) T luo o llwroen
Q

1 q—1
< LF(X"(Q)Q + [[Vuo|lLaa) + [Vuo jllLe) + 2[IV (uo,; + <P)||Lq(sz)>

X [lug — uo,;

lwiaQ)

(5.11) s B
< Lp(ZL™ ()7 +2M + 2|V (uoj + ¢)llLa(e) ™ luo — uo jllwra(e)-

In turn, we obtain

inf F—; Q] < Flup + ¢; Q)
Wl (RN)

< (Fluo + ¢; Q) — Flug; + 0; Q) + Flug ; + ¢; Q]
< Lp(L™ Q)7 +2M +2[|V(uo,j + @) [[Lac) ™ luo — uo,jllwia)
+ ﬁ’[uo,j + ¢; Q]

(5.24)

Applying the preceding chain of inequalities to ¢ = ¢y for k € N as fixed above and recalling
that F' < F};, we therefore arrive at

. n e L _
Wl’(}(an‘RN)y[ﬁQ] < Lp(ZL" ()7 +2M +2(|V(uo,; + ¢k)|lLae))? Huo — o j|lwra )
uQ 3
+ Fjluo; + or; Q]

(5.23) (

1\9-1
< Lp(32™Q)t +2M + 2(108;5%3(C + 1)) ) l[uo — o 5]lwra(a)

+ Fjluog + or; Q-
Since the first term on the right-hand side is bounded by ﬁ due to (5.13) (see Iig-l)) and the

second term converges to infp ; 7;[—; 2] according to (5.21), we infer from v; € D; (see (5.14))
that

525 inf  F[— Q] < = +inf F[—Q
(525) W (URN) =9 5052 o, =59
1 _
SWWLﬁj[”j;Q]
1 -
< 5ogz T (il = Filoy ) + Fjlog; O = 1 + 10 + 1L

Let us now consider the single terms separately. For II;, we have

~ 1 -
1L < [ IF(V) ~ F(Toplde + g [ (V0= (Vo) da
Q 105552 Jo

(2.12),(5.6) L - _ ~
S ( F+Wj]2) /{2(1+|ij|+|ij|)‘1 1|ij—ij|dx
L 1 ~ -1 ~
= (LF * 1053-3‘2)(3"(9)‘1 +IVjllLae) + IV ujlluae) ™ o = Bllwoo
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_ (3)
(5.15), see K Lq

neon L 1 g1 ~
< (LF‘Fw) (3 ()7 + +2HVUJHLQ(Q)) lv; —vjllwra)

507 5052
(5.15), see 552) 1
< — .
- 5052
On the other hand, we have
1 (4.12),(5.3) 1
<

- < inf Fl— 9+ —.
1052 W (URN) =9 55°

Combining the previous estimates with (5.25), we arrive at

inf F[—;Q <

+inf F5[-50)

WhI(QRN) ~ 5052
(5'27) 1 7 (5.25)—(5.26) ¢ 7 0 1
< 1 . —_
= 5052 L - Wb}fl(%;RN) = 45%
which clearly implies the claims (5.19) and (5.20). O

We now introduce a second stabilized integrand via

(5.28) Gi(2) = Fj(2) + (1+2)*)  forall z € RV*™,

2A2

where A; is defined in terms of v; as
Aj=1+ / (1 +|Vy;[?) da
Q
This, in turn, gives rise to the following functional on W_l’l(Q; RN):

/Gj(Vv)dx ifve®y,
Q
ifve W HHQRY)\ D,

(5.29)

Towards the application of the Ekeland variational principle, we require the following lemma.

Lemma 5.3 (Lower semicontinuity). For each j € N, ¥;[—; Q)] is lower semicontinuous with
respect to the norm topology on W_l’l(Q;RN).

Proof. Let w,wy,wy,... € W RY) be such that w; — w as j — oo with respect to
|- [[w-11(q)- It is no loss of generality to assume that liminfy . &;[wy; 2] < oo. Moreover,
passing to a suitable non-relabelled subsequence, we may further suppose that the liminf is
a limit indeed, and that w, € ©; for all £ € N. Since G; has max{2, g}-growth from below
at infinity, see (5.10) and (5.28), it follows by Poincaré’s inequality that (wg) is bounded in
whmax{2.ak (. RN) By the Rellich-Kondrachov theorem, there exists a subsequence (wy,) of
(wy) and some @ € W24 (Q: RN) such that wy,, — @ weakly in WHm@{2a (. RN,
whereby w € ®; too, and wy, — W strongly in Lrad2al (. RN). Since L3 (Q: RY) —
W HH(Q;RY), we have wy, — @ in W™ RY) and so w = @ by uniqueness of limits.
Therefore, classical lower semicontinuity results on convex functionals with max{2, ¢}-growth
(see, e.g., [Giu03, Thm. 5.7]) imply that

Y [w; Q] = 9;[w; Q) TED; G (Vw)dz < hmmf/ G;(Vwy,)dz = hkminf«(fj[wk;ﬂ].
1—> 00 — 00
This completes the proof. 0
To proceed, we record that
" (5.28) 1 _ (5.20) 1 '
gj[vj;Q] < g—"_‘/J[UJ?Q] < F"‘%lfyj[—,g]
5.30 j
( ) F;<G; 1 (5.29) i

< gt ke gl0)
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and ¥;[—; Q] # oo on WL RN). In particular, all hypotheses of the Ekeland variational
principle from Lemma 2.10 are satisfied. Hence, we obtain an element u; € W~ (Q; RY) with

~ 1
(5.31) wj — Vjllw-11(q) < I
and
1
(5.32) G[u;; Q) < Gi[w; Q] + ;Hw —ujllw-r1(q) for all w € Wb RY).

Applying the latter inequality to w = v;, we find that

(5.32) 1.
Glu; Q) < gj[vj;QH}HUj—uijfl»l(Q)

(5:31) 1 (28) 2
(5.33) < Yi[v5; 9] + @ = Flv; Q] + 7
(5.20) (5.19) 4
< inf 70+ 5 < inf  F[— Q]+ .
9; J W (RN) J

In particular, we have ¥;[u;; ] < oo, and so u; € ©; by the very definition of ¢;[—;]. For
future reference, we record the following consequence of the above construction:

Proposition 5.4. Let F' € C'(RV*™) satisfy (1.1) with 1 < q < oo, and let (u;) be the sequence
constructed above. Then the following statements hold:

(a) Uniform L'-bound. With v > 0 as in (1.1), we have

1,4
(5.34) IV |10 < (—+ inf y‘[ﬁm) for allj € N.

=y \2 T wiaamy)

(b) Convergence. A (non-relabelled) subsequence (u;) converges in the weak*-sense on
BV(;RYN) to the relazed minimizer u € BV(Q;RY) as fized at the beginning of the
present Subsection 5.1. Moreover, we have

; Ty O] — ; F_.0] — ; ZE 0 — FF [
(5.35) jlggo Yjlu;; W%;(rgw)/[ ; Q] Bvr(r;;%N)Juo[ Q) =7, [u;
and
(5.36) lims ( ! /<v Yo da + L /(1+\v |2)d> 0
. 1m su — U5 T — U4 X = U.
]_>00p 1OSj]2 Q 77q 2Aj]2 Q J

(¢) Perturbed Euler-Lagrange inequality. For any j € N, we have

(5.37) /Q (VG;(Vuy), Vo) do

1
S ;”SOHW_Ll(Q) for all o € Whmax{2a}h (. RN,

Proof. On (a). Based on the estimate F' < F; < G, the estimate (5.34) follows by combining
(1.1) with (5.33). This establishes (a).
On (b). We recall that u; € ©; for all j € N. Therefore, Poincaré’s inequality gives us

il ) < llug —wollL@) + lluo, il (@)
< || V(uj = uo )l + [wojllui) < clluojllwii) + el Vsl ),

where ¢ > 1 is independent of j € N. By (5.11), the first term is uniformly bounded in j € N.
By (a), we thus conclude that (u;) is bounded in W' (Q; RY). On the one hand, by the wealc*-
compactness theorem on BV, there exists v € BV(Q; RY) such that, for some non-relabelled
subsequence, u; 5 v in BV(Q;RY) as j — oo; in particular, u; — v in W hH(Q;RN). On
the other hand, (5.2), (5.15) and (5.31) imply that u; — u in W~ "' (Q; RN). By uniqueness of
limits in W51 (Q; RY), we deduce that u = v, and the first claim of (b) follows. Turning to
(5.35) and recalling Theorem 4.4, we only have to prove the first equality. The estimate (5.33)
implies <’ in (5.35). Moreover,
it F0] 2 L im0 2 L bt L g0
| A A AR R

WL (RN) J
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from where the first equality of (5.35) follows. For (5.36), we first note that the inequalities

W(z),l < F;(z) < Gj(#), (5.5) and the estimate (5.33) in conjunction with the bound (5.18)
give us for j > 2:
1
[Vu;|?dz < Z™(Q) + 7/ Vu;),dz
[ v '+ r o (T
105,52

< Z™(Q) + 108;5237(C+ 1).

To proceed, we employ (5.24) with the choice ¢ = u; — u, 0, and so derive from the previous
estimate for j > 2:

inf  F[—; Q]
Wi (GRN)

1 _
< Lp(L™(0)7 +2M 4 2| Vugllnao) ™ Hluo — vo,jllwiao) + F [us; €

1\9-1
<Lp (32]“(9)5 +2M +2(108,5239(C + 1)) ) o — uo,j

lwt.aqq) + F uy; Q)

(5.13), see Ng_l) 1 _ Q F<G; 1 g 0 (5.35) f F[—-Q
< —— + Flu;; — ifus; Q) — i —3 34
> 50j2 + [Ujv ] = 50j2 + J[u]a } W}L’gl&;RN) [ ’ ]

By the very definition of Gj, this clearly implies (5.36).
On (c). Consider ¢ € WEm{2a} (. RN) and let 0 < & < 1 be arbitrary. Testing the
inequality (5.32) with w = u; £ ¢ and dividing by €, we arrive at

1

2 [ (@309 % 20) — 65(Vu) ao] < S ol sace

(5.38) -

Since G; has max{2, ¢}-growth from above and below, Lemma 2.11 implies the existence of a
constant L(j) > 0 such that

]. . max —
g|Gj(V(Uj +ep)) — G;(Vuy)| < L) (1 4 2|Vuy| + |V a2 -1 vy

holds Z"™-a.e. in Q. By Hoélder’s inequality and uj, ¢ € whmax{2.al (. RN the function on
the right-hand side of the previous inequality belongs to L'(£2). Sending ¢ \, 0 in (5.38) then
yields (5.37) by dominated convergence. The proof is complete. U

Some remarks on the above strategy are in order.

Remark 5.5 (Comparison of the above strategy with standard linear growth). Compared
with previous contributions in the purely linear growth context, the much more intricate overall
structure of the above approximation is due to (5.24)ff.. It is here where we link the infima of the
original problem and the approximate problems; in particular, the set-up has to be sufficiently
robust in order to not create relaxation gaps during this process. By way of comparison, we
sketch one key point and briefly recall the analogous situation in the standard linear growth case.
Here, ¢ = 1, and so F' is Lipschitz continuous by Lemma 2.11. Based on suitable regularizations
ug j of the boundary values, one obtains for ¢ € W' (; RY) that
inf  F[—Q] < (Fluo+¢; Q) — Flug,; + ¢; Q) + Flug,; + ¢; Q)
Wiy (RN)
(5.39) < Lip(F)|[uo — uo,j|lwr1 () + F[uo,; + ;Y
2
where the ultimate inequality follows by construction (see [BS13, Sec. 5] or [Gme20, Sec. 4]).
Subsequently infimizing the right-hand side of (5.39) over ¢ € W§' (Q; RY) then yields

2
inf Z[—;Q] <
Wy (RN) J uo,;+Wot (;RN)
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and so the Lipschitz property of F' implies that ¢ has no additional impact beyond entering
the controllable functional. If we try to argue analogously in the present situation of growth
assumption (1.1) with ¢ > 1, we obtain

4 _
(5.40) inf  F10] < 5+ Vol o — vallwra + Fluo + 419

Wad (RN
by a suitable adjustment of the constants. Again, we wish to infimize over ¢, finally aiming
to obtain infuw +Wh(QRN) F[—; Q] on the right-hand side, which is crucial for our approach.
During this infimization process, it might happen that ||V ¢||re(q) blows up (recall that we only
have (1.1) with ¢ > 1), in which case the comparability assertions from Lemma 5.2 get lost; in
the situation of (1.1), the corresponding functionals only provide us with L'-bounds on Ve,
and the latter is not sufficient to get quantitative bounds on ||[Vl|re(q) as appearing in (5.40).
In particular, the resulting inequality turns out useless. To repair this shortcoming, it is nec-
essary to get some quantitative handling on the blow-up for minimizing sequences. Therefore,
they have to be enforced. On the other hand, by non-uniqueness of relaxed minimizers, an
Ekeland-type approximation is necessary here; despite being finely adjusted, precursors thereof
as developed in [BEG24, BS13, GK19b, Gme20] in the purely linear growth context do not suf-
fice here, see (5.39)—(5.40). In this sense, the superlinear growth from above and non-uniqueness
can be understood as two effects which are even more coupled than in the linear growth case
q = 1. Proposition 5.4 in turn asserts that both effects can be handled simultaneously in a form
that it is amenable to the gradient estimates to be established in Section 5.2ff. below.

Remark 5.6 (One versus two stabilizations). The second stabilization (5.28) is only required
when ¢ < 2, and primarily serves as a tool in obtaining (non-uniform) Wiﬁ(ﬂ; RN )-estimates
in the following subsection. Since our main result, Theorem 1.1, also covers the case 1 < ¢ < 2,
the passage to G is important indeed.

Remark 5.7 (¢ = 1 versus ¢ > 1). From a technical perspective, working solely with the
LSM-extension (1.3) also comes with simplifications in the more classical case ¢ = 1, where all
previous contributions stick to the integral representation throughout. In this situation, one
usually starts an Ekeland approximation scheme by finding a sequence (v;) in W' (Q; RY) such
that v; — u area-strictly on BV (€2; RM); see, e.g., [BS13, Gme20]. This particularly implies that
?ZO [vj; Q] — ?ZO [u; Q] by the continuity part of Reshetnyak’s theorem. In the case ¢ > 1, the
latter is not available, see Remark 2.7 and Example 2.9, but (5.2) shows that this not required
for ¢ = 1 either when working with (1.3) instead.

5.2. A Caccioppoli-type inequality. We now record a Caccioppoli-type inequality for the
Ekeland-type sequence constructed in the previous subsection, see Proposition 5.9 below. To
this end, we require a (non-uniform) local regularity result for its single members. Because
of the non-standard growth bound (1.1) and the fact that Lemma 2.10 only provides us with
an Euler-Lagrange-inequality rather than an equation, we include the proof for the reader’s
convenience:

Lemma 5.8 (Non-uniform higher local regularity). Let F € C*(RN*") satisfy (1.1) with some
q > 1, and suppose that there exists a constant A > 0 such that

(5.41) 0 < (VEF(2)€,8) <A+ |2[)T [¢*  for all 2,6 € RVN*™,
Then the Ekeland-type vanishing viscosity sequence (u;) from Section 5.1 satisfies
(5.42) €W RY) and (V2G5(Vu,)3Vuy, 9 Vu;) € L ()

for all £ € {1,...,n} and all j € N. In particular, VG;(Vu;) € W'

loc

(Q;RN*") for all j € N.

Proof. We start by noting that, because of (5.41) and the definition of G, (see (5.10) and
(5.28)), we have that

(5.43) (1 +[2) e < (V2G5 (2)E,€) < Aj(1+|27) €12

for all z,& € RV*" where 0 < Aj < Aj < oo are constants. Indeed, the upper bound in
(5.43) follows directly from the definition of G; together with (5.7). For the lower bound we

mdx{q 2}— mdx{q 2}-2
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distinguish the cases 1 < ¢ < 2 and g > 2. For ¢ < 2, the lower bound in (5.43) is a consequence
of the convexity of F; and of the quadratic stabilization in G;. For ¢ > 2, we use (5.8) in the
form

(V2G5 (2)6,€) = ¢ 1+ 12T (1 +12) 7 + (1= 1+ =) 7)) [gP

for some ¢; > 0 together with the observation inf;>; (t*77+4 (1 —¢1)?71) > 0. Now let x € Q.
We choose 0 < 7 < %dist(a:o, 09), and let n € C°(£2;[0,1]) be such that 1 (5,) <7 < 1p,, (20)
and [Vny| < 4. For all sufficiently small A > 0 and every ¢ € {1,...,n}, the choice ¢ =
Ay (P Agpuy) € wimax{2.a} (). RNY is admissible in (5.37). The integration by parts formula
for finite difference quotients then yields

(5.44) /Q (Do n VG, (Vuy), V(2 Agpuy)) de

1
< ;HvujllLl(Q)a

where we have used (2.5) for the ||-[|w-1.1(o)-term on the right-hand side of (5.37) in conjunction
with the standard L!-estimate of finite difference quotients of a function via its gradient. Next,
for #"-a.e. ¥ € Ba,(0), we define an elliptic bilinear form B, p, , on (RV*")2 by

1
Bjonz[€1,€2] = </0 (V2G;)(Vuj(x) + thAe pVu,(x))é dt,§2> for all £;,& € RV*™,

From [Cam82, Lem. 2.VI], we deduce that there exists a constant Xq > 0 such that

max{q,2}—2
2

1
)\q(1+|z|2+|z’|2)“X{q2’2} : g/ (14|t —1)z+t)?) dt  forall z,2' € RV*™,
0

In combination with the lower bound in (5.43), we then find

~ max{g,2}~2

(5.45) AiAg(1+ [V (@) + [V (z + he) )™ 2 [€]> <Bjenalé: €,

while the upper bound in (5.43) trivially implies the existence of some A, > 0 such that
max{q,2} -

(5.46) Bjonxl€ €] < Nj(1+ |V (2)]? + [V ( + heg)[2) =55 [¢]?,

for #m-ae. x € Bar(x0) and all £ € RV*". Rewriting the left-hand side of (5.44) by use of
B ¢h,e, we find via (5.45), (5.46) and the application of Young’s inequality (with an absorption
argument) to the bilinear forms B; ¢ 1, »:

max{q,2} —2

/\jXq/ ( )(1 + |VU]‘|2 + |VUJ( + h@g)‘Z) 2 |Ag7hvuj'|2 dx
B, (zo
< / Bj e n, [MAen Vg, Ao Vu,] dz
Bar (o)

2
< 4/ Bjen, [M(Agnus) @ V1, m(Agpuy) @ Vil de + ;Hvuj”Ll(Q)
B2 (z0)

max{q,2} —2
max{q,2} max{q,2}

(/ (1 + |V, > + |Vui(- + hep)|?) ™ 2 dx) X
B2 (20)

- 644’

72

max{q,2} m 2
x | A nuy] iz + = IVl -
Bzr,»(wo) .]

Since u; € Wl’max{Q’q}(Q;]RN ), the right-hand side of the previous chain of inequalities is
uniformly bounded in |h| < 1. By arbitrariness of g and ¢ € {1,...,n}, this implies that
u; € Wfoi (€;RY) as claimed. In consequence, passing to a suitable subsequence in h, we may
assume that Ay Vu,; — 9, Vu,; Z"-a.e. in B, (x¢). Hence, Fatou’s lemma gives us

max{q,2}—2

/ (1 + |Vuy,?) 2 10, Vu;|? do < oo,
BT(IO)

and this implies then the second claim in (5.42) in view of (5.43). Lastly, since |VG;(z)| <
(14 |z|maxta2}=1) it follows that VG (Vu;) € Li,.(Q; RN *™). Moreover, by the upper bound
in (5.43) and by Hélder’s inequality, we have for any compact subset K C Q:

/ (VG (V)| da = / VG, (Vuy) (0 Vuy)| de
K K
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max{q,2} —2

gAj/ (14 [V [2) ™52 19,Vu, | de
K

SAJ</ (1+|Vuj‘ )max(q .2} — 2,|8¢Vuj| dl‘) (/ (1+|V’U/J| )max{q 23— 2dx) 7
K

and the ultimate expression is finite due to (5.42) and u; € whmax{2.at (. RN) - Hence,
VG,;(Vu;) € Wil (Q; RV>*™) and the proof of the lemma is complete. O

loc

We are now ready to state and prove the main result of the present subsection.

Proposition 5.9 (of Caccioppoli-type). Let F' € C*(RN*") satisfy (1.1) and (1.6) with some
q>1 and > 1. Then the following statements hold:

(a) There exists a constant ¢ = c¢(n,N,q) > 0 such that for all j € N, £ € {1,...,n},
€ € RN and all n € WL°(Q) there holds

/ n*(V2F(Vu;)0,Vuj, 0, Vu;)der < 2
Q

/Q<V2F(Vuj)3gVuj, n(Opu; — &) ® V) da

c(1+ )

1052
(5.47) LD (4 wuywn ac
Q

Aj]2

' [ 9Py s
Q

1 n
+ 3”77”%""(9)(HVUJ'HLI(Q) + 2" (Q)€]).
(b) There exists a constant ¢ = c¢(A\,A,n,N,q) > 0 such that for all j € N and all n €
WL(Q) there holds
(5.48)

|84Vu]| </ 2\4 2
dz <c 14 |Vu;|)2|Vnl*dx
Z/ Vo [+ 90, )t v
bVl =y [ 1905 e + S0l Tl )
Ajj Q J

Proof. On (a). Let j € Nand £ € {1,...,n}. Since we have VG;(Vu;) € Wil (Q; RVN*") by

loc

Lemma 5.8, we obtain for any 1 € C2°(£; RY) by an integration by parts that

/<v2Gj(vuj)aNuj,v¢> dz
Q

— ’ /Q (VG;(Vuy), Vo) dx

(5.37

)1 (2.4) 1
< }||851/)||W71,1(Q) < 3||¢”L1(Q)

(5.49)

Recalling Vu; € (Wllog NLY)(Q;RY*") and the weighted estimate underlying (5.42), we find
via (5.43) and smooth approximation that

(5.50)

/ (V3G (Vu;)0Vu,, Vib) dz| <
Q

1

S|l for allp € Wimaxie2h (RN,
@) c

J

In order to justify the use of specific test functions for the derivation of the desired Caccioppoli-
type inequalities, we let 7 € W°°(Q) and ¢ € RN be arbitrary. We choose a sequence (h;) in
(0,1) with h; N\, 0 and the following properties:

0> (Agp,u; — &) — nz(aguj -9) strongly in Lmax{q’Q}(spt(n); ]RN)
V(r]Q(AULiuj &) — V(nz(aguj —&) F"-ae. in O.

xnax{q 21—

(5.51)

Put p = (1 + |Vu,|?) 2N spt(n) and consider the following functional on the asso-
ciated weighted Lebesgue space LM(Q, RN xn);

[1]

(w) = / (V2G;(Vu;)0Vuj, w)dz for all w € Li(Q;RNX”).
pt(n)
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Because of (5.42), the growth bound (5.43) and the Cauchy—Schwarz inequality, it follows that
e LZ(Q; RN>") Moreover, it follows from the proof of Lemma 5.8 that
sup IV (7 (Aepiy — €))Lz @) < oo,

1€
whereby the Banach—Alaoglu—Bourbaki theorem implies the existence of some w € Li (; RN xn)
such that, for a non-relabelled subsequence,

(5.52) V(n*(Agnuj —€) = w  weakly in L7 (Q; RV*™).

Since max{gq,2} > 2, we then deduce w = V(n?(dpu; — £)) from (5.51),, (5.52) and Lemma 2.3.
Based on = € Li(Q;RNX")’7 we find that

/QWZGJ(VUJ)@N% V(*(8pu; — €))) da

= lim [ (V?G;(Vu;)0,Vu;,V(n*(Agpu; — €))) da

1—00 Q
G50 1,
< lim ;H?? (Agnuj =)l

(5.51

i—00

), 1
3“772(5’5%' =l @),

where we have used that n?(Agp,u; — &) € wimada.2} (. RNY is admissible in (5.50). Writing
out the definition of G, this gives us

1
/ n?(V2E(Vu;)0,Vuj, 0Vu;) do + ——— / n?(V3(Vu;) 00 Vuj, 0,Vu;) do
Q 108552 Ja

1 2 2
- 124
+ 24,7 /Qn |0¢Vu;|° de

<2 /(VQF(Vuj)agVuj,n(aguj - @V de
Q

+

59,52 /977<V2<Vuj>q85Vuj, (Oruj; — &) @ Vi) do
J

2 1
+ 72/ n{(0¢Vuj, (Opu; — &) © Vi) dz + = [0 (Opuj — &)L (o)-
We organise the preceding inequality as
(5.53) I+II+ 1T <IV+V+ VI+ VIL

We start by considering V and VI. Recalling that (-), is convex and of class C?, we may apply
Young’s inequality £™-a.e. to the positive definite bilinear forms

(21,22) — <V2<Vv>qzl, zo) + (21, 22) for all z1, zo € RV*"

and absorb all second derivatives quantities in V and VI into IT and III. Since the resulting
terms on the left-hand side are non-negative, we may ignore them in the sequel. The remaining
first order terms V and VI emerging from Young’s inequality can be estimated as follows:

- B ¢ 2222 292
V4+VI < 10Sjj2/9(1+|Vuj| ) 2 [(Opuy — &7 |Vn|” dx
&
g [ 10 =PIV ds
jJ1° Jo
(5.54) (1+€?)
C 2\ 2 2
P i Y ) 14} 2
g (L 1V )V s
C(1+|5|2)/ 2 2
R S R4 1+ |Vu,|?)|Vn|®de.
1,72 Q( [V *) [V

Finally, we have
1
VILS =l o (Vi e o + 27 (D))

Putting these estimates together, we then infer (5.47) from (5.53). The assertion of (b) can be
obtained from the statement in (a) by setting £ = 0, applying the Cauchy—Schwarz and Young
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inequality, absorbing all second order quantities into the left-hand side and using (1.6). This
completes the proof. O

Remark 5.10. The preceding lemma is formulated in a way such that it is simultaneously ap-
plicable in the cases ¢ > 2 and 1 < ¢ < 2. However, if 1 < ¢ < 2, then the above proof simplifies
considerably: In this case, Lemma 5.8 directly implies that VG,;(Vu;) € Wllof (; RN*"). Thus,

in this case, we may use ¢ = n?(dpu; — &) as an admissible test function in (5.49), without the
approximation argument via finite difference quotients.

5.3. Uniform bounds and higher gradient integrability. We now establish the higher
integrability assertions from Theorem 1.1. In order to maintain the linear structure of the
proof and to avoid forward references, we firstly provide a variant of Theorem 1.1 that avoids
the appearance of Vu on the right-hand sides of (1.9)—(1.11). The latter shall be a consequence
of stronger assertions on the convergence of the weak gradients, see Section 5.4 below.

Proposition 5.11 (Higher gradient integrability). In the situation of Theorem 1.1, let u €
BV(Q;RY) be a relazed minimizer of F subject to the Dirichlet datum ug € WHI(Q;RN).
Then we have u € Wl’l(Q;RN), and there exists a constant ¢ = c(v, T, A\, A,n,q,1u) > 0 and an
ezponent d = d(n, i, q) € [1,00) such that the Ekeland-type approzimation sequence (uj) from
Section 5.1 satisfies the following estimates for all balls Br(xo) € Q:

(a) If1§u<1+% and n > 3, then
n—2 4
(2=wn 2=pn .
|Vu| =2 dx <climsup 1+ |Vu;| do < 00.
Br/2(zo0) Jj—roo Br(zo)
(b) If 1 <p<2andn=2, then

1 d
2—p||2—n : .
H |VU‘ ||eXPL1(BR/2(£UO)) < ¢ limsup (1 + (]][33(,%) |VUJ| dx) ) =00

j—o0

(¢) If n =2 and p = 2, then we have for every 1 <t < co that

1 d
<][ |Vu|tdx> < lim sup exp (ct (1 + <][ |V, dx) )) < 00.
Bry2(zo0) J—ro0 Br(zo)

Proof of Proposition 5.11 (a) and (b). Let u € BV(€;R"Y) be a relaxed minimizer as in the
proposition, and let (u;) be the Ekeland-type approximation sequence constructed in Sec-
tion 5.1. Moreover, let Bg = Bgr(zg) € Q be an open ball. We now divide the proof of
this part into four steps.

Step 1. V-function estimates. Recalling that p < 2, we introduce the auxiliary function

(5.55) Vi RV S RV with V(2) = (1+[2°)" %2z forall z € RVN*"

(see [CFM98]) and collect some preliminary observations: First, a direct computation yields
that

n

(5.56) IV(Vu(Vw)? < 1+ [Vw|?) ™2 Y [0, Vw]*  for all w € Wh2(Q;RY).

loc
(=1

We next record that V, is a diffeomorphism on RY*™ Indeed, the continuity is obvious and
we can write for all z £ 0

(5.57) V,(2) = fﬂ(|z\)é with  fu(s) = (1+52) %s.

A direct computation yields f/,(s) = (1 + 32)_4%“(1 +s?(1—4)) > 0 and thus the claim easily
follows from lim,_, o fu(s) = 0o because of i < 2. Finally, we observe that

2—p

(5.58) (14227 = 1< [Vu(2)| < |2| 7" for all z € RN*™,
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Combining (5.56) and (5.48), we obtain

[PV P e ([ a4 viPenta
(5.59) @ Br

1 1
— |V 200 \V4 ‘2d V.
+ ol Tl [ [V de+ 21V e

for any n € W->(Q) with 0 < < 1g,,, with a constant ¢ > 0 which is independent of j € N
and 7. Now, because of p € [1,2), the following exponents are well-defined:

5 2”—71 if n >4,
(5.60) p=s—, Q=CQ€ (3=

2—p 3uq’
00 ifn=2.

o0) arbitrary if n =3,

The assumption pu € [1,2) ensures that p € [2,00). Next, we observe that pg < Q. The case
n = 2 is obvious. If n = 3, we first note that (1.8) gives us 3—p—¢ > 0. Then, due to u € [1,2),
the inequality pg < @ follows from

2—pu—q(3—p— -1 —2) w2l —1)2
Q—pg>22t 4B—p—a) _,a-Dlptg=2)rzt, (-1 > 0.
B—p—a)(2-p) B—p—aq)(2—p) B-p—aq)2-p)
Lastly, for n > 4, we first notice (2 — p — ¢)(n — 1) > —2 from (1.8), which then yields
2(n—1) 2q 72(n—1)(27u—q)+2q 59 -2+ 2¢
n-3 2-p (n=3)2-p) (n=3)2—p) —
We fix j € N. We then use p < pg < Q, (5.58) in the form (1 4 |2[2)2 < (1 4 |[V,.(2)|)? and
Hélder’s inequality to obtain for the first term on the right-hand side of (5.59)

Q—pqg=

q 2
(5.61) /B(1+|VUj|2)2|V77|2d1‘§||(1+\Vu(VUj)I)lvn\m\\ﬁiq(BR)
R

< (10 + Va(Vu)) Va7 | ) |+ [Va (V) D IVRIP Lo g ,0) ™

where

=

1—-6 6 1 1-
+ == — and thus 0=
P Q g 1-

(5.62)

Qs

For future reference, we note that our assumption (1.8) and the choice (5.60) imply that
(5.63) Ogp < 2 provided that n > 3.

Indeed, for n > 4 we have

3 2
qg—1 qg—1 1—(@=1) 2+ —q—p s
2 — qu =2 j =2 — 2 _n-3 = 2= _ _n-3 = 2_2 — -3 > 0.
P Q 2 2(n—1) 2 2(n—1) 2 2(n—1)

If n = 3, a similar computation shows that @ € (
o (5.63) too.

Step 2. Good cut-offs. Appealing to Lemma 3.1, which fixes the constants ~1, 72 according
0 (3.3), we find for all radii £ < p < o < R a function n € W™ (Bgr) satisfying (3.1) with
a = % such that

372?,00) andq+u<3:2+372100mbine

2 (3.2) 1 2 Vv Vu 2
(5:60) [0+ VT ITnlF lnogn < clo - oyt (rimm/s T8 e v

(0—p)*
L Ra/p L+ |Vﬂ(vuj)|)||Lp(B,,\Bp))
T
(c—p)>
in the case n > 3, and
34 1+ Vi (Vuy))llee
(5:65) 11+ Vu(Tu) DIVl oy < el - py 7 (1o LIV Do o 5,

(0 —=p)¥
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_p_
N+ VAT, V10 L (Tu) 757 iy
(0= p)7iz
in the case n = 2. In the following, we fix this choice of 7. We stress that the constant ¢ > 0 is

independent of 7 € N and we proceed to distinguish the cases n > 3 and n = 2.
Step 3. Proof of assertion (a). If n > 3, we combine (5.59), (5.61) and (5.64) to find
1-6
o IV (Va1 + Vi (V) Dy

9V, (V) 2, < e RO L4(B,) b )

(0. p)2+pq9(***)
O T DI
(o — p)2+pq0(***)
+ A]j(/ |V, |* do + *||V“J||L1(Q)

Recalling that Opg < 2 from (5.63), we thus obtain by use of Young’s inequality:

2(1—0)gp

—0pq

s L+ Vi (V)
(a— )(2+pq0(2 &) =g

IVVu(Vui) iz, < HV( W(Vup)|2a g,y +c RO 226

10+ VT .
(U p)2+:0q9(***)

5 | 1V o+ <190 e

+cR240

+ e —
AJ] (
We then apply Lemma 2.12 to conclude

— _n 2(1—-0)gp
IV(Vu(Vup)liiam,,,) < cR" 2((3 P[|(1+ [Va(Vuy) e @ry) 2
+ (R )1+ [V (V) ) )
1 ) 1
(5.66) +C(W/Qvuj| dm+3||VujHL1(Q)).

Indeed, the correct scaling in R follows by an elementary computation using the definition of
Y1, Y2, see (3.3), and (5.62) in the form

(=)~ (o~ ) e

(3.3) 2 ( Opq 0 1—-6
= 0pqg —n—= +npq~ *2+pqn7)
2 —0pq 2 Q p
(5.62) 2 ( Opq
& Opg —n 2L 4 2) _ 9,
5 Opg g —n 5 +n

and similarly

- (“mqf9+2+pq€(1 - %)) +ng=n—2.

As an elementary consequence of (5.58) and the choice p = we have

2 w’
(5.67) IVi(Vu)lEe 5 < VUil @a)-

At this stage, we employ (5.36) from Proposition 5.4 to arrive, in combination with (5.66) and
(5.67), at

(5.68) limsup (7{3 N IV (V. (Vay)) 2 dxf

j—o0

(d=0)q q

ScRHimsup((][ (1+Vuj|)dx) —9pq +<][ (1+|Vuj|)dx> >
Jj—roo Br Br
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For1<u<1+ %, we have ((27;“ 2))" > 1. In combination with Sobolev’s inequality (recall that
p > 2) and the lower bound in (5.58), we thus conclude that

. 2y om n (5.58) ) on o
lim sup ][ |Vu]| 7 w2 dr < 1+ limsup ][ Vi (Vu;)[»=2 dz
j—00 Br/s Jj—oo Br/2

(5.69) 1
§1+c%32p((imJKAVW”mM)p+R<émJVWMVWDF¢Q )

(5.67), (5.68) 7 = %
< ¢ lim sup (1 + (][ |V, dx) + <][ [V, dx> + (][ |V, dx) )
Jj—oo Br Br Br

N

(5.34)
< 00.
Next, define a convex function ¥,: RN*" — R by ¥,(z) = |z| (QT:LZ)", so that its recession
function is given by
0 if z =0,
(5.70) T(2) = ne
+oo ifz#0.

By Proposition 5.4(b), we may assume that u; — u in BV(Q;R") and so Du; = Du in
RMg, (2; RV X"). Hence, by Reshetnyak’s lower semicontinuity theorem (see Proposition 2.6)
applied in the way as displayed in Remark 2.8, we conclude that

dD*%u Rem. 2.8 d(gn? DU)
U, (Vu der][ oo (S 1) g DSy Rem ][ (8= 70 g 1(gn Dy
£ e f (e v g (G de o)

Prop. 2.6 n .
< hminf][ m#(w) d|(£", Duy)|
B /2

it a(Z", Duy)
(5.71)
Rerp. 2.8 li_minf/ U, (Vu;) de
j—o0 Br2

2n

(5.69) 3 S N 2
< c¢limsup (1—|— (][ |Vujdx> + (][ Vuﬂdx) + (][ |Vuj|dx> ) :
Jj—roo Br Br Br

Since the ultimate expression is finite by (5.34), (5.70) implies that D*u = 0 on Bg/,. By
arbitrariness of Br(zg) € {2, we obtain
[E=m

Yn
O RY) € WL RY).

loc

UGW

loc

Note that, alternatively, we can use (5.69) to extract a weakly convergent subsequence in
wWhE=mn/(n=2) (Bry2; RY), identify the limit with the fixed relaxed minimizer u and then take
advantage of the lower semicontinuity of the norm. By definition of ¥, (5.71) yields

n—2
Wn 2—p)n di
(5.72) (7[ |Vu| = = a:) < ¢ limsup (1 + Z (][ |V, dx) ),
Br/2 J—roo Br

=0

where the exponents dg,d;, ds are given by

(1 - 6)pg 6
5.73 dop=1 dg = —"— d do=" =" ——.
( ) 0 5 1 9 _ apq an 2 2 9 _ 1
Note that p > 2, ¢ > 1 and fpq < 2 imply d;,ds > 1. Hence, (5.72) implies the claimed estimate
from (a) with the choice d = max{dy,d;,d2} > 1.
Step 4. Proof of assertion (b). For n = 2 we argue by analogous means as in the case n > 3,
now however combining (5.59), (5.61) and (5.65). In the resulting inequality
ap(p+2—20)

IIV( (Vug))llffz“j3 M@+ IV (Vu)Dli 5)

204gp
2+ p+2

IVV (V) s,) <

(0 —p)
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1@+ V() DI

(7 = )7

2
- - de + =
S Pt et MO R L RIS

+cR7%

the second derivative quantities may be absorbed into the left-hand side provided that (9p <1
To see that the latter inequality is true, note that @ = oo by (5.60) for n = 2, whereby (0.62)
gives us ¢ — 1 = Aq, which in turn yields

_ Opq _ g1 6o, gl d-p-g
p+2 1+ 2 3—p 33— ’
since 4 + ¢ < 4 in the present situation. We may then follow the steps leading to (5.68).

In this way, we first obtain (using ¢ — 1 = f¢ and Young inequality with exponents % and

p+2 — __ p+2 )
p+2—0pq 2+2p—qp

p(2+pq)
1A+ [V (Vi )DIEa )
IV aqs,) < IV (T B, + ¢ adighid

(o’ — p) 2+2p—pgq
N+ Va(Tu) DI s,
(0 —p)tta

/ |Vu1\2dx+f|\wg||m

+cRY”

+ e —
Ajj? (
and then via Lemma 2.12, (5.36) and (5.67)
1
3

lim sup (][ |VV, (V)2 dm)
j—o0 Br/2

(5.36) Pezs ) 2
< cR_llimsup<(][ (1+Vuj|)dx) + (][ (1+|Vuj|)dm> >
Jj—o0 Br Br

Recalling that n = 2 and p < 2 by assumption, we may now argue as for the case n > 3,
replacing (5.68) with (5.74) and using the Moser—Trudinger inequality from [Tru67, Thm. 2] in
the form

(5.74)

2—p (5.58)
HIVE iz S HOFIVaVu) Dl 2,0
(5.75) i 3

< C(fgm(l IV (Vuy)))? dx> "R <]im |V(V#(Vuj))|2dx> ,

where 4 - || Brs) is the scaled version of Orlicz norm associated with the convex function

t — exp(t?) — 1, see Section 2.1. To obtain the estimate in the form as given in Proposi-
tion 5.11(b), we let ®, be the convex function introduced in Section 2.2.5; see also Remark 5.13
below for a discussion. We then fix a particular value of ¢; > 0, see (2.6), such that Lemma 2.4
is available with this choice of ¢;. Based on

T (T A (LT B Pt

(inf{§>0:][ (e () 1 ar 1))
Br/2

= IV,

exp L2(

(5.76)

exle (Bry2)’

a combination of (5.74)—(5.76) with Lemma 2.4 gives us

d;
(5.77) lim sup 4V, HL%(BR ,) < climsup <1 + Z <]{3 [Vl dx) )
R

Jj—o0o j—oo =0
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Here, the limit on the right-hand side of (5.77) is finite by (5.34), and the exponents dg, d1,ds >
1 are now given by

p(2 4 pq)
2(2 4 2p — pq)

To conclude the proof, we address the transfer of (5.77) to w in the requisite form. To this
end, we define ¥, (z) = ®,(|z|) with ®, from (2.6). Based on (5.77) and by passing to a
non-relabelled subsequence if necessary, we may assume that liminf; oV lpe. i, 12) (< o0)

P4 (5.60) g

5.78 do =1 4 = d doy=" —
(5.78) 0=1, 1 and dy == 5

is a limit, and we set [ := limjﬁoo—HVujHL%(BR/Z) for brevity. Let £ > 0 be arbitrary. We then
find jo € N such that j > jo implies -HVUJHL‘I’H(BR/Q) < I+ e. For such j, the definition of the
scaled Luxemburg norm gives us

Vu;
5.79 ][ )\ ) de < 1.
( ) Br/s “(l—i—g)

Clearly, H%EDuj N H%EDU in RMg, (€; RV*™) as a consequence of Proposition 5.4(b). Employ-
ing Reshetnyak’s lower semicontinuity theorem as in (5.71) from above, we find that

Vu 1 dD*%u
U, (—)de+ — ][ U ——) d|D%u
]{33/2 ”(l—i—e) I+e)s,, " (d\D5u|) | |

, (5.79)
§liminf][ \Du(vu])dx < 1.
Jj—o0 BR/2 l + €

(5.80)

Since W7° equally satisfies (5.70), we firstly deduce from (5.80) that D®u =0 on By, and that
HVullLen B, <1+e.

Sending e N\, 0, the definition of I, (5.77) and the second inequality from (2.7) yield (b) with
the choice d = max{dg,d;,d2} > 1. O

Remark 5.12 (On the exponents dj,d2). A direct computation of d; defined in (5.73) and
(5.78) yields

1 2-pm-1)—gn-3)

2—pn-1)B-p—q)—(n-3)
with a small correction in dimension n = 3. In particular, we have that ¢ > 1 implies that
d; > ﬁ = dy. In the case ¢ = 1, we have for all n > 2 that d; = ﬁ = dy (for n > 3 this
follows since @ = 0 in that case, see (5.62)), and the scaling of the right-hand side in (5.72)
coincides with previous findings in the literature for functionals with linear growth; see, e.g.,
[Gme20, Thm 1.1].

d; for n >4 and n = 2,

Remark 5.13 (On the passage to ®, in (5.75)ff.). The passage to the convex function ®,
in (5.75)ff. is primarily motivated by two points. Firstly, if we already knew at (5.75) that
D*u =0 in B/ and Vu; — Vu pointwise £"-a.e. in Bg s, then the equivalence from (5.76)
would allow us to conclude that [Vu;[*™# — |Vu|>™# pointwise Z"-a.e. in Bp/, whereby
the lower bound in the inequality from (b) could be obtained by use of Fatou’s lemma. The
requisite pointwise convergence .Z"-a.e., however, shall only be a consequence of the results
from Section 5.4 below. Hence, to keep the linear structure of the proof and in order to
avoid forward references, we prefer to give a self-contained argument. In view of (5.75) or
(5.76), it is difficult to extract any useful sort of convergence on the sublinear powers |Vu;|*~*
which directly allows us to conclude lower semicontinuity of the corresponding Orlicz norms.
Therefore, we are bound to argue via the weak*-convergence of Radon measures. Since the
latter is compatible with convex functions by Reshetnyak’s theorem, but ¢ — exp(t>~#) — 1 is
not convex, this motivates the detour via the convex function ®, from (2.6).

The remaining case ;4 = n = 2 from Proposition 5.11(c) cannot be accomplished by fully
analogous means. Here, a slightly different V-function is required, and the use of the standard
Sobolev inequality has to be replaced by a variant of the usual Moser—Trudinger inequality:
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Proof of Proposition 5.11(c). Let B = Br(xo) be an open ball and denote by ¢ = ¢(v,T',¢q) > 0
a constant independent of j which might change from place to place. Instead of the function
V,, defined in (5.55), we now work with

(5.81) V(z) =1log((1+|2[>)2)  for all z € RN*2,

By similar computations as in the proof of Theorem 1.1(a), we now derive local L%-bounds on
VV(Vu;). Indeed, a direct computation yields that

Vzw\z
.82 2 < _Vwl?
(5.82) IV(V(Vw))|” < TVl

As a substitute of (5.61), we estimate for an arbitrary j € N:

/ (1+|Vuy|*) 2| Vnf* de =/ exp(V(Vuy)) exp((g — DV (Vuy))|Vn|* dz
Br Br

for all w € W2 (4 RY).

(5.83)
< ( | o+ |Vuj|2>%dx)exp(V(Vumwm e

for any n € W.°°(Q) with 0 < 5 < 1,,. Combining the definition (5.81) of V and Lemma 3.1,
see (3.5), we find for every £ < p < o < R a function n € W™ (Bg) satisfying (3.1) together
with

(5.80) || exp(V (V) [Vl 2T |12,

< clo—p)72 < I3+ Vel HLl(BR))ql (1 + ”va(vuj)”iz(Ba)>q1
- (0 —p)R (0 —p)R

By (1.8), we have 1 < ¢ < 2. Based on (3.1), the estimate (5.48) for p = 2, (5.82) and
Lemma 2.12 yield

/Bm YV (Va)P da < e <<]{3R(1 + Va2t dx) T (]iﬂ(l 4 V) dx>q>

[ 1Vl o+ 2190 o

+ 2R2

As above, see (5.68) and (5.74), we obtain by virtue of Proposition 5.4:
(5.85)

b a
limsup/ IVV(Vuy,;)? dz < climsup (1 + (][ |V, dx) + (][ |V, dx) )
J=00 JBpRya Jj—ro0 Br Br

Moreover, we record that, by elementary properties of the logarithm, we have for all j € N:

(5.86) ]{3 |V(Vuj)|2da;§c][ (1 + |Vay|) de
R/2

Br/2

Our next goal is to control ||Vu;||p: y for every t € [1,00) by means of [|[VV (Vu;)

2
(Br/2 ||L2(BR/2)'
To this end, we use a variation of the classical Moser—Trudinger inequality, namely, the following

scaled version: there exist constants Cyrr > 0 and ¢ > 0 such that

C _ 2
][ exp ( wrlw Q(w)BT| ) dz <c for all non-constant functions w € W%(B,.).
Br ||V’lU||L2 B

Using the trivial inequality w? < 2(w — (w)s, )? + 2(w)3 , we deduce with cyr = $Cyr that

enr|w]? 2 1,2
5.87 ——Jdz < “(B,).
(5.87) ]][3 exp (1 n ||vaL2(B )) x < cexp(Cyur(w)g, ) for all w € WH*(B,)
Next, we obtain by Young’s inequality
21+ [|[VV(Vuyy)|3 ) N2
log((1+ [V, 2)%) = 1V(Vuy) < L Bz ooVl
4CMT 1 + ||VV(Vuj)||L2(BR/2)
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Hence, we have for every t € [1,00) and j € N that

A+ [VV(Vuy)3 ) )2
< exp( /L2 (BR/2) > f exp( emtV (V) 4
Br/2

demT 1+ ||VV(VUj>||iZ(BR/2)

< Bry/2

c exp (
4CMT

(BR/z))>eXp(CMT(V(Vuj))2 ).

Bounding the right-hand side of the previous inequality by use of (5.85) and (5.86), we obtain
for a suitable constant ¢ > 0 independent of ¢ that

2 4
(5.88) limsup][ (1+ |Vuj\2)% dz < ¢ limsup <exp (t2c<1 + Z (][ |V, dx) >)>
Jj—o0 BR/2 Jj—o0 Br

i=0

withdg=1,d; = ﬁ and dy = ¢, and the ultimate expression is clearly finite by (5.34).
Clearly, the above estimate in conjunction with an argument analogous to (5.71)ff. yields

that uw € W' (Q;RY) for all t < oo; moreover, we have the estimate as displayed in Proposi-

loc
tion 5.11(c) with an exponent d = max{do,d1,d2} = 3%, = 1 (recall n = p = 2 and thus ¢ < 2
in this case by (1.8)). This finishes the proof of Proposition 5.11(c). O
Remark 5.14 (Limitations and comparison with (p, ¢)-growth). The reader might notice that
the above proof is primarily centered around the wider range (1.8) of ¢’s to yield uniform bounds
on [[VV,(Vu;)|[rz(s,). This also allows for a wider range of p for a given exponent g. However,
sending ¢ \, 1, it does not improve the range for the classical p-ellipticity (meaning that ¢ = 1).
Indeed, here the above proof yields uniform bounds of integrals of superlinear expressions of
Vujonly if 1 < p <14 % Thus, even though linear growth functionals subject to the classical
p-ellipticity share some resemblance with (p, ¢)-functionals on the level of second derivatives,
this yet shows a fundamental difference to (p,q)-growth functionals in view of regularity. In
particular, aiming for p > 1+ % in view of Sobolev regularity seems to require additional tools.

5.4. Strong convergence, higher derivatives and the proof of Theorem 1.1. We next
address further regularity properties of u and the Ekeland-type approximation sequence (u,);
in particular, we prove the strong convergence u; — u in Wlloi (Q;RY). We start with a second
order regularity result under more restrictive assumptions. To state it conveniently, we put

BV (100 (5R") i= {1 € Wil (URY): Vu € BV o (25R")}.

Proposition 5.15 (Higher derivatives). Let Q C R™ be open and bounded with Lipschitz bound-
ary. Moreover, let F € C*RN*") be a variational integrand with (1.1) and (1.6), where
1< p,q < oo satisfy (1.8) and, in addition,

(5.89) l<p< 2

n—1
Then, for any uy € Wl’q(Q;RN), the following statements hold for any relaxed minimizer
u € BV(Q;RY) of & subject to the Dirichlet datum ug:

(a) u € BVa10c(Q;RY) provided that p = "5 and n > 3,

(b) u e Wil (Q;RN) with t = % € (1,2) provided that p < 5 and n > 3,

(¢) ue W2E(Q;RN) for all t < 2 provided that n = 2.

loc

Moreover, let (u;) be the Ekeland-type vanishing viscosity sequence in Wfoi (Q;RN) constructed

in Section 5.1. Then, for any open set K € (), we have forn =2 orn >3 and p < ;%5 that

(5.90) Vuj —=Vu  in WH(K;RN*™)

_n_
n—17’

with t € (1,2) as above, and, in the case n > 3 with u =

(5.91) Vu; = Vu  in BV(K;RN*™).
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Proof. Let xg € Q and R > 0 be such that 0 < R < %dist(xo, 00). Moreover, let K € 2 be an
arbitrary but fixed relatively compact subset with Bg := Br(zo) € K. For the sequence (u;)

in Wfo’i(Q; RYM) constructed in Section 5.1, we have

< Enifn >3,
(5.92)  |IVullrs k) +sup || Vujllns (k) < (K, s) < oo for any 1 <s n )
JEN < 00 if n =2,
as a consequence of Proposition 5.11 combined with (5.69) for n > 3 and (5.88) for n = 2,
where p = 2 = "5 in the latter case. We put

(2=p)n ifn > 3,
= nTH
€ (1,2) arbitrary  if n = 2.
For n > 3, an elementary computation shows 1 < ¢ < 2 provided that p < -5, with ¢ = 1 if

and only if 4 = 5. Moreover, we have in the case n > 3

pt 12 — pn (2—pn

2—t 2n—p)—2—-pwn  n-—2

By Young’s inequality with exponents 2 and 7%, we find for every n € C2°(Q) and £ € {1,...,n}
that

t |0¢Vu; |2 2—t/ pt
2 t 2 J 2 2
0¢Vu;|" dz < / —dz + 14+ |Vu,|*)2@=9 da.
/77 |00V 2 n 1+ [V 2)% B n( Vs |°)

Recalling (5.36), we may combine the Caccioppoli inequality (5.48) and any n € C°(£2) with
Ip,, <n <1, and [Vn| < 4 to deduce for £ € {1,...,n} that
a 2—p)n
limsup/ |0, Vu;|" dz < climsup (R_2/ (1+ |Vu,;|?)2 da +/ (1+ |Vuy,?) S D dx).
J—>00 BR/2 Jj—»o0 Br Br

With the help of (5.92) and the inequality

(2 — p)n (18) 2 (2 — p)n 2 2 HSEET

RSl Al 24 2 - — —(2—
n—2 < +n—1 H 1 ( ")

(5.93)  q- =

we obtain

j—oo

lim sup/ |V2u;|" dz < .
Br/2

Therefore, passing to a suitable non-relabelled subsequence, the sequence (u;) is uniformly
bounded in W2’t(BR/2;RN). Based on this observation and the arbitrariness of B € K,
the statements (b) and (c¢) follow from standard compactness arguments in reflexive spaces.
Concerning (a), we note that the second total variation is lower semicontinuous with respect to
Li,.-convergence, whereby u € BV, (Br/2; RY) follows in this case, too. The assertions (5.90)
and (5.91) follow from elementary compactness arguments, and the proof is complete. O

1,1

1oe (4 RY) under the more general as-

Next, we establish strong convergence u; — u in W
sumptions of Theorem 1.1.

Proposition 5.16 (Strong convergence of gradients). Consider the situation of Theorem 1.1.
Let (uj) be the Ekeland-type vanishing viscosity sequence in Wfo’i(Q;RN) constructed in Sec-
tion 5.1. Then, for any open set K &€ €, there holds

2—p)n ; >3
(5.94) Vu; = Vu in LS (KRN forany 1 < s <t*:={ "2 ‘ z.fn -

€ (1,00) arbitrary if n = 2.
Proof. Let Br = Br(wo) € Q be an arbitrary ball. We show (5.94) for K = Bg/3, and the
claim follows by the arbitrariness of Bg. Firstly, we consider the case p < 2. In view of (5.68)ff.
for n > 3 and (5.74)ff. for n = 2, we have

limsup ||V, (Vuy) ||W1’2(BR/2) < 0.
j—ro00
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By the Rellich-Kondrachov theorem, this ensures that there exists V € W12 (Bgry2; RN ") and
a (non-relabelled) subsequence such that

V(Vu;) =V Z"-a.e. in Bg/s.
Since V,, is a diffeomorphism, see (5.57), we deduce that
VUJ‘ — Vu_l(V) ,,Sf"—a.e. in BR/Q;

which in turn implies Vu; — Vu_l(V) in Z"-measure on Bg /3. Now let A C Br/o be measur-
able. Based on (5.69) and (5.77), we estimate for an arbitrary 1 < s < t*:

s

sup/ |Vu,;|® de SX"(A)% sup (/ V[t dx) < c.f"(A)t*t: .
A Br/a

jeN jeN

Hence, the sequence (Vu;) is s-equi-integrable in Br/, and from here it follows that (Vuy;)
converges strongly to V,, (V) in L*(Bp/o; RV*"
nation with Vu,; A Du = Vu?™ in RMg, (Br; RYX™) and the uniqueness of weak*-limits, we
have Vu = Vu_l(V). Since these arguments apply to every subsequence of the initial sequence
(uj), the claim (5.94) follows.

In the remaining case n = p = 2, Proposition 5.15 ensures that (Vu,;) is bounded in
Wl’l(B R/Q;]RN *™). Hence, by the Rellich-Kondrachov theorem, there exists a subsequence
that converges almost everywhere. In combination with (5.88), the above argument applies
also in this case and the claim (5.94) follows. This completes the proof. U

) by Vitali’s convergence theorem. In combi-

Based on Proposition 5.16, we are now ready to give the:

Proof of Theorem 1.1. In view of the estimates from Proposition 5.11(a)—(c), the strong con-
vergence Vu; — Vu in Li, . (Q; RY*") from Proposition 5.16 allows us to pass to the limit on
the corresponding right-hand sides. This yields the assertions of Theorem 1.1. U

Remark 5.17. Note that, in the situation of Theorem 1.1, Proposition 5.16 ensures the strong

convergence u; — % in Wll(;Z(Q; RY) in n = 2 and for n > 3 under the additional assumption

(2—p)n
5.95 .
(5.95) ¢<
In view of (5.93), condition (5.95) is automatically satisfied if 4 < —"5. In the case ¢ = 1,

condition (5.95) reduces to the well-known condition p < 1+ %, which is also satisfied in the
situation of Theorem 1.1.

5.5. Euler—Lagrange systems and dimension reduction. A rather direct consequence of
Theorem 1.1 and Proposition 5.15 is the validity of the Euler-Lagrange system for every relaxed
minimizer; a variant thereof, which uses the machinery of Young measures, has been stated in
the unpublished note [KK22] by Koch & Kristensen.

Corollary 5.18 (Local minimality and Euler-Lagrange system). Consider the situation of
Theorem 1.1 where we additionally assume (5.95) provided that n > 3. Then, for any ug €
WY RN), every relazed minimizer u € BV(Q;RY) of .F subject to the Dirichlet datum ug
is a local minimizer of .% in the sense that

(5.96) / F(Vu)dz < / F(Vu+ Vo) dz for all open K € Q and all ¢ € WHI(K;RN).
K K
Moreover, u satisfies the Euler-Lagrange system
(5.97) /kvngu%v¢>¢p:0 for all p € W9 (Q; RN).
Q
Proof. We begin with the proof of (5.96). From (5.35) and F' < G, we deduce for the sequence
(uj) in leoi (;RY) constructed in Section 5.1 that
?ZO [w; Q] = lim Fluy; Q.

J—00
Let ¢ € WX4(K;RY) be given. By the very definition of the relaxation ?ZO [—; 0, we have
T [u+ ;0] <liminf Zlu; + ¢; Q).
J—00
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Clearly, the growth condition in (1.1) ensures that v — % [v, K] is continuous with respect to
strong convergence in W4(K;RY). Hence, Proposition 5.15 together with Remark 5.17 yield

lim Flu;; K] = Zu; K] and lim Flu; + ¢; K] = Flu+ ¢; K.

j—o0 Jj—o0

Combining the previous three displayed limits with the fact that spt(¢) C K, we obtain from
the fact that u is a relaxed minimizer

/FVu F(Vu+Ve)dz = lim (Flu;; Q] — Flu; + ¢; Q)
j—o0

< F w0 = F o [u+ ;9] <0,
96

()
and thus (5.96). Finally, (5.97) follows from (5.96) as in the proof of Proposition 5.4(c). O

With the higher differentiability of relaxed minimizers according to Proposition 5.11, we can
further differentiate the Euler-Lagrange equation (5.97). This will be exploited in the proof of
Theorem 1.2 in Section 6 below.

Corollary 5.19 (Differentiated Euler-Lagrange system). Consider the situation of Theorem 1.1

where we assume in addition that p < 25 provided that n > 3. Then, for any ug €

WH(Q;RY), every relazed minimizer v € BV(Q;RN) of F subject to the Dirichlet datum
ug satisfies the differentiated Euler-Lagrange equation

(5.98) /<V2F(Vu)V85u, Voyde =0 for allp € CO(GRY) and all € € {1,...,n}.
Q

Proof. Let (u;) be the Ekeland-type approximation sequence in VVlOC (;RYN) constructed in
Section 5.1. We deduce from (5.50) that

(5.99) lim [ (V2F(Vu;)0Vu;, Vo)ydr =0  for all p € C(Q;RY).

710 J
Here, we have used that, as a consequence of (5.36) and after an application of the integration
by parts formula, the two terms which stem from the stabilization vanish in the limit. In order
to pass to the limit in the integral on the left-hand side, we first observe that V2F(Vu;) —
V2F(Vu) in L°(K;RYX?) for all s < oo and K € Q. Indeed, (1.6) ensures |V2F(z)| <
c(1 4 |2])272. In the case ¢ < 2, the claim follows directly from (5.94). Moreover, we observe
that ¢ > 2 and assumption (1.8) imply that n = 2, and thus the desired convergences follows
again from (5.94). Clearly, the strong convergence of F(Vu;) in combination with the weak
convergence (5.90) implies that (5.98) follows from (5.99). O

Lastly, we record a dimension reduction result for the singular set of relaxed minimizers. To
this end, we denote the regular set of a minimizer u € BV(Q;RY) of .Z,, [—; Q] by

Reg(u) := {xg € Q: u is of class C"** in an open neighbourhood of z for all 0 < o < 1},
and define the singular set by 3, := Q\ Reg(u). We then have:
Corollary 5.20 (Dimension reduction). Let F € C*(RN*") satisfy (1.1) and (1.6) with

n n
5.100 1 _— d 1< _
( ) <M<n—1 an q< —

Then, for any ug € WH4(Q;RY), the singular set of every relazed minimizer u € BV (€; RN)
of F subject to the Dirichlet datum ug satisfies the Hausdorff dimension bound

dim g (E,) <n-—1.

Proof. We set

1
(5.101) / / ds dt for all z € RN X",
(1 +s2

whereby V is of class C?, strictly convex and satisfies, for some constants c1, ...,cq > 0

(5.102) c1]z)? <V (2) < colz]® if 2| <1 and c3lz| < V(2) < ea(1+|2)).
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In the present situation, (1.6) implies that there exists a constant ¢ > 0 such that F' — ¢V is
convex (and hence, in particular, quasiconvex). Based on (5.100), F' thus satisfies all assump-
tions of [GK24, Thm. 2.1] up to two points: In [GK24, Thm. 2.1], it is required that F' —£(-) is
quasiconvex and that F' € C®(RY*"). From the perspective of partial regularity and because
of (5.102), it is immaterial if we work with (-); instead of V given by (5.101). Secondly, fol-
lowing the discussion after [GK24, Thm. 2.1], we obtain the CY_partial regularity of relaxed
minimizers if F is only of class C2. Moreover, because of (5.100), Theorem 1.1 implies that
Du® =0, and so [GK24, Thm. 2.1] gives us the following characterisation of ¥,,:

Y, =Xlux? = {xo e Q: lim\%lf][ |Vu — (Vu)g, (gq)| dz > 0}
(5.103) Br(z0)

U {9:0 € Q: limsup [(Vu)g, (z0)| = +oo}.
N0

In view of Proposition 5.15, we have that © € BVg 150(€2; RY). The usual Poincaré inequality
on BV then implies for B,.(zg) € Q that

[D?u|(By(0))

rn ’

][ |Vu — (Vu)p, (20| dz < cr
BT(wO)

and so Giusti’s measure density lemma (see e.g. [Bec16, Prop. 1.76], which directly extends to
functions in BV (Q; RY*")), yields that dimy(3,) < n — 1. This completes the proof. O

Remark 5.21. The condition (5.100) is required both for the application of [GK24, Thm. 2.1]
and the higher Sobolev regularity from Proposition 5.15. If ¢ = 1, then partial regularity in
itself holds without any restriction on p (see, e.g., [AG88, GK19a, Gme21]); however, in view
of Remark 5.14, it is then required for higher Sobolev regularity, leading to the estimate for the
Hausdorff dimension of the singular set. For partial regularity in the setting of Corollary 5.20,
the exponent y < - is primarily required to reduce to the more general quasiconvex setting
as assumed in [GK24]. We expect that, for partial regularity for convez problems with (1, ¢)-
growth, a substantially larger range of p and ¢ will work.

6. PROOF OF THEOREM 1.2: CY®_REGULARITY IN TWO DIMENSIONS

We now come to the proof of Theorem 1.2 and base our arguments on the notation and
results of Section 5; recall that now n = 2. In what follows, let u € BV(Q; R") be an arbitrary
but fixed relaxed minimizer, and denote by (u;) the Ekeland-type vanishing viscosity sequence
from Section 5.1. Moreover, we recall from (1.12) that 1 < u < 2 and ¢ > 1 are now such that

(6.1) max{2,q} + 3u < 6,

and that F € C*(RN*") satisfies (1.6) with these choices of p and q. As an elementary
conclusion of (6.1), we record that

=1 2 n
q<6—-3u < 4—p == gtpup<4d=2+4+— and w<2=—:.
n—1 n—1

Hence, both Theorem 1.1(b) and Proposition 5.15(c) apply in this setting. The proof of The-
orem 1.2 is strongly inspired by Bildhauer & Fuchs [BF03, Bil03], where similar results have
been established in the context of (p, g)-growth conditions:

Proof of Theorem 1.2. Let zp € Q, 0 < R < %dist(xo,aﬂ) and £1,& € RYN. Moreover, let
¢ € {1,2}. We pick a smooth cut-off function n € CZ°(€2;[0,1]) such that 1g,,,) < 7 <
Ig,p(z) and [Vn| < %. The starting point for the present proof is the Caccioppoli-type
inequality (5.47) from Proposition 5.9(a). To simplify the following computations, we note that
Proposition 5.4(a) and (b) imply that there exists a sequence (d;) in (0,00) with §; ~\, 0 and
independent of &, such that

/ (V2F(Vu;)0Vuj, 0, Vu,) dx
Br(@o)

(6.2)
< 2‘/ (V2F(Vuj)0eVuj, (Oeu; — &) @ Vn)dz| + 8; (1 + [&[?),
Ar(zo0)
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where Ag(z0) == Bagr(z0) \ Br(2o) as usual. For brevity, we put

Hj}g = \/<V2F(Vuj)8@Vuj, 8@Vu]'>.

Applying the Cauchy—Schwarz inequality pointwisely to the integrands on the right-hand side
of (6.2), we hence obtain by a subsequent use of Holder’s inequality and the estimate |Vn| < %:

/ |Hj7g|2d1‘
Br(zo)

[SE

<2 / H;j o ((V?F(Vu;)((Ogu; — &) ® V), (Bpuj — &) @ Vn)) 2 da
(6,3) ARr(zo)
+6; (1+1¢%)
) 5
with

[NIE

=/ (V2F(T05) (e — ) ), (00 — ) ¥ o )
Ar(zo)N{|Vn|#0}

We now establish the continuity of Vu; to this end, we distinguish the cases 1 < ¢ < 2 and
q > 2.

Case 1 < ¢ < 2. We recall the auxiliary function V,, defined by (5.55). Employing the lower
bound from (1.6), we note that the estimates

100V = (14 |V *) 72|00V )2 (1 + [V, [*) §
(6.4)

u (558) u
SATEH /(14 V)5 < A2 H (Vi (V)| + 1) 77

hold #"-a.e. in Q for £ € {1,2}. Due to q < 2, the upper bound from (1.6) implies that |V?F)|
is bounded by A. Hence, the scaled Sobolev inequality in n = 2 dimensions with the particular
choice of &y == (Opt;) 4 (z,) and Poincaré’s inequality yield

1
2

I< CA% </ |(9[U,j - (6£uj)AR(aro)|2 dI)
Ag(zo0)
(6.5) < CA% / |agvu]-‘ dx
Ar(zo)

(6.4) A L N
= <X) 2 / |Hj7€‘ (|Vu(vu_])| + 1)2‘7“ dz.
Ar(wo)

In combination with (6.3), (6.5) implies that

|H ;e
(6.6) /BR(zw !

2
dwsp( [ gma) [ T )
Ar(zo) Ar(20)

+ 8;(1+ (Do) Ap(ao) ),

where now ¢ = ¢(N, A\, A) > 0. Now let 0 < r < R. By (5.74), the sequence (V,(Vu;)) is uni-
formly bounded in W'?(Ba,(z); RN *2). Thus, by the chain rule, (|V,,(Vu;)| + 1) is uniformly
bounded in W'?(Bay,(z0)) too. At this stage, we note that the assumption max{2, ¢} +3u < 6

ensures 21—Lu € [1,2) in the case 1 < ¢ < 2. Hence, Lemma 2.13 gives for all 2 < p < 0o

c
07 / H? jde < ————— +6;(1 + |(Oruj) 4 2y,
o ey Y= Qg O O AnelD)

where ¢ > 0 only depends on u, \,A, N, R‘l||Vu(Vuj)HL2(B2R(IO)) + IVVL(Vui)IL2(Bar (o)
|1 H;ellL2(Byn(zo) @and is thus independent of 0 < r < R and uniformly bounded in j € N. We
recall that

5 (5:36) 2L o2, |2 - 2
IVVu(Vu))P <7 el +[Vuy[?) 2 (V2> < ey H3,
(=1
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In view of Poincaré’s inequality and (6.7), we deduce that
1

2
2 V)~ GTu e e [ 9T
+{Zo

BT(IU)
(6.8)

2
C

e ——y PN IS R N E )

= Togazm *°% 251 1O )

Combining |V,,(2)| < (1 + \z|2)2%
Va(T03) = (Vi) (o) = Vi V) — (Vu( V), oy strongly in L2(By (o).

Based on the elementary estimate

c (5.3 . 2
O < 5z ( [ 1Vl ) < gy (ie i #a))’
inequality (6.8) then yields in the limit j — oo:

1
— V., (Vu Vu))B, (z de < ——
r2 Brm)' o (98) = V(0o e (logo (2E))»

In consequence, Lemma 2.2 implies that V,(Vu) is locally bounded and continuous in €2. Since
Vi RN*2 5 RN*2 is a homeomorphism (see Step 1 of the proof of Proposition 5.11), the
continuity of Vu follows.

Case g > 2. In the case ¢ > 2, we use the upper bound from (1.6) to find for ¢ € {1,2}

1< VK(/ 1+ |Vu; )= |Vu, — §|2dx> ,
Ar(zo)

where ( = (51 52) € RV*2. In order to estimate the right-hand side from above, we recall
that there exists a constant ¢ = ¢(N, q) > 0 such that

(6.9) (1+ |21|2)%2|zl - 22|2 <c|Vaq(z1) — V2_q(22)\2 for all z1, 2o € RV*2,

and the strong convergence (5.94), we obtain

c

where Va_4(2) == (1 + |z’|2)_r{%(1,7,*7 see (5.55). Indeed, estimate (6.9) is a direct consequence
of [GM86, Eq. (2.4)]. Now, by the Sobolev inequality in n = 2 dimensions, we find with the
choice ¢ = V52, (Va~q(Vt;)) an(ao)):

(6.9)
s ( / |va_q<wj>—v2_q<<>|2dx)
Ar(z9)

e ( /A () - <v2_q<Vuj>>AR(m>|2dz)

Nl

<[ VgV de
Ar(zo)
To conclude the proof, we use that there exists a constant ¢ = ¢(g, A, A) > 0 such that

IV (Vag (V)| < e (14 [Vuy[2) T | V20
2

<e ) Hid+ V) ZIHM\ Vi (V)| +1) 2

(=1 (=1

q+u2(r) q+#2

Our condition (6.1) with ¢ > 2 then yields q;ﬁf < 2. With a similar argument as in the case
g < 2, we then infer the continuity of Vo_,(Vu) together with the corresponding estimates. As
in the case ¢ < 2, this ensures the continuity of Vu.

It remains to upgrade the continuity of Vu to Holder continuity. To this end, let £ € {1,2}.
We recall that dpu € Wlloz(ﬂ RY) for all t < 2, see Proposition 5.15, and thus we deduce from

the differentiated Euler-Lagrange system (5.98) by approximation that
(6.10) / (AVOpu, V) dx =0 for all o € WEP(Q;RY) with p > 2,
Q

where we have used the shorthand notation A := V2F(Vu). Since, for every K € , Vu
is bounded and continuous in K, A is uniformly elliptic and continuous in K. As shall be
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addressed in detail below, we are now in a position to apply [Anc09, Theorem A1l.1] to obtain
that dpu € WHP(K’;RN) for all p < oo and all open subsets K’ € K. Thus, by Morrey’s
embedding, it follows that u € Cllo’?(Q; RYN) for all 0 < @ < 1 as claimed.

Since [Anc09] is formulated for elliptic equations (that is, N = 1), we briefly give the argu-
ment underlying [Anc09, Theorem Al.1] for the convenience of the reader. In view of standard
interior LP-estimates for linear elliptic systems (see, e.g., [GM12, Theorem 7.2]), it suffices to
show that Opu € Wilcf(Q; RY). For an arbitrary ball Bg = Bg(zg) € €, we shall now establish
that dpu € WH?(Bpg/o; RY).

To this end, let ® € C°(Bgr;RY*?) be arbitrary with [|®|[;25,) = 1, and consider the
unique solution v € Wj?(Bg; RY) of

(6.11) / (AVv, V) der = / (®, V) de for all p € Wy (Bg; RM).
BR BR

Using the uniform ellipticity of A and ||®(|r2(g,) = 1, we find that [[Vv[|p2g,) < C < co. Here
and in the rest of the proof, C' > 0 denotes a finite positive constant depending only on N
and the uniform ellipticity ratio of A. Moreover, standard LP-theory, see [GM12, Theorem
7.2], in combination with the continuity of A and the assumption ® € C2°(Bg; RV *?) yields
Vv € L (Br;RYV*?) for all p < co. The higher integrability of Vv ensures that (6.11) is also
valid for ¢ € WE*(Bg;RY) with s > 1. In particular, we may use ¢ = n(dpu — (dpu)s,) as a
test function in (6.11), where n € C°(Bg; [0, 1]) is a smooth cut-off function satisfying n = 1
in B/, and |Vn| < 8/R. This yields

/(@,nv&gwdx:/ (AVv,nVOpu) dx
Br

Br

+ /B ((AVv, (Opu — (Opu)B) @ V) — (@, (Opu — (Opu)B,) @ Vn)) d.

The second integral on the right-hand side can be estimated from above by Holder’s and
Sobolev’s inequalities by

C
1AVl 5y + 1@ 3 IV Rl 80 |00 = Bl sy < 51900l 5.

For the remaining term, we use the symmetry and boundedness of A, equation (6.10) with
o =n(v—(v)B,) € L(Bg;RY) and Sobolev’s inequality in the form

/ (AVv,nVOpu) da = / (AVOpu,nVv) da = —/ (AVOpu, (v — (v)B,) ® Vn) dz
Br Br

Br

C
< 1AVl g 1V [0 = i lisog € 7190l g

The previous three displayed formulas in combination with Hélder inequality || - |15, <

2 1 . >
Z*(Br)s|| - ”L%(BR) imply that

C
. e3¢} N Xn _
(6.12) sup{/BR<<I>,77V8gu> dz: @ € C°(Br; RY*™), ||‘I’||L2(BR) = 1} < EHV@uHL%(BR),

which ensures the claim Vdyu € L? (Bry2; RN*2). This completes the proof. O

Remark 6.1 (On the order of limit passages). As to the specific set-up of the above proof,
note that the classical Frehse—Seregin lemma (see [FS98, Lem. 4.2]) could only be applied if
the additional term 6;(1 + |(¢u;) ap(ze)|?) Were absent in (6.6). This, in turn, would force
us to directly perform the limit passage j — oo in (6.6). At this stage, however, there is no
convergence result for (H;,) at our disposal. In the above proof, we first pass from second
to first order quantities in (6.8) (for which convergence results are available at this point),
subsequently use the modified Frehse-Seregin Lemma 2.13 and finally send j — oc.
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7. APPENDIX

7.1. Relaxations. As a key point of the main part and different from previous contributions,
the regularity assertions of Theorems 1.1 and 1.2 do not make use of integral representations
of the relaxed functional ?ZO[—; Q). In view of the ubiquity of such representations for purely
linear growth functionals (i.e., ¢ = 1, see, e.g., [BS13, Bil03]), we briefly discuss here the
underlying difficulties in establishing such representations in the general (1, ¢)-growth case. As
an upshot, a detour via an integral representation — which might a priori only be available for a
strictly smaller range of ¢ than displayed in Theorems 1.1 and 1.2 — would complicate the line
of argument while not being necessary based on the approach developed in Sections 4—6.

To this end, it is instructive to firstly consider the case without prescribed Dirichlet boundary
values. We begin with:

Lemma 7.1 (Koch and Kristensen, [KK22, Thm. 2]). Let  C R™ be open and bounded with
Lipschitz boundary. Moreover, let 1 < q < oo and let the convex integrand F € C(RN*"™) satisfy
the growth bound (1.1). For u € BV(;RY), we put

T [u; Q) = inf{li_minf/ F(Vu;)dz: (uj) in WY RY), u; = win BV(Q;RN)}.
j—oo o

Then we have the integral representation

dD%u

d|Dsul

where we have used the Lebesqgue—Radon—Nikodym decomposition (2.1) of Du.

(7.1) T Q) = Foy[u; Q) = F(Vu)dx—i—/F‘x’( >d|D5u|,

Q Q

Whereas [KK22] uses the machinery of Young measures to arrive at *>’ in (7.1), we note that
this step can be accomplished as in the proof of Proposition 4.5 by use of the Reshetnyak lower
semicontinuity theorem. Once no boundary values are fixed (as in the definition of Z° [—;9]),
a routine mollification of u in conjunction with Jensen’s inequality yields ’<’ in (7.1) too; see
the proof of [KK22, Thm. 2]. If we work with fized boundary values as in (1.3), an integral
representation for ?ZO [u; Q] does not follow by similar means. More precisely, if we denote

7. [u; Q) == ?i*m [u; Q] + F>(traa(up — u) ® vagq) dsm 1,
o0

int,uo

then an integral representation of ?ZO [u; Q] would mean that ?ZO [u; Q] = ?Tm’% [u; Q. As in
the proof of Proposition 4.5, >’ then follows from the Reshetnyak lower semicontinuity theorem.
Hence, an integral representation requires a recovery sequence (u;) in ug + W(l)’q (;RYN); in the

situation considered here, this amounts to

(7.2) lim inf / F(Vuy)da < F iy o[ Q.
J—=o0 Jo

If g = 11in (1.1) and so F has linear growth from above and below, it follows from [Bil03,
Appendix B] and Reshetnyak’s continuity theorem that there exists a sequence (u;) in ug +
C(Q;RY) such that (7.2) holds with equality. As explained in Example 2.9, Reshetnyak’s
continuity theorem does not extend to the case where ¢ > 1. This, in turn, implies that (7.2)
must be established by independent means. For suitable cut-off functions n; € C;°(€;[0,1])
with n; — 1 pointwise everywhere in €2, the natural candidate for such a recovery sequence is
uj = ug + pe; * (1;(u—ug)), where (g;) in (0, 1) tends to zero sufficiently fast. It is then readily
discovered that (7.2) essentially reduces to showing that

(7.3) liminf/ F((u—wup) ® Vn;)de < / F>®(traa(up — u) ® vaq) ds™ .

Q o0

J—00

In the purely linear growth case (where ¢ = 1), this inequality can be established, e.g., by
use of the coarea formula and the fundamental theorem of calculus. If ¢ > 1, an integral
representability and (7.3) indicate the necessity of the exponent restriction ¢ < -5
Proposition 4.5. Even in this case, however, a similar approach as for ¢ = 1 seems difficult. This
is due to the fact that the bulk integrals of F/((u —ug) ® V1n);) are only expected to converge to
the corresponding boundary terms close to boundary points where F*°(troo(uo — u) ® vaq) is

finite; if the latter is not fulfilled, Proposition 4.5 in turn indicates that the bulk approximations

in view of
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must decay to zero sufficiently fast as j — oo. This requires a delicate case distinction and an
additional argument that these two cases do not interfere too much. While we believe that,
in principle, this might be possible with substantially refined methods, the above reasoning
indicates a strictly smaller range of g for such an integral representation than the one given in
Theorems 1.1, 1.2.

Most importantly, the underlying chief obstruction is not the potential presence of the singu-
lar parts in the interior, but the boundary behaviour of recovery sequences. As implicitly noted
in [KK22], issues of this type do not arise when imposing the Dirichlet data only asymptotically;
for such versions of relaxed functionals, it is however not clear how to establish key properties
such as, e.g., Theorem 4.4.

7.2. Proof of Lemma 2.4. In order to prove the lower bound in (2.7), we may assume that
012 | exp 11 (B, (o)) < 00» as otherwise there is nothing to prove. Moreover, it is customary

to put ®(z) == exp(|z|) — 1 for z € R. By continuity and monotonicity of ®,,, there exists a
unique number to = to(t1, ) > 0 such that

(7.4) B, (t) = %

We may assume that to < t;. Next, we choose

© = ((%)27# N 1) #‘Ulz_lLHeXPLl(Br(wO))'

In consequence, we have

2
WP 1@y + © = () WP s
exp L1 (B, (z0)) ' exp L1 (B, (z0))
1

= tgiﬂ(‘H|’U|27u||expL1(BT(1‘0)) +0)= tfﬂt Hv‘%uHexle(Br(%))
_ 1 _ 1
= t2(2(H|o? Mlexp 11 (B, (2o)) T ©)) 77 = tr (24 o[ M lexp 11 (B, (20))) T " -
Hence, defining
_ 1 _ 1
A1 = (2(‘|'HU|2 MHexle(BT(xo))))g_“ and Ag = (QH'H”F M”exle(BT(:L'O)) +0))7~,

we conclude for z € B,.(zg) that |v(x)| > taAs holds if and only if |v(z)| > t; ;. Therefore,
introducing

(7.5) A= {z € B, (w0): [v(z)] < taAa}
we have
(7.6) B, (z0) \ 2 = {z € B,(20): [v(z)| > toA2} = {x € B.(z0): |v(2)] = i\ } = B.
This allows us to estimate via A\; < A
AW / vl ! / vl
7{%@0) (I)M(M) = 2 ®w) mq)“()\z) Wt B0 2u(3,) &
(

1 ) 1 191 4
= Zn(B, () /mq’“(tz)d T 0B, (w0)) %(I)“<A1) d

(7.4) 1 1 o]
< = _ o, [ — =1.
= 2 2B, (20) /% “<A1)dw

On B, we have |v| > t1A; and therefore, recalling our definition of ¢;, see (2.6), and that
®(z) = exp(|z]) — 1,

o] o] 3 ol
(I)“</\%> - ¢“((24+U|2—u| - 21) B Q)(HIU2‘“1|)|expL1(B,,.<mo>))

exp Ll(B,,.(:vo)))
1~ T
7(1)( - |v] )7
2 ‘H|U| HHexle(Br(zo))

IN
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where the ultimate inequality follows from the convexity of ® and 5(0) = 0. In particular, our
definition of ¢; gives us

1

2—pn
1<+ [}

1 ~
227 (By(x0)) /% (I)((ﬂvIQ“exle(BT(xo)))

>

)dazgl

by the very definition of [v|*™#||.,, 11 (5, (- Hence, by the definition of the Luxemburg norm
and recalling that to = to(t1, 1) > 0, we arrive at

ol gagy < A2 < elts 1) HOE N o
This establishes the lower bound in (2.7); the upper bound follows by analogous means. O

7.3. Proof of Lemma 2.13. The proof follows the lines of [FS98, Lemma 4.1], where the
claim is established in the case @« = 1 and 6 = 0. For the convenience of the reader and since we
require the enlarged range of o and 6, we briefly sketch the argument. We recall the following
decay estimate: For every @ € [1,00) there exists C = C(Q) < oo such that

N
) (f B Bl as)" < OVIOBERIIVAL s

holds for every function h € W'?(Byg(z0))) and all r € (0, R). For the sake of completeness, we
provide the argument for (7.7) at the end of the proof. Set f(p fB (o) H?dx. Combining
the triangle inequality in the form

][ [ |H|dz < 2&*1][ I — () Aoy || H| da + 2‘**1|(h)AR(IO)|a][ \H| da
Ay (z0) Ay (0) Ap (o)

with the assumption (2.15) and the decay estimate (7.7), we obtain for all 0 < p < R

1
a— 2a 2 o
F() < 2 L(/ |H|2dz>(<f Il — () o) dx) 1) anceo| )+9
A, (z0) Ap(z0)

(7.8) Scw-lL( /,4 ( )|H|2dx) (c\/log2<2R/p> ||Vh||z2<B2R<m>>+!<h>AR<M>!“)+9
p\To
e1v/logy 2R )" / HP e + 6,
-Ap(z[))

where c1 =1 (Oz7 ||vhHL2(BzR(Io)) + R_l ||hHL2(B2R(mg))7 L) The above estimate, in combination
with routine hole-filling, implies with 8 := «/2 € (0,1) that

c1logy(2R/p)° o
(79)  flo) < logQéR/p)ﬁ e RAC s logy(2R/p)? + 1

It remains to show

for all p € (0, R].

f(r) <clog,(2R/r) P f(2R) + 0
for all p € [1,00), where the constant ¢ > 0 is as in the claim of the lemma. For simplicity, we
suppose in what follows that M = log,(R/r) € N, the general case can be deduced by a simple
post-processing argument. From (7.9), we deduce that
f(2ir) < ci(M+1—3)8 0

a(M+1—-j)8+1 a(M+1-j)8+1

Iterating this inequality gives us

F@7) +

for all j € {0,...,M —1}.

M1 ' M—1 c (M+1— z)
(M 41— ) ) y ( 1001]\/[+12)ﬁ+1)
< (11 . 2Mr) + 0

M HM—k—l c1 (M+1—14)?

M o0
_ ca(k+1) i=0 e (MT1—0)P 11
(7.10) = (HW)WM”* (Z TS )9

- ( &

1 M c (ZJrl)/i
M)f(QMT) N <§: M=+ <e+1y+1>9
c(k+1)P+1 — ak+1)f+1 '

== I
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Here, we employed the index shift k = M — j and ¢ = M — i in the ultimate two equations and
adopted the convention of the empty product to equal 1. Now, we estimate the two terms on
the above right-hand side separately. Setting

M

. c1(f+1)8
Zk,M _gcl(ﬂ—&—l)ﬁ—i-l’
we observe that
L :(1_M)Z _ Zham
k+1,M k,M ekt 1P+ 1 k4+1,M ci(k+1)F+1

and thus, by a telescope sum argument for the second term on the right-hand side of (7.10),
we find

c1 (¢
Z Hé k+1 cl(lz(;lrlﬁ)Jrl N Z “k+1,M _ i/[:(z — zp)0
(7.11) — ak+1)P+1 cr(k+1)° + 1 e k+1,M — 2k,M

=(ZM+1,M —zim)0 <0

for every M, where we have used in the last inequality zpr41,0 = 1 and 21,3 > 0. Next, we
estimate the first term on the right-hand side of (7.10). Using the inequality 1 — x < e™? for
all x € R, we find

M M
[ cotk+” H( ;)qfﬁilm.
snak+1)f+1 0 128 (k+1)8+1

Taking into account

M M+1 M+2 1-8 _ ol-p
1 1 1 M 42 2

E > E — / P de = (M +2)

o(k+1)P+1 01+1 R a+1/, (1 +1)(1—p)

and (7.11), we conclude by (7.10) that

(M42)! =8 2l-A

flr) < e’<C1+1>(1—ﬁ>e(cﬁl)(l-g)f(QMr) L.

Clearly, this estimate in combination with e™* < ¢(p)t~? for all p > 0 and M = log,(R/7)
implies the claim.

Finally, we recall the argument for (7.7). For simplicity, we again assume R
M e N. Writing

= 2Mp with

S

-1

(h‘)AR(Io) = (h’)A,(wo) + I:(h’).Azj+1,y,(w0) - (h)-Azj,,,(wo)]
J

Il
o

as a telescope sum, we have

1

) @
(f, = tael®a) (=)
Ar(z0) Ar(zo)

M-1
+ Y (W) agir,wo) — (B ay, (ao)|-
j=0

We next note that each term in the previous sum can be estimated by a multiple of the mean
deviation of h on the set Bgj+2,(z0) \ Bai, (o). The Sobolev—Poincaré inequality in dimension
n = 2 then implies that for every @ € [1,00) there exists a constant ¢ = ¢(Q) > 0 such that

3 M-1 1
(7[ = (h)AR(I0)|de> <ecy (/ |Vh|2dx>
Ar(zo) j=0 Byj+2,(®0)\Byj . (o)

< cVM(Q/ |Vh|2da:> ,
Byon+1,.(%o)

where we have also used A, (zg) C Bar(x0) \ B (z0) and the Cauchy—Schwarz inequality. Since
M = log,(R/r) by assumption, we have proved the estimate (7.7) in the particular case R =
My from which the general case can then be deduced by easy means. O
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