2509.26465v1 [math.AP] 30 Sep 2025

arXiv

CURL-MEASURE FIELDS, THE GENERALIZED
STOKES THEOREM AND VORTICITY FLUXES

GUI-QIANG G. CHEN, FRANZ GMEINEDER, AND MONICA TORRES

ABSTRACT. We introduce and analyze the class €.#P of curl-measure fields that
are p-integrable vector fields whose distributional curl is a vector-valued finite Radon
measure. These spaces provide a unifying framework for problems involving vorticity.
A central focus of this paper is the development of Stokes-type theorems in low-
regularity regimes, made possible by new trace theorems for curl-measure fields. To
this end, we introduce Stokes functionals on so-called good manifolds, defined by
the finiteness of manifold-adapted maximal operators. Using novel techniques that
may be of independent interest, we establish results that are new even in classical
settings, such as Sobolev spaces or their curl-variants H°"! (R3), which arise, for
example, in the study of Maxwell’s equations. The sharpness of our theorems is
illustrated through several fundamental examples.
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1. INTRODUCTION

The main purpose of this paper is to introduce and analyze a new class of weak vector
fields, called €.#" curl-measure fields — that is, p-integrable vector fields whose distribu-
tional curl is a vector-valued finite Radon measure. Building on new trace theorems for
such fields, we develop Stokes-type theorems that remain valid in low-regularity regimes,
well beyond the classical smooth setting. This framework establishes a unified analytic
setting for problems involving singular vorticity, encompassing phenomena such as vor-
tex sheets, concentrated swirls, and other irregular structures in fluid and continuum
mechanics.

A wealth of problems arising in fluid or continuum mechanics involves the description
of vortices. For instance, the description of how gases or waters are swirled directly leads
to the study of their vorticity, in turn being expressed as the curl of the flow velocity. On
the other hand, the mathematical modeling of electromagnetism is based on the vorticity
of the magnetic fields. This is manifested in Maxwell’s equations, and a combination with

Date: October 1, 2025.

2020 Mathematics Subject Classification. 26A24, 26A45, 26B20, 35R01, 42B25, 53A05.
Key words and phrases. Curl measure fields, divergence measure fields, functions of bounded varia-
tion, trace theorems, Stokes theorems.


https://arxiv.org/abs/2509.26465v1

2 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES

fluid mechanics then gives rise to the equations of magnetohydrodynamics. For example,
the latter are employed in the mathematical study of plasmas.

The analytic treatment of such phenomena necessitates not only suitable weak for-
mulations of the underlying problems, but also suitable function spaces which capture
the essential features one aims to describe. Depending on the specific physical aspects,
this task requires different spaces that reflect the anticipated behaviour. This might be
point swirls or along lines or surfaces, for example, in the description of whirlwinds in
geophysical applications, or discontinuities of the tangential fluid velocities, as is the case
for vortex sheets, to be addressed in detail below.

In this paper, we introduce and analyze the class of curl-measure fields which gives a
unifying framework for such vorticity-based problems.

Definition 1.1 (Curl-measure fields). Let 1 < p < co. Given an open subset 2 C R3,
the space of p-curl measure fields over §2 is defined as the linear space

(1.1) CHMP(Q) = {F c LP(Q;R3) : curl F € RMg,(Q;R?)},

where curl F € RMy, (2;R3) means that the distributional curl of F can be represented
by an R3-valued finite Radon measure.

Curl-measure fields in the sense of Definition 1.1 generalize the usual H! - or WP

spaces, which we recall to be defined via

H (Q) := {F € (4 R?) : curl F € L2(Q;R%)},

WrhP(Q) = {F e LP(Q;R?) : curl F € LP(Q;R?)}.

For instance, such spaces arise naturally in the study of the Maxwell equations or
vorticity-based problems in fluid mechanics. In view of boundary value problems on
e.g. Lipschitz domains and thus boundary traces, the situation for spaces (1.2) is well-

understood; see Alonso & Valli [5], Buffa et al. [10, 11, 12, 13], Sheen [70], and Tartar
[74]: There exists a (surjective) tangential trace operator

(1.2)

(1.3)  trP: WhP(Q) — Af = {T € W1/P2(9Q; R?) : T -von =0, }

div,(T) € W™/PP(9Q)

with the distributional tangential divergence div, and the inward unit normal vgq/ : Q" —
S2. We refer the reader to Appendix C, where this mapping property is revisited.

In various situations, however, one requires function spaces which describe concentra-
tion effects of the curls. A simple yet typical instance thereof is given by vortex sheets.
Such sheets arise when two layers of fluids slip over another: Consider an open and
bounded container Q = Q; Uy C R3, and let u: Q — R? be the velocity field of a fluid.
If the normal velocity of the fluid is continuous along ¥ := Q N 9€2;, but the tangential
velocities are discontinuous along Y, then Y is referred to as a vortex sheet; see Figure
1. In this case, the vorticity curlu of the fluid has support on ¥. Even when the fluid
velocities are bounded, so u € L*®(Q;R3), it is where the more classical spaces (1.2)
do not suffice for a global description. Indeed, the tangential discontinuities cause the
distributional expression curlu € 2'(€2;R?) to be a (finite Radon) measure on 3 which is
not absolutely continuous with respect to .£%; hence, u ¢ weuwt P(Q) for any 1 < p < oo.
However, one then has u € €. (Q) in the sense of Definition 1.1. Without introducing
the underlying spaces explicitly, such functions have been considered, e.g. by Majda [57].

From a mathematical perspective, €.#"-fields thus provide a framework that includes
both more classical spaces of weakly differentiable functions such as WP but also
allows for the incorporation of concentrations of the vorticities into various models.

1.1. Vorticity fluxes. In physics or engineering, one of the most fundamental problems
is the description of wvorticity flures through a surface ¥ € Q C R? oriented by v: ¥ —
S?; see Figure 1. By this, we understand the expression curlu - v|sx provided that the
underlying sufficiently smooth velocity field is u: Q — R3. In this context, we refer to

(1.4) / curlu - v d.s#?
b
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FI1GURE 1. Vorticity fluxes through a surface ¥ oriented by vs: 3 —
S2. (a) The situation of vortex sheets ¥, where the entire vorticity is
concentrated on X. (b) The situation as encountered e.g. in whirlwinds.

as total vorticity flux through . This quantity plays a crucial role in fluid mechan-
ics or electromagnetism, eventually leading to the Maxwell equations; see, e.g., Majda
and Bertozzi [58] as well as Feynman [37] and MacKay [55]. Vorticity fluxes are also
instrumental in both geophysical applications [60, 73], aerospace engineering, and the
description of circulation or stream phenomena in the human body. For instance, they
represent a crucial tool to describe the underlying mechanisms for the lift-off of aero-
planes; see, e.g. Schmitz and Chattot [68]. In such applications, a central tool is the
Stokes theorem, letting us express (1.4) in terms of circulation integrals; see §1.2 for a
more detailed discussion.

From a mathematical perspective, the rigorous treatment of such problems is often
based on appropriate weak formulations. As a key point, this leads to spaces where
one a priori controls curl-type energy norms. The spaces €. () from Definition
1.1 provide a unifying framework for the latter, even allowing for discontinuities in the
tangential velocity fields and thereby being applicable to vortex sheets. Yet, even in the
physically reasonable case of bounded velocities (and so u € €2 (1)), the definition
and properties of total vorticity fluxes (1.4) are far from obvious. This is the main theme
of the present paper to be addressed in the next subsection, and is crucially intertwined
with the pointwise properties of &.#"-fields along surfaces ¥ € Q.

1.2. Main results. In view of our above discussion, it is firstly necessary to examine
the behaviour of €.#"-fields along surfaces or sufficiently regular boundaries 0Q’ with
Q' € Q and inner unit normals vgq . This requires suitable trace operators, and here it is
clear that controlling the curl can only give us a definition of tangential traces. Inspired
by [5, 10, 11, 12, 13, 70, 74] in the case of WeUlP_fields and [19, 20, 18, 25, 26, 72] in the
case of 2.#"-divergence measure fields, the definition of distributional tangential traces
along Lipschitz boundaries 9§’ is based on the smooth integration-by-parts formula

(1.5) / o F x vy d#? = | (pcurl F — F x Vo) da
g Q

for any F € C*'(Q;R?) and ¢ € C'(€). Up to admitting measures, the right-hand side
of (1.5) also makes sense in the non-smooth context and will serve as the definition
of (distributional) tangential traces. Since curl F' is a measure in our situation, this
approach can be read in analogy with distributional normal traces for 2.4"-fields, see
[19, 18]. However, unlike the latter (where the normal traces are scalar throughout), the
abstractly defined tangential traces are R3-valued. In this respect, it turns out crucial in
§5—87 to have suitable tangentiality results for such traces. Besides the typically different
behavior of €.#"-fields, the trace theory thus is a first instance where the present setting
methodologically differs from Z.#"-fields; see Examples 1.3, 3.5-3.8, 5.16, and 6.12. In
this regard, we have
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e Theorems 3.2, 3.9, and 7.11. We establish that €.#"-fields admit distribu-
tional tangential trace operators along boundaries of Lipschitz subsets. If p = oo,
they even belong to L™ and then take values in the tangent spaces to 9Q J#2-
a.e.; see Theorem 3.9. Theorem 7.11 yields the corresponding result in the case
1 < p < o0, where the corresponding traces are merely distributions.

The last of these results is deferred to §7, since we aim to address vorticity fluxes earlier
in the paper. Most importantly, since bounded velocities are natural in many physical
applications, we focus on €.# *°-fields first; for the latter, Theorem 3.9 suffices and even
comes with convenient stronger properties.

The central tool for the description of vorticity fluxes is the Stokes theorem, linking
the vorticity flux through a surface and its circulation. Classically, the Stokes theorem
asserts that, whenever ¥ C R3 is an oriented C'-hypersurface with boundary T's;, we
have!

(1.6) /(curlF) vdA#?=— | F-rd#'  forall F e C'(R?R?),

b)) I's

where v: int(X) — S? is the normal to ¥ inducing its orientation, and 7 denotes the
tangential field to I's. In the present situation of weakly differentiable functions, in
particular curl-measure fields, not even the meaning of either side of (1.6) is clear. To
elaborate on this point, note that .2 (Q) — as W' (Q;R?) or BV(€; R?) — is a space
with differentiability order s = 1 with first-order derivatives or combinations thereof
being 1l-integrable or measures. By standard principles in the theory of fine properties
of functions, it is only possible to restrict or assign traces to such functions on at least
n — 1 = 2-dimensional, sufficiently regular subsets of R3; see, e.g., [35, 59]. In particular,
the line integral on the right-hand side of (1.6) requires to evaluate F' along a one-
dimensional curve, revealing a crucial dimension gap of 1. Yet, based on the distributional
form of the classical div-curl-complex

Coo (R3) \Y COO(R:}’ RB) curl Coo (RS, R3) div Cm(Rg),

it is possible to interpret an enlarged variant of the left-hand side of (1.6) as a trace
functional with respect to the extended divergence-measure field curl F' in the sense of
[20, 24]. Hence the additional compatibility condition of curl F' allows to assign traces on
a suitable superset, but comes at the cost of having to localize suitably; see Section 5 for
a detailed discussion. Firstly, working in the framework of .4 “°-fields and employing
the maximal operator-based selection criteria for manifolds, we have

e Theorem 5.10. We establish that, whenever a reference manifold 3 is fixed, the
Stokes theorem is available on almost every two-dimensional Lipschitz submani-
fold ¥ € ¥. The identification of such good submanifolds is accomplished by the
tangential maximal-type operator MY to be introduced in §4. As to the method
of proof, we first introduce a Stokes-type functional on Z(2) (generalizing the
left-hand side of (1.6) to the non-smooth context) and then establish that it is
a distribution of order zero on almost every Lipschitz submanifold. In essence,
this leads to an expression of the form (where u is a one-dimensional tangential
trace measure along I's)

(1.7) / dp  as a substitute for the right-hand side of (1.6).
I's

e Theorem 6.7. In comparison with Theorem 5.10, where a reference manifold )
is fixed and ¥ € X might vary within or tangentially relative to i, Theorem 6.7
is concerned with variations of the reference manifold in transversal directions.
The identification of good manifolds in transversal directions is accomplished
by use of the normal maximal-type operator M®; see §4. In §6, we introduce
divergence-measure fields on submanifolds of R™, and then establish that the

IThe minus sign on the right-hand side of (1.6) is a matter of convention depending on the direction
of v; see Figures 3 and 7. This turns out convenient later when we work with inward unit normals.
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Space  Range of p Variations Result

© W _ tangential Theorem 5.10
p=00 transversal Theorem 6.7

C MY 1<p< tangential Theorem 7.14

none

curl ,p <
W 3<p< (all manifolds) Theorem 7.18

wewl.p % <p<3 tangential Theorem 7.18

TABLE 1. Stokes theorems for different classes of curl measure fields.

left-hand side of (1.6) can be reduced to certain trace integrals with integrands
being divergence-measure fields. This allows us to reduce a generalized version of
(1.6) to the Gauss—Green theorem for divergence measure fields on manifolds.

In view of general €.#"-fields, 1 < p < oo, we single out the case p = oo in Sections 5
and 6. This is for two key reasons: First, in the case p = oo, the Stokes theorems with
respect to tangential and transversal variations are unconditional. Here, unconditional
means that the results apply to all €.# “°-fields and not to a subclass. Secondly, because
of the better properties of the tangential trace operator in the case p = oo, stronger
results are available; specifically, this concerns the existence of the Stokes measure p as
in (1.7) and its measure-theoretic properties; see Theorem 5.10 for more detail.

Throughout, we distinguish between strong Stokes theorems and weak Stokes theorems
(or Stokes theorems in the vorticity flux formulation). This distinction essentially relies
on the set of admissible test maps; see e.g. Theorem 5.10 in comparison with Corollary
5.12. Whereas strong Stokes theorems can be established for €.#°°-fields, Section 7
provides weak Stokes theorems in the case 1 < p < oo for a certain subclass €.#% C
& .#". The latter is the subspace of €.#"-ficlds for which the tangential distributional
divergence of the tangential trace along any manifold ¥, a priori belonging to the dual
Lip(%; Tx)" by Theorem 3.2, can be written as the tangential distributional divergence
of an L'-vector field on ¥. Subject to the additional €.# P-hypothesis, we have

e Theorem 7.14. We prove the Stokes theorem in the vorticity flux formulation
for tangential variations. In essence, this is achieved by a localization procedure
for certain tangential distributions to closed sets and makes use of some auxiliary
results from §5 and §6.

In general, and apart from more obvious regularity scenarios to be recalled for the reader’s
convenience in §7.4, the validity of Stokes-type theorems seems to be novel even for the
spaces wewl.p, Solving certain elliptic equations on manifolds, it can be established that
Wrenl « @ 4" for a certain range of p. This automatically yields the Stokes theorems
in the vorticity flux formulation for the more classical W™ P-spaces (see Theorem 7.18)
and leads to overall findings as summarized in Table 1.

Remark 1.2 (Generalizations). In presenting our results, we have not sought the high-
est possible generality. This concerns both more general operators than the curl and
more irregular domains. Based on the techniques developed here, the follow-up papers
[21, 22] will bridge between traces in the overdetermined (elliptic) context [8, 31] and
underdetermined scenarios as considered in this paper; for irregular sets, see Section 7.5.

1.3. Vorticity flux problems and interplay with 2.#-fields. Curl-measure fields
are in some sense complementary to the well-established divergence measure fields, which
have been intensively studied over the past three decades; see, e.g., [19, 20, 18, 25, 26,
28, 71, 72]. On a formal level, this can be seen easiest via the Helmholtz decomposition

(1.8) F(2) = Foun(z) + Fyiy(2), 2 €R3



6 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES
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Vv=RB
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TV{)Q :

FI1GURE 2. Oscillations close to the boundary.

for vector fields F € C°(R3;R3), where F,;1 € (C®°NCo)(R3R3) is curl-free and
Fyi, € (C*NCp)(R3;R3) is div-free. The decomposition (1.8), however, only serves as a
motivation and does not have a straightforward €.#7-2.4"-analogue; indeed, the maps
F — F., and F — Fy;, are singular integrals of convolution type and do not map
L' = L' or RMg, — RMg, in general. As alluded to in §1.2, the key difference between
the single types of fields are the components of the traces which are controlled, and it is
in this sense that the €.#"-fields complement the more established Z.#"-fields:

Example 1.3 (Gradient fields). Let Q C R3 be open and bounded. Whenever v €
Li.(Q) is weakly differentiable with weak gradient Vo € L™®(Q;R?), u := Vv € €. (Q)
since even curlu = 0 in 2/(£;R3). In the situation depicted in Figure 2, a function
v € C(Q) with u = Vv € L™(Q;R?) is indicated; in particular, A, B € R3*3 are such
that a := A — B # 0 € R¥3, and the s#>-measures of interfaces S; do not converge to
zero. One then has

|div u|(2) > |a Z%”Z(Sj) = 00,
j=1

whence u ¢ 2.4>°(2). Since u oscillates on arbitrarily fine scales as the boundary is
approached in the normal direction, no normal traces can be assigned to u. However, by
construction, the tangential trace along 912 is well-defined and equals zero for u.

The present paper primarily focuses on properties and Stokes theorems for €.#"-
fields. However, these spaces are ultimately designed to yield a robust analytic framework
for problems involving vortices and vorticity fluxes, potentially allowing for tangential
discontinuities. While we defer a detailed study of models involving %".#"-fields to future
work, we outline several immediate consequences in §8. Here, we first give an application
of the Stokes theorem in the derivation of the Maxwell equations from electromagnetism.
This relies on an interplay between divergence- and curl-based spaces in the setting of
absolutely continuous measures. Secondly, to underline potential concentration effects,
we foreshadow the usage of €.#"-fields in the context of vortex sheets. This especially
concerns a discussion of vorticity fluxes and the non-local three-dimensional Birkhoff-
Rott equation on the evolution of parametrized vortex sheets in the framework of curl
measure fields; see (8.27) below and Caflisch et al. [14, 15, 16] and [54, 61, 67, 79, 80]
for this system and underlying numerical studies.

1.4. Organization of the paper. In §2, we fix notation and gather background mate-
rial from measure theory, extended divergence-measure fields, and elementary construc-
tions from differential geometry. The tangential traces for €.#"-fields are introduced
and analyzed in §3. Here, we provide several examples that will be continued in the sub-
sequent sections, paying special attention to the case p = oo, where stronger assertions
are available. The intermediate section §4 serves to introduce transversal and tangen-
tial maximal functions, which Help us identify the manifolds that support the Stokes
theorem. Based on the latter, we then prove the Stokes theorem for €.#°-fields for
variations in the tangential direction in §5. Divergence measure fields on manifolds are
introduced in §6, allowing us to give a proof of the Stokes theorem for ¥ .# *°-fields with
respect to variations in the transversal direction. The results of the previous sections
are complemented in §7 by discussing the case 1 < p < co. Here, only weaker assertions
can be made, which is due to the non-integrability of the tangential traces. Finally, in
§8, we showcase sample applications of €.#"-fields and the Stokes theorems in view of
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problems involving vorticities. The appendix collects the proofs of background facts used
in the main part, so e.g. function spaces on manifolds and supplementary calculations
in local coordinates.

2. PRELIMINARIES

In this section, we fix notation and collect background material from measure theory,
extended divergence-measure fields, and basic constructions in differential geometry.

2.1. Notation. We briefly comment on the notation. Throughout, we use bold letters,
such as ¢, to denote vectorial quantities, whereas non-bold ones, such as @, are reserved
for scalar quantities. We view the elements of R™ as column vectors, but often simply
write x = (z1--- ,x,); if it is important, we write (zq,--- ,2,)".

Open sets and balls. Unless mentioned otherwise, {2 C R™ always denotes an open
and bounded set; typically, n = 3. As an important convention, we denote for an open
set Q C R™ with Lipschitz boundary by vpq: 0Q — S~ ! its inner unit normal. The
open ball of radius r > 0 centered at z¢p € R™ is denoted by B,.(z¢), and we write

B (ah) = {(@r, 1) €RYT oy — gy P ooy — a0l < 7%
for the two-dimensional ball of radius 7 > 0 centered at x( = ({1, ,f,_;) € R" 1.

In general, if B is an open ball, we denote its radius by r(B). Lastly, for U C R", we
write (U) the Borel o-algebra on U.

Measures. We use .£" and %, 0 < s < n, to denote the n-dimensional Lebesgue
measure or the s-dimensional Hausdorfl measures, respectively. Moreover, given a finite-
dimensional inner product space V, we denote by RM(€; V) the V-valued Radon mea-
sures on Q, and by RMg,(2; V) the finite, V-valued Radon measures on Q; if V = R,
we abbreviate RM5,(Q2) := RMg,)(Q2;R). By finiteness we here understand that the
total variation of w, denoted by |w|(£2), is finite. Lastly, given p € RM(;V) and a
p-measurable set U C Q, we write LU := p(- N U) for the restriction of p to U.

Averages. Given a positive measure p on the Borel o-algebra Z(Q) and U € #(Q)
with 0 < p(U) < oo, we denote the mean value of a locally p-integrable map F' by

]{]Fd,u = ﬁ/UFd,u.

As usual, if p = .23, we simply write dz = d.Z°. For F € Lj,.(Q;R?), we denote by Lp
the set of its Lebesgue points, and write

lim ][ F(y)d ifrxe L,
(21) F*(if) P ) B, (x) (y) Y F

0 otherwise,

for the precise representative of F'.

Continuous functions. We denote by Cp(£2) the bounded continuous functions
on Q, and by CF(Q) the C*-functions on Q with bounded derivatives up to order k.
The Lipschitz continuous functions on € are denoted by Lip(2); since 2 is assumed to
be open and bounded, Lip(f2) = Lip(Q), and we write Lip,(Q2) for the collection of all
f € Lip(Q) with f|aq = 0. Moreover, we use subscripts in C.(£2) or Lip,(£2) to denote the
compactly supported elements of these spaces. Moreover, by a standard mollifier on R™
we understand a radially symmetric function p € CZ°(B1(0); R>¢) such that [, pdz = 1.
For ¢ > 0, its d-rescaled version is given by ps(z) := 6~ "p(§).

Constants. Finally, ¢, C' > 0 denote generic constants that may change from one line
to the other, and are only specific if their precise value is required in the sequel.

2.2. Differential geometry on R™. In this subsection, we collect several basic notions
and background results from differential geometry on R™. Most importantly, they be
used from §5 onwards, so e.g. in the definition of 2.4 °°-fields on manifolds.

Let ¥ C R™ be a (n — 1)-dimensional C'-submanifold of R and denote, for z € ¥,
by Tx(z) its tangent space at x. We recall that xg € X is called an interior point if, for
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vry (o) 5
o, ——

F1GURE 3. Geometric set-up underlying §2.2-§2.3.

some r > 0, B,.(x9) N Y is homeomorphic to an open subset of R"~!. The interior int(X)
of ¥ is the collection of all interior points. By slight abuse of terminology, we then call
I's := ¥\ int(X) the boundary of ¥. In the main part, we almost exclusively consider
(orientable) manifolds ¥ with ¥ = int(X). On the one hand, this comprises closed
manifolds (which, by definition, are compact manifolds ¥ without boundary, meaning
that 'y, = (}) such as the sphere or the torus. On the other hand, this includes open
manifolds (which, by definition, are manifolds without boundary such that no component
is compact) such as the boundary manifolds to be introduced in §2.3.

Let k € N. If © ¢ R* ! is an (n — 1)-dimensional C*-manifold with ¥ = int(X), then
the C*-property of a function p: 3% = Roramap X: X — R” is defined as usual by
local charts. We recall that a vector field X on ¥ is a map that assigns to every x € M
a tangent vector X (x) € Tx(z). For 1 < p < oo, we denote

C(%;Tx) := {X is a continuous vector field on X},
CH(Z;Ty) := {X € C*(3;R™): X(z) € Tx(x) for all z € 3},

Lo (B Tx) = {X € LY, (Z:R™): X(2) € Tyy(2) for #%ac.x € T},

The spaces CF(3; Tx), Lip(2; Tx) and Lip, (3; Ts) are declared in the natural way. Sub-
ject to sufficient regularity, these notions inherit to d-dimensional Lipschitz submanifolds
¥ of R”, where we require X (z) € Tx(z) for #%-a.e. x € ¥ throughout.

For our later objectives, we require an integration by parts-formula on (n — 1)-
dimensional manifolds. Let ¥ € R™ be an (n — 1)-dimensional C*-manifold oriented
by v: & — S* 1 For T € C*(R";R"™), we define the tangential divergence by

div(T'(z)) :=div(T(z)) — (VT (2))v(x)) - v(x), x € int(X).

Theorem 2.1 (Smooth integration by parts-formula). Let ¥ C R™ be an oriented (n —
1)-dimensional C*-manifold oriented by v: ¥ — S*~ such that ¥ = int(X) and I is
compact. Moreover, suppose that, for each xy € I's;, there exists both an open and bounded
set U C R™ and a C*-diffeomorphism f: (—1,1)""' — UNY such that f~(TsNU) can
be written as the graph of a Lipschitz function g: (—1,1)""2 — (=1,1) together with

FFHUNY) ={(z" 2n1) € (—1,1)": g(z") < xp_1}.

Then there exist both a normal vector field Hy, € C°(X;R™) to ¥ and a normal vector
field vry, € L=°(T's;S™ 1) such that

(2.2) /Z div, (T) ! = /

T -Hyd#" ! —/ (T - vry,) do™ 2
¥

I's
holds for every T € CL(R™;R™).

In the situation of Theorem 2.1, we see that vry(z) € Tx(x) for # " 2-ae. z € I'y,
and the vector vry, is chosen to point inside ¥; see Figure 3. This theorem can be found
subject to higher regularity assumptions on I's; in [56, Theorem 11.8 ff.], and the version
as given here follows from there in a routine way. The term Hsy on the right-hand side of
(2.2) is an oriented curvature term of form Hy, = Hyv related to the Weingarten map. If
U C R" is such that U N'Y can be written as the graph of a function g: R*™* >V — R
with an open set V' C R"7!, then

Hyluny = —div’ (Vi’g)

VTV



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 9

Here, the dashes indicate that the gradient or the divergence of g are taken with respect
to the (n — 1) parametrizing variables.

If, in the situation of Theorem 2.1, T € CL(R";R") is such that T'(z) € Tx(z) for
A" ae. x €, then T-Hy = 0 2" a.e. on X. Hence, for ¢ € CH(R™), (2.2) yields

/ o(T - vpy)ds" ! = — / div, (¢T)d#"
I's b
=~ [ (edn(D) - (o(vTI0) - v) e
- /z: (Vo-T— (T ®@Ve))-v)dr" !

—/@divT(T) d%”’l—/ Vep-Tda#m 1,
b by
since (Vo(x)) - T(z) = V,po(z) - T(x) and

(T(x) @ Vo(z))v(2)) - v(z) = (v(z) - T(2))(Ve(z) - v(z) = 0

hold for #" 1-ae. x € ¥; recall that T'(z) € Tx(z) for #" tae. z € . If, in
addition, T'(x) = 0 holds for #"2-a.e. x € I'y, then (2.3) gives us

(2.4) O:/cpdivT(T) d%”*1+/ Vep - Td#" 1.
2 P

Remark 2.2. By use of extensions to R™, Theorem 2.1 and (2.3)—(2.4) hold true for
maps T € Cl(i; Ty,). This particularly applies to the case where Q@ C R"™ is open and
bounded with boundary of class C?, inner unit normal vgo: 92 — S ! and ¥ = 9Q.

Next, we record a version of the coarea formula for Lipschitz maps on Cl-manifolds;
see, e.g., [51, Theorem 5.3.9] and the discussion beforehand.

Lemma 2.3 (Coarea formula on C'-manifolds). Let Ny, No, M € N be such that M >
No, and let f: RN — RN be a Lipschitz map. If ¥ C R™ is an M-dimensional
Cl-manifold, then

[oFrani—[ | g daM N AN ()
b RN2 JEnf=1({y})

holds for every M -measurable function g: ¥ — R. Here, J%Qf denotes the Jacobian
of f on X.

2.3. Boundary manifolds, collar theorems, and deformations. We now specify
the manifolds with which we will work in the main part of the paper.

Definition 2.4 (Boundary manifolds). Let n > 3, and let Q' C R™ be open and bounded
with C¥-boundary. We say that ¥ C 8Q' is a CF-regular Lipschitz boundary manifold
relative to ' if either ¥ = 0Q or all of the the following hold:
(a) X is relatively open in 0K,
(b) There exist open and bounded sets Uy, --- ,Un C R™ with the following property:
(i) Ts; € Upe, (Ue N OY),
(i) for every £ € {1,--- N}, there exist a bi-Lipschitz Ck-diﬁeomorphism
for (=1,1)" Y - U, N OQ, a number 0 < 0 < 1, and a Lipschitz function
ge: (—=1,1)""2 — (—0,0) such that

N UND) = {(@" 2n-1) € (1,171 ge(a”) < zpoa},
frH(UeNTs) = {(@", ge(a")) = |2"] < 1}(= graph(ge)),
FEH U O\ E) = {(z",zn-1) € (=L, 1)" ¢ 2" < 1, ge(a”) > 2}

We say that 3 is a ck -regular Lipschitz boundary manifold if there exists an open and
bounded set Q' C R™ with C*-boundary such that ¥ C 8Q is a C*-reqular Lipschitz
boundary manifold relative to . If the context is clear, we simply speak of boundary
manifolds.
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By their very definition, all C'-regular Lipschitz boundary manifolds are orientable.
In particular, non-orientable smooth manifolds with boundary such as the Mobius strip
are not boundary manifolds. On the other hand, spiral-type manifolds such as

1 1
Y= {(SJrlcos(s),H—lsin(s),t): s>0,0<t< 1}

are equally seen to not qualify as boundary manifolds. However, they can be written as
countable union of boundary manifolds.

For future reference, mostly from Section 4 onwards, we now explain what we under-
stand by shrinking and enlarging boundary manifolds. In the setting considered here,
this requires two sorts of collar theorems (see Lee [53, Chapter 9] for more on this termi-
nology). The latter are linked to the Lipschitz deformability of Lipschitz domains (see
Ball and Zarnescu [6, §5], Chen et al. [18, §8], [19], Hofmann et al. [46]). The first
of these results will be applied to C'-regular Lipschitz boundary manifolds, and follows
from [53, Theorem 9.25]. Later on in §6, it helps us to formalize the following notion of
LL-a.e. boundary manifold in the transversal direction:

Lemma 2.5 (Collar-type I). Let ' C R™ be open and bounded with Lipschitz boundary
oY (or of class Cck ke N). Then there exist both a neighborhood O of 0Q' and a
bi-Lipschitz map Poqr: (—1,1) x QY — O with the following properties:

(a) (I’@Q/ (0, 89/) = 6(2’,

(b) ®oq(t,00) C Q' forall0 <t <1,
(c) ®oqr(t,000) C R\ Q' for all -1 <t <0, and
(d) ®aq(t,0) is a Lipschitz manifold (or of class C*) for each —1 <t < 1.

This lemma can be deduced from [6, 18, 46], and we briefly pause to discuss one
possible underlying construction. If the open and bounded set ' has Lipschitz boundary
0% oriented by the inner unit normal vy, then [46, Proposition 2.3 and Eq. (2.23)ff]
yields the existence of a globally transversal field X € C°°(R™;R™) such that |X| =1
on 0); this means that there exists £ > 0 such that vgq - X < —k " '-a.e. on
9. Thus, by continuity, 0 < ¢ < |X| < L < oo holds in an open neighborhood U
of Q. By normalization, we thus find h € C*(R™;R™) such that |h| = 1 in U and
vaa - h < —F holds " 1-a.e. on 99 for some k > 0. Put ®pq/(t,x) := x — th(z).
In this situation, it is established in [46, Eq. (4.66)ff.] that there exists ¢y € (0, 1) such
that ®gqr: (—tg,to) X I — R™ is bi-Lipschitz onto its image. From here, the assertions
(a)—(c) follow. Moreover, [46, Proposition 4.19(i)] establishes that, for all —ty < t < to,
Do ({t} x OFY) arises as the boundary of a domain with Lipschitz boundary. This
yields (d) if @€ is Lipschitz. If 8 is of class C¥, then ®aq: ({t} x HQ') still arises
as the boundary of a domain with Lipschitz boundary. Now, if —t; < t < tg and
Yo € Poqr ({t} x 9Q), we put g := Pyar(t,-) 1 ({yo}). Then there exists an isometric
coordinate system such that zq is the origin and, in this new system, 9’ coincides with
the graph of a C*-function f: R"~' — R close to the origin. In the new coordinate
system and expressing h accordingly, one then defines

F: (2, s)— (2, f(z')) — sh(z', f(x)), (z',8) € R"™ x (—tg, o).
As established in [46, Eq. (4.59)—(4.62)], a suitably small choice of ¢y entails that
det(DF(0,0)) # 0; in fact, this is the easier case in [46] which does not require mol-
lification. By the inverse function theorem, F' is locally invertible at 2o = (0,0). Noting
that we may choose h to be of class C®, this implies that its local inverse at zero is of
class C* too. Thus, if [t| is sufficiently small, we find 0 < r,e < 1 such that F maps
Zyo = BUY(0) x (t —e,t + €) bijectively onto its image. But W,..(yo) := F(Z,..) is
open, contains yo = F(0,t) and satisfies F~1(W,.(yo) N ®acr (£, ) = B Y (0) x {t}.
Since yo was arbitrary, we conclude that ®sq (¢, ') is a C*-manifold, and so (d) follows.
Based on Lemma 2.5, it is convenient to introduce the following notion:

Definition 2.6 (Transversal shifting). In the situation of Lemma 2.5, let X C R™ be a
C'-regular Lipschitz boundary manifold relative to Q. With ®sqr as in Lemma 2.5, we
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define for —1 <t < 1 the transversally shifted manifold Eg}t by
(2.5) Sol = oo (L, 2).

For 8SY of class C* and suitable choices of @5, Pagy (t,0Q) can be shown to be the
boundary of a set with C*-boundary, and the transversally shifted manifolds Zg}t inherit
the property of being C*-regular Lipschitz boundary manifolds (relative to ®aq (¢, dY))
from that of ¥ (relative to O€Y').

For our future applications, it is sometimes necessary to employ a particular construc-
tion of the collar or deformation maps ®5q-. The following refinement, discussed in parts
after Lemma 2.5, is due to Hofmann et al. [46, Proposition 4.19]; see also Ball & Zarnescu
[6, 85], Chen et al. [18, §8], Doktor [32] and Necas [65] for related results.

Remark 2.7. If Q' C R™ is open and bounded with Lipschitz boundary, then, by [46,
Proposition 2.3] there exist both x > 0 and a C'-vector field h: R — R™ such that
|h(z)| = 1 and h(z) - vogr(z) < —k for " tae. x € OQ; recall that vyq is the inner
unit normal to 9Y'. Define Q) := {z — th(z): = € Q}. By [46, Prop. 4.19], there exists
to > 0 with the following properties:

(a) With ®pqr: (—to,to) X 0Q — O C R™ given by ®Paq/ (¢, x) := x — th(x), we have
(2.6) |Pocy (t,z) —x| = 0 ast\, 0 uniformly in 2 € 9Q'.

(b) For each 0 < t < tg, A¢: O > & +— x — th(x) € 0O, is a bi-Lipschitz map, with
bi-Lipschitz constants being uniformly bounded in .

(¢) Coordinate representations. There exists a finite covering of 92 by coordinate
cylinders Z which, for every 0 < t < tp, is also a covering of 9} by coordinate
cylinders. For each such cylinder, let ¢¥z,9z.: Uz — R denote the Lipschitz
functions whose graphs parametrize (up to a rotation and a translation) Z N o2
and Z N 0SY, respectively, where Uz C R is open. Then [[Vipz |1 w,) <
c|Vipz| (v, for all 0 < t < to with a constant ¢ > 0 independent of 0 < < .
Moreover, we have

Vipzs — Vipg L Lae inUy

and, for every 1 < g < 0o, Vtbz; — Vb7 strongly in LY(Uz; R" 1),
(d) Approaching the boundary non-tangentially. There exists ¢ > 0 such that

sup |z — A¢(z)| < ct for all 0 <t < to.
€0

(e) Convergence of the interior unit normals. Denoting by v; the interior unit normal
to 0€, there exists C' > 0 such that

sup |vaar (z) — v (Ae())] < Ct forall 0 <t < tp.
eI

Before we come to a collar-type theorem on manifolds, we record a result on the

Lebesgue points. The proof is the same as in [19, Lemma 2.1].

Lemma 2.8. Let ' C R3 be open and bounded with Lipschitz boundary. Let F €
Li.(R%R3). Then, for L -ae. t € (—1,1), H?-a.e. x9 € Poq ({t} x OY) is a
Lebesgue point of F'.

For future reference, we moreover record the following comparability result.

Lemma 2.9 (Geodesic/intrinsic versus extrinsic distances). Let ' C R™ be an open and
bounded set with C*-boundary. Then the Euclidean distance and the geodesic distance on
0 are mutually comparable. More precisely, setting

1 . .
. . : [0,1] — 99 is continuous and
dya) = int{ [ piolae 7 3

Q/
piecewise C' with 4(0) = z,v(1) =y T,y €O,

there exists a constant ¢ > 1 such that

|z —y| < dg(z,y) < clz—y| for all z,y € Y.
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Based on this lemma, we may in particular work with distances with respect to the
Fuclidean or equivalently the intrinsic metric, but think of one choice as fixed throughout.
We now continue with the second type of collar theorems.

Lemma 2.10 (Collar-type II). Let Q' C R™ be open and bounded with boundary 09 of
class C', and let ¥ C Y be a C'-reqular Lipschitz boundary manifold relative to ' and
with boundary U's. Then there exist both a relatively open neighborhood O of T's, in 9
and a bi-Lipschitz collar map Uy: (—=1,1) x I's — O with the following properties:

(a) ¥5(0,Ty) =Ty,

)

(b) Ux(t,T's) Cint(X) forall0 <t <1,

(c) Ux(t,I's) COUV\X for all -1 <t < 0.

(d) Ux(t,T'x) is an (n — 2)-dimensional Lipschitz submanifold for each —1 <t < 1.

(e) If0<s<t<l, then ¥5((0,s) xI'y) C ¥x((0,t) x I's).

(f) There exists a constant 0 > 2 such that, for all0 < s <t <1,
t
7 < dist(T'y, x) < 0t for allx € Ux(¢,T'y),
t—

(2.7) ; ® < dist(Us(s,Tx), z) < Ot — 5) for allz € Ux(t,Tx),

g < dist(T'y, z) < 6t for allz € Ux((s,t),T's).

The proof of this lemma can be accomplished similarly as Lemma 2.5 by localization
and flattening. When there is no confusion about the particular manifold ¥ and the
choice of Uy, we simply write ¥ = Uy,.

Definition 2.11 (Tangential shrinking and enlarging). In the situation of Lemma 2.10,
define

T $\ Us((0,¢] x I'y)) for 0<t<1,
(2.8) 55 gy = { > >

ZU\I/E((t,O] XFZ) for =1 <t <0,

and call Ea,t,q,z the tangentially shrunk manifold provided that 0 < t < 1, and the
tangentially enlarged manifold provided that —1 < t < 0. If the map Uy is clear from
the context, we write Egl,t for the sets from (2.8).

In the setting of the preceding definition, the tangentially shrunk or enlarged manifolds
are C'-regular Lipschitz boundary manifolds relative to Q' too. For notational brevity
and thinking of ¥y, being fixed, we moreover put

(2.9) T4 = Us(t,I'y) for |t| <1.

With this convention, we define for —% <t< % and 0 < e < %

(210) (FZ)t,E = U sEa (FE)::E = U FsEa (FE);‘S = U FSZ
t—e<s<t+e t<s<t+e t—e<s<t

Based on our choice of ¢ and ¢, we always have —1 <t — ¢ < t+ ¢ < 1, so that the sets
from (2.10) are well-defined indeed.

2.4. Function spaces. We now collect the definitions and background results for func-
tion spaces as used in the main part of the paper. Here we focus on the spaces which
appear most frequently; in particular, we postpone the definition and properties of func-
tion spaces on manifolds to Appendix A, as they only enter selected sections.

2.4.1. Lipschitz and C'-spaces. In the main part, we are frequently concerned with ex-
tending maps from boundaries of sets to the interior. To state the first lemma, we note
that C'(9€') for an open and bounded set ' with C'-boundary is defined as usual by
means of localization.

Lemma 2.12. Let Q' C R” be open and bounded with C*-boundary.

(a) If f € CHOQ), then, for each 0 < § < 1, there exists fs € CH (V) such that
(1) fsloor =1,
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(i) fs(z) =0 whenever z € Q' satisfies dist(z, Q) > 6,
(iii) there exist both a constant ¢ > 0 independent of f and 0 < 6 < 1 so that

1 .
IV fslles @y < e(IV2fllee o0y + ngHLw(aQ/)) in Q.

(b) If f € Lip(0Y), then there exists g € Lip.(R™) such that
(1) g|aQ’ = f7 o
(i) glgny € CHR? \ ) and glor € CL(SY),
(iii) if ps is the d-rescaled version of a standard mollifier, then there exists a
sequence (0;) C (0,1) such that §; \, 0 and

Vr(ps; *9) = Vo f A" ae. on O as j — oo.

We note that (a) cannot be improved to g € CL(R™) in general. It is difficult to
trace the precise statement of Lemma 2.12 back to a specific reference, which is why a
self-contained proof is included in Appendix B for the reader’s convenience.

2.4.2. Ertended divergence-measure fields. Let Q C R? be open. If F € €.4°°(Q2), then
div(curl F) = 0 in 2'(Q2). Hence, curl F' can be regarded as an extended divergence-
measure field in the terminology of [20]:

Definition 2.13 (Extended divergence-measure fields). Let @ C R™ be open and bounded.
An extended divergence-measure field F € 2.4 (Q) is a vector field F € RMg, (; R")
such that div F' € RMg, ().

For our further purpose, we now document the process of assigning distributional
normal traces to extended divergence-measure fields and record some of their basic prop-
erties.

Definition 2.14 (Normal traces). Let Q C R™ be open and bounded, F € 2.4 (%),
and let E € Q) be a Borel set. We then define the normal trace of F' on OF by

(2.11) (F-v, ) /w dF — /<pd div F), o€ CL).

The preceding definition appears e.g. in [20, 24, 72]. We will require a generalization of
(2.11) to Lipschitz maps ¢ € Lip.(£2). This requires the measure Vi - F which, following
[72, 24], can be introduced as the unique signed Radon measure on 2 which satisfies

(2.12) / YdVe - F = lim/ YV (ps x ) - dF for all ¢ € Cc(Q).
Q N0 Jo
This pairing is instrumental in generalizing identity (2.11) to Lipschitz competitors:

Lemma 2.15 ([24, Corollary 2.9]). In the situation of Definition 2.13, the normal trace
functional (2.11) extends to a bounded linear functional on Lip(Q) by setting

(2.13) (F-v,0) / dVe - F — / pd(div(F for any ¢ € Lip(Q).

The aforementioned references directly deal with Borel sets F, whereas we largely deal
with much more regular sets in the main part. We then only require an easier version:

Lemma 2.16. Let Q C R™ be open and bounded, and let Q' € Q be open. Moreover,
let F € 92.4°(Q) and ¢ € Lip.(Q) be such that p|o: € CL(Q). Then V- F(Q) =
(Vo - F)() so that

(2.14) (F v, p)a0 = —/ Vo -dF — pd(divF).
U Q/

Proof. Let (1;) C CL(€';[0,1]) be such that 1; — 1 pointwise in Q' as j — oco. Since
Ve - F is a signed measure, we obtain by dominated convergence in the first step:

Ve -F(Y) = hm/l/)jdv F L im hm/ ¥;V(ps, * ) - dF

j—o0 Jj—00 1—00
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— Iim lim / bi(ps, % V) - dF 2 lim [ y;Vp-dF / V- dF.
Jj—rooi—oo Jo Jj—oo Jor Q
Here we used at () that Viplo: € Cp(2;R™) by (a), whereby ps, * Vo — Vi everywhere
in Q' as i — oo. In particular, for every j € N, [¢;(ps, * V)| < ||[Vo|lLe(q) and
¥i(ps, * V) = 1V everywhere in €. Since 1,V € C.(€';R?), the integral of ; Ve
with respect to the vectorial measure F' is well-defined, and so (x) follows by dominated
convergence. As to (xx), it suffices to realize that ¢;Vy — Vo everywhere in Q' as
Jj — 00, whereby [¢;Vy| < |Vy| yields (+*) again by dominated convergence. Now
(2.14) follows from (2.13), and the proof is complete. O

Moreover, we require the following two results on the local nature of the normal traces:

Lemma 2.17 (Locality, [24, Theorem 2.15]). Let & C R"™ be open, and let E € § be
open. If ¢ € Lip,(Q) vanishes on OF, then (F - v, p)or = 0.

Lemma 2.18 (Localisability of the normal trace, [24, Theorem 5.3]). Let Q@ C R™ be
open, F € Q.4(Q), and let U,V € Q. If A C R™ is open such that ANU = ANV,
then

(F-v,p)ou = (F -v,p)ov for all p € Wh(A).
Moreover, abbreviating d := dist(-,0U) and U® := {x € U: d(x) > €}, the condition

1 J—
2.15 liminf - |Vd - F|(U \ U*
(2.15) iminf 2[Vd - FI(U\ U?) < o0

implies that (F - v,-)ay can be represented by a Radon measure on OU and so can be
localized in the above sense.

Definition 2.19 (Intrinsic normal traces). Let Q@ C R™ be open, and let U € Q be an
open subset. For an extended divergence measure field F € 2.4°(Q), define

(2.16) Nrwulp) = (F v,@ou  for any ¢ € Lip(0U),
where @ € Lip.(Q) satisfies Plov = ¢.

The functional (2.16) is well-defined, meaning that it does not depend on the specific
Lipschitz extension @. Moreover, since U € () is open in the situation of the previous
definition, we conclude in view of (2.11) that we might specify to $ € Lip(U) with
Plou = p; in (2.11), only the values of ¥ inside U matter. This observation implies:

Remark 2.20 (Open sets U with C'-boundaries). If, in the situation of Definition 2.19,
U € Q is open with C'-boundary AU, then there is no need to invoke the extended pairing
(2.12). Namely, in this case, we may apply Lemma 2.12(b)(i)—(ii) to extend ¢ € Lip(9f2)
to a function @ € (Lip N C})(U); note that we do not claim % € C*(U) here. Since the
right-hand side of (2.16) is independent of the specific choice of the particular Lipschitz
extension, we may directly work with . For this choice, we see that Vg € Cy(U;R™)
and

(2.17) ) :—/UV¢~dF—/U¢d(divF).

In particular, note that the first integral on the right-hand side of (2.17) is well-defined as
the integral of a bounded continuous function with respect to the finite Radon measure
F. While this will be the generic scenario from §5 onwards, this simple description only
works due to the openness and regularity assumption on U and 90U, respectively.

2.5. Level set estimates. In the main part, we require estimates on the (n — 1)-
dimensional Hausdorff measure of the level sets of distance functions. The following
result is a special case of a more general assertion for asymmetric norms due to Cara-
ballo [17]; see also Kraft [49] for related estimates.
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Lemma 2.21 (7" !-measure of level sets, [17, Theorem 6]). For every n > 2, there
exists a constant ¢ = c¢(n) > 0 with the following property: Let C C R™ be non-empty
and compact with "1 (C) < oo, and put d(z) := dist(z,C). Moreover, suppose that
there exist 6,0 > 0 such that

A1 N B, (2)

(2.18
) ,-Ynfl

>0 forall0 <~y <§and allz € C.

Then
(2.19) " Hd({r}) < g sup {1, (g)n_l} H"HC)  for Ll-a.e. 0 <1 < 00.

We note that, if 2 C R™ is open and bounded with Lipschitz boundary, then (2.18) is
automatically fulfilled for C' = 02 and suitable choices of §,0 > 0.

3. THE TRACE THEOREM FOR %.#P-FIELDS

In this section, we introduce (distributional) tangential traces of €.#"-fields. In §3.1,
we are concerned with elementary properties and various examples in the full exponent
regime 1 < p < oo, which will be continued throughout the paper. In §3.2, we are
especially concerned with the case p = oo, where stronger results are available and which
will be the basis for the results in §5-8§6.

3.1. The tangential trace functional. We directly give the definition of the tangential
trace functional by duality.

Definition 3.1 (Tangential trace). Let Q C R? be open, let F € 6.4 () for1 < p < o0,
and let U € Q be open and bounded. Define the interior and exterior tangential traces of
F on 0U as R3-valued distributions (F x v)t € 2'(Q;R3) and (F x v)&* € 9'(;R3)
mn Q by

(F x v)B Yoy = / pd(curl F) f/ F x Ve dz,

(3.1) v v

(Fx )& ooy = —/ pd(curl F) + F x Vo dx
Q\U Q\U

for any ¢ € CZ ().

For a C'-map F, the identities in (3.1) hold per definition, provided that we interpret
the pairings on the left-hand side of (3.1) as integrals of (F x vgy )¢ with respect to 52
on 9U; see formula (D.2) in Appendix D for more detail. Next, based on the convention
of Definition 3.1, we see that

(3.2) (Fx )i, 0)ov = —((F x v)§iz. @)aam — forallp € CZ(Q).

Now let 1 < p < oo. In the situation of Definition 3.1, the estimate

(3.3) {(F x )" hov| < lellue@)lewrl FIU) + Vel Lo o) | F e )
for ¢ € C°(Q) entails that ((F x v)¥, -)oy is a well-defined R3-valued distribution
(3-4) (F x v, Jou = (F x v)gi)i<i<s, - )ou € Lip. (% R?)"

In a routine manner, we may therefore introduce for ¢ = (1, pa, 3) € C°(;R3)

(Fx )i @)ou == Y ((F x )%, @i)ou

1<i<3
= / @ - d(curl F) — / F - curlpdz,
U U

and the equivalence of (3.1) and (3.5) is directly seen by use of (3.4); see also formula
(D.4) in Appendix D. Since we consistently denote vector fields with bold letters, there
will be no confusion about the meaning of ((F x 1)1, 0} 5 and ((F x v)1¢ ) gy Lastly,
(3.3)=(3.5) hold true for ((F x v)§*, - )sy with the obvious modifications. We now have

(3.5)
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Theorem 3.2 (Distributional Tangential Traces). In the situation of Definition 3.1, let
U € Q be open and bounded. Then the following hold:
(a) CZ(Q) 2 p = (F xv) p)oy is an R3-valued distribution supported on U
of order at most one.
(b) CE (4 R3) 2 @ = (F x v)B p)oq is a distribution supported on OU of order
at most one.

With the obvious modifications, the analogous assertions hold true for ((F x v)&*, )au.

For the proof of Theorem 3.2 and subsequent results, we require a smooth approxima-
tion result. It can be established along the same lines as [35, §5.2.2, Thm. 2], or directly
retrieved from [8, Thm. 2.8] by setting A = curl.

Lemma 3.3. Let Q C R3 be open and bounded, and let F € €.#"7 () for 1 < p < <.
Then there exist sequences (Fj) C CP(Q;R?) and (F;) C €.47() N CP (4 R3) such
that the following hold:

(a) If 1 <p < oo, then F; — F strongly in LP(Q;R3) and (curl F}).#% = cwrl F in

RM;s, (2, R?). Moreover, ﬁ’j — F €. #P-strictly, meaning that
02(Fy, F) = | By — Flpoy + |leurl B[(©) — [eurl FI(@)] =5 o.
(b) If p= oo, then F; = F in the weak*-sense on €. (), meaning that
F; 5 F in L™(O;R?), (cwrl F}).#3 = cuwrl F'in RMg, (Q; R?).

Moreover, Fj — F strongly in LL _(;R3) for any 1 < ¢ < .

In both cases, F;(x), Fj(x) — F*(x) for every Lebesgue point x of F.

Proof of Theorem 3.2. We divide the proof into two steps correspondingly:

For (a), let W & € be open with W NoU = 0, and let ¢ € 2(Q) be such that
spt(p) € W. Since dist(spt(p), OW) > 0, there exists an open set W’ with smooth
boundary such that spt(p) € W' € W, |curl F|(O(U N W')) = 0, and (U N W) is
smooth.

By Lemma 3.3, we may choose a sequence (F;) C 2(£2;R?) such that F; — F strongly
in L (2 R?) and (curl F;).#% = curl F locally in RM(Q; R?). By the properties of W',
we see that (curl F;).Z2 L (UNW’) > curl FL (U NW') in RMg, (U N W’). Since
(3.6) / curl (¢G)dx = / curl (pG)dx = / ©G X vywnwr) ds#? =0

U unw’ aUNWY)
for all G € C'(Q;R?) (see (D.1) in Appendix D), it follows that

O tim [ el (pF;)dz

j—o0 U

= lim (/ @ curl Fy dxf/ F; x Vgodm)
I Nunwy unw’
= / pd(curl F) —/ F xVedz = ((F x )2 0)oy.
unw’ Unw’

By arbitrariness of the open set W € Q with WNoU = 0 and ¢ € 2(Q2) with spt(e) C W,
this yields the assertion on the support. Since the statement on the order of ((F X
V)t Yoy being at most one is a direct consequence of (3.3), this implies (a). For (b),

0

this assertion directly follows from (a) as in the smooth case; see also (D.4) in Appendix
D. This completes the proof. O

Remark 3.4. In view of the methods employed for the closely related divergence-
measure fields (see [18, 20, 25, 71]), one can also establish product rule-type theorems
for oF, e.g. where F € €.#°(Q) and ¢ € (BVNL>®)(Q). To keep our exposition
at a reasonable length and since we do not need this in the sequel, we will defer such
results to future work. Moreover, since we are mostly concerned with subsets U C 2



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 17

with Lipschitz, C'- or C2-boundary, this also applies to potentially more irregular sets
U.

We next illustrate the preceding theorem with several examples. Specifically, Examples
3.5-3.7 deal with the cases for 1 < p < oo, and display different phenomena in various
exponent regimes. As a key point, if 1 < p < oo, the tangential traces from Definition
3.1 can merely be distributions that cannot be represented by Lj -fields. This differs
from p = oo, which is the subject of Example 3.8 and the following Subsection 3.2.

Example 3.5 (Exponents 1 < p < 3). Let Q = By(0) and U := B{ (0) := {(2/,23) €
B1(0): x3 > 0}, where we abbreviate ' = (z1,x2) as usual. We consider the vector
field
1 =z

3.7 F - =

(37) @)=~

so that F € LP(Q;R?) for any 1 < p < 3. Since F = V® with the fundamental solution
® of the negative Laplacian (—A), it follows that curl F' = 0 in Q. Hence, F € €.#"(Q)

forall 1 <p< % We now claim that, for all ¢ € 2(Q2), there holds

i 1 (Q:c',O) / 20,7

(F x )i, pho = —3-PV. [ oa!.0) A7),
v 4 B (0)xfoy |73

1 !/

= —lim —/ Q= 0)

N0 AT B3 0)\B (0))x {0y 2]

where Qz’ = Q(z1,22) = (x2,—x1). To see (3.8), let ¢ € P(N) be arbitrary. For

0<e< %, because of curl F' = 0, we have

1 x 1 T
Vo(x) X —=dz — —/ Vo(x) x —= dx
] AT Jum. (0) |z

for z € Q,

(3.8)

p(a',0)d ('),

(F x v)*, g)ov =

47 S0
—0 as e\0
1 !
0L | @0 D a (),
AT N0 J (B3 (0)x {0})\B. (0) ||

where the last line is a consequence of the integration-by-parts formula for the curl (see
formula (D.2) in Appendix D), and

T X T X
/ P A = [ )T 4k ) =0,
OUN{zs>0} || 9B, (0)NU |z
Thus, (3.8) follows. Moreover, 2’ — Qz’/|z|* does not belong to Li,.(0U N{x3 = 0}; R?)

and so cannot represent the density of a Radon measure which is absolutely continuous
with respect to ##2 on OU. Note that

1 (—x9,21,0) 1 1 .

F(z) x P I R L) ’:77, = (21, 0,0),

| (33) V('r)| Ar |.’E‘3 Ar ‘i’|2 € ('rl 'IQ) 7é ( )

and the singularity is non-integrable close to zero in two dimensions. In particular, we
deduce that ((F x v) )ar does not give rise to a distribution of order zero.

Example 3.6 (Exponents 1 < p < 2). Define a vector field F: R3\ {0} — R? by

1 ( T9 T

3.9 F =50~
( ) (1‘1,1‘271‘3) o $%+$%75L’%+x

%,.%'3), x = (x1,22,23) # 0.
We claim that

(3.10) curl F = e3 ' _Rez € RM(R*;R?)  in 2/(R3;R?).

To see (3.10), let ¢ = (¢1, P2, p3) € Z'(R3;R3). We record that

Franlpdo =5 [ [ (25 0ua(o) - dua(0) dlon. ) do

R3 —00 x% +$%

/OO /R? (L> (9s01(x) — D1p3(2)) (1, 72) ds

2 2
—o00 $1+$2
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/ /1%2 (92903( )+ x% + p 50103(x )) d(z1, 22) das

=: 2’/T . <$3)d(1}3,

where we used that several integrals vanish due to an integration by parts. We abbreviate
B’ := B®(0) and compute for ¢ > 0 and any x5 € R:

/ / 51<P3( )+ o 52<P3( ) (@1, w2) =: I + 11,
! ]RZ\B/ 1'1 +

1

Writing 2’ = (21, 22), we then have

/

dx
(3.11) Y| < ¢ Vel lLoe o) / ] < < e||Vellpemse =0 ase 0.
Integrating by parts yields
. /!
(3.12) % = —/ M A (z') = —27r][ p3(2',x3) dr’ — —2mp3(0, 23)
oB! |2’ OB
as € \( 0. By dominated convergence, a combination of (3.11)—(3.12) yields

/ (curl F) - pdx )
R3

(o)
F - curlpdr = / 03(0, z3) des = (egifl L Res, ¢),
R3 —00
and this completes the proof of (3.10). Considering F' given by (3.9) on Q := Bgz) (0) x
(—2,2) and setting ' := Bgz) (0) x (0,1), we obtain that, for any ¢ € CL(Q;R?),
; 1
(F x )i @loor = o | Gla) - pla) drn?()
™ Joq

where
@0 (+.0)

G(z) = ]lBg"‘)(o)x{o}(x) (2,02 B(12)(0)><{1}('r) (2, 0)[2

+ H(x),

and H: 8B§2)(O) x (0,1) — R3 is smooth. Hence, the tangential trace can be represented
by an L(9Q; R?)-map for 1 < ¢ < 2. If welet Q' = {(z1,72,23): (21,23) € Bgz)(O), 0<
29 < 1} instead, an argument as in Example 3.5 shows that the distributional tangential
trace cannot be represented by an Li, -field. Yet, F € €.#7(Q) for all 1 <p < 2.

Example 3.7 (1 < p < 00). Let Q C R? be open and bounded, and let ' € 2 be open
and bounded with Lipschitz boundary. The space W™ (Q') as defined in (1.2),, admits

a bounded, linear, and surjective tangential trace operator tr?: WP () — Xl ; see
also Appendix C. For F € Weul P(Q2), we then have

(F x )3, @)oor = (02(Flay), ) for any @ € CL(RY).

Since X%, ¢ Li,.(0Q;R?), the results from Examples 3.5-3.6 cannot be improved to
tangential traces in Lj,, even if 2 < p < oc.

Example 3.8 (p = 00). Assume that vector fields u,v € (BVNL>)(By(0); R?). For
x = (x1,22,23) € B2(0), consider
Fo) u(r) ifx € B (0):={z € By(0): x3 >0},
x) =
v(z) ifz € B5(0):={x € B2(0): z3<0}.
Denote by trt,tr~ the classical BV-trace operators on dBJ (0) or 0B, (0). Based on
formula (D.2) in Appendix D, we have

curl F = curlul B (0) + curlvL B; (0)
+ (b (va) — trt(ug), trt (ug) — tr (v1), 0)22 L (BS?(0) x {0})

as an identity in 2'(B(0); R?). Let €' := B (0). Definition 3.1 implies that ((F x

V)t Y aqr can be represented by the L'-function trt(u) x Vapt(o)- On the other hand,

(3.13)



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 19

with tr: BV(B3 (0)\B7 (0);R?) — L(9(B3 (0)\Bj (0)); R?) denoting the usual boundary
trace operator on BV, ((F x v)&t, -)sq can be represented as

(tr™(v) x e3)|6BT(0)m{z3:0} — tr(u) along B3 (0).

>< —_

|z (0BT (0))n{x3>0}
These results persist for u,v € BV(B2(0); R?), but this is only due to the fact that the
full traces of BV-maps belong to L' along the respective boundaries in this case.

3.2. The trace theorem for ¢.#°-fields. Throughout this subsection, let 2 C R?
be open and bounded, and let 2 € Q be open with Lipschitz boundary. In §3.1, we
have seen that the distributional tangential traces cannot, in general, be represented by
measures supported on 9 provided that 1 < p < oo; see Examples 3.5-3.7. We now
establish that, if p = oo, such a singular behaviour of the tangential traces cannot occur.

In particular, the tangential traces of €.# *°-fields along 9’ can always be represented
by L(0Y; Toq )-fields:

Theorem 3.9 (Tangential Traces for €.# *°-Fields). Let Q C R3 be open and bounded,
and let ' € Q be open with Lipschitz boundary. If F € €.4 (), then the following
hold:

(a) Representation as L°°-functions: The interior and exterior tangential traces from
Definition 3.1 can be represented as R3-valued L*°-functions on 0SY. That is,
there exist (F x vag )3, (F X vag)ga, € L (0 R?) such that

/aQ/ Q(F X vooy )i A = ((F x V)&, @)aar,
(3.14)

/ P(F x voa)gey A = (F x )&, ¢)aqr
o9

hold for every ¢ € CL(Q).
(b) Tangential character: For s#2-a.e. x € 9, then
(F X V@Q/)glé/(m) € Thqy (.23) and (F X l/an)‘%)g/ (33) S TaQ/(x).

(c) Vectorial version of (3.14): If ¢ € CL(Q;R?), then
/ (F x voo 8%, - pd#? = | @-d(curl F) — / (curlyp) - Fdx
o o

/ (FXV@Q/)%)S/'QDCL%2:—/
oY Q\Q

(3.15)
@ -d(curl F) + / ~ (curlyp) - Fdu.
ANy
We wish to point out that, compared with analogous results for divergence measure
fields (e.g. [19]), the previous theorem departs at (b). This is, in fact, a crucial property
which we will frequently use in §5-8§6, and which does not have an analogue in the theory
of 9.4 fields; for the latter, the normal traces are scalar-valued throughout.

Proof of Theorem 3.9. We focus our proof on the case of interior traces, since it is anal-
ogous to the case of exterior traces.

For (a), our reasoning is inspired by that in Chen-Frid [19]. Since we require the
detailed proof for (b) and (c), we carry out the full argument. Let ®pq: [0,1) x 09 —
O € Q be the collar map from Lemma 2.5, where we may assume that it satisfies the
properties listed in Remark 2.7. We put

Q)= Q' \ Do ([0,] x AY)  for 0 <t < 1.

Given F € €.# (), we choose a sequence (F;) C 2(Q;R?) as in Lemma 3.3(b). By
formula (D.2) in Appendix D,

(316) / (,O(FJ X VB(Q/)CD,t) d%2 = /
()2t

pcurl F;dz —/ F; xVpdx
(Q/)<I>,t

(Q/)<I>.t
holds for all j € N, all 0 < t < 1, and any ¢ € C°(£2). By Lemma 2.8 in conjunction with
Lemma 3.3, there exists a set I; C (0,1) with #1((0,1)\ I1) = 0 such that, for every ¢ €
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I, F; — F* pointwise #%-a.e. on 9(Q')®! together with 1 F* (Lo (acyety < [ F||Lee (o)
for all t € I . This yields the convergence of the first term in (3.16). On the other hand,
there exists a set I C (0,1) with £1((0,1)\ I5) = 0 such that |curl F|(9(£2)®*) = 0 for
all t € Iy. Hence, for each t € I, the second term in (3.16) converges to the integral of
¢ over ()% with respect to the R3-valued measure curl F. Since F; — F strongly in
L. (9 R3), we may send j — oo in (3.16) to obtain

(3.17) / O(F* X vpqpyen) dH? = / e d(curl F) —/ F x Vodz
(Q/)‘I) t (Q/)‘P t (Q/)'i’,t

whenever t € I := I; N I5. Since curl F' is a finite Radon measure and Lignetp = Lo
pointwise everywhere in ' as ¢t N\, 0, Lebesgue’s theorem on dominated convergence
applied to the single components yields that the right-hand side of (3.17) converges to
the right-hand side of (3.14); as t \, 0 with t € I. Now, for t € I, we define the measure
e on B(0Y) via push-forward by

(318) Mt = (I)QQ’ (t) )_1#((F* X VB(Q/)<1>,1,)%2 La(Q/)¢7t>_

By Lemma 2.5 and because of F € L™({;R3), we see that SUPg<i<l [t (0Y) < 0.
By the Banach-Alaoglu-Bourbaki theorem, for any sequence (¢;) C I with ¢; \, 0, there
exist both a subsequence t = (t;,) C (¢;) and p' € RMg,(9Q'; R?) such that e, Sopt
in RMg,(09;R3) as k — co. By the convergences established after (3.17), we have

(3.19)
(F x )&, @)aar

=1l — o Bag(ty, ) (F* d#? + li dyss,
el o)™ ik (o= 9o Ron(ta, )7 ) Vo™ ) T 39,90 i

= Il + IQ (;) 12 = / (pd[.,bt
o

For (x), note that I = 0, which can be seen by [F* X vgqne.t(x)| < [|F ||y~ (q) for 72
ae. ¥ € ()%t (2.6), and Lebesgue’s theorem on dominated convergence. Since the
restrictions of CZ°(Q2)-functions to 9" are dense in (C(9Q'), || - |cpar)), (3.19) implies
that p := p' is independent of t and gy — g in RM(9SY;R?) as t \, 0 with ¢ € I.

Now let A C 99 be compact with #%(A) = 0. For € > 0, we find a finite covering
(Bi)i, by non-degenerate open balls such that A C (J;”, B; and Zl 1 m(B;)? <e. Let
@ € C(0;[-1,1]). Recalling that |[F*| < [|F||y~q) on (‘3( "%t for t € I, we have

(3.19)
QDd[l/ S }IH(I) ; |_F>‘< X I/@(Q/)@,t | d%2
A tél Byer (09N, By)

i
< |[F* Loy sup A2 (Door (1,09 N | By))
o<t<i im1
< | F*||Lee o ( sup Lip(®ag (1, )))e.
o<t<i
We then pass to the supremum over all such ¢. As a consequence of Lemma 2.5, the
Lipschitz constants of @y (t,-) are bounded in 0 < t < % Writing g = (1, p2, i43), we
may send e N\, 0 in the resulting inequality to see that |u;|(A) = 0 for ¢ € {1,2,3}, and
so |u|(A) = 0. By the Radon property of p, it follows that p is absolutely continuous
for 2L 0Y: p < 21 0€Y. Because 0§ is o-finite with respect to s#2, the Radon-
Nikodym theorem implies the existence of a density

dp
dsr?’
whereby p = (F x vgq: )5, 20 . We finally prove that (F x vgq )i, € L™ (0 R3).
To this end, let 7y € 99 be a s#-Lebesgue point of (F x V@Q/)gg/. We then obtain

(F X I/ag/)glé/ =
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that, with ay, , == J2(B,(z9) N 0Q'),

|(F x vao)36:)* (zo)| = lim

(3.19)
< lim lim /
™0 tté}) Azo,r J @40 (8,By(20)NIQ)

2 @ ’ B QI
< || F[[Lee () lim lim A (Pog (t, Br(z0) N OY))
0 tté‘lo aﬂﬁoﬂ”

][ (F X I/(')Q/)iané/ d%Q
B, (z0)noQY

|.F>'< X I/a(QI)CP,t | d%2

Since the Lipschitz constants of ®agy (t,-) are bounded in 0 < t < %, (a) follows.

For (b), we choose a covering of 9Q' by the coordinate cylinders Z and associated
coordinate maps ¥z as in Remark 2.7(c); we may assume Z to be open. Up to a rotation
and translation, we may assume that Z N 9’ can be written as graph(¢z) N Z, where
Yz: U — Ris a Lipschitz function and U C R? is open. By Remark 2.7(c), we may write
ZNo(Q)®t = ZNgraph(vz,) for all 0 < t < ¥’ < 1, where ¢z,: U — R is a Lipschitz
function such that Vipz; — Viz L?-ae. in U and strongly in LI(U;R?) for every
1 <g<ooast\, 0. Now let z(; € U be a differentiability point of ¢z and Lebesgue
point of V)z; by the Rademacher and the Lebesgue differentiation theorems, .#2-a.e.
xy € U will do. We consider z¢ := (x(,¢z(z()). If » > 0 is sufficiently small, then
B, (x0) N9 C Z. By Remark 2.7(d) and diminishing ¢’ if necessary, we may assume
that ®aq ({t} X (B,(xg) NOY)) C Z forall 0 <t <.

With I as in the proof of (a), let (t;) C I N (0,t') be such that t; N\, 0. We then see
that, with ag, , := #2(B,(z0) N0Q) and U] := {2’ € U: (2/, ¢z, (2")) € Poqy ({tx} X
(Br(wo) N O},

d
o (70 - voow (x0)
= lim ][ (F x vga) 8%, (x) A% (x) - v (o)
™0 | /B, (z0)n0Q
D7 4y im / F*(z) x vy(qrye.u. () d#?(x) - vaqr (20)
TN0kDe0 | Qag i @0 (L, Br(20)N0Q)
= lim lim / F*(x) - (vyqn e () X vaar (20)) A (x)
™0 k—o0 Agq,r D50 (tr,Br(zo)NONQ) )T
= lim lim F*(2' ¢z, () - (Voo (@' 74, (2") X vaq (z0)) %
N0 k—o0 Agq.r ur

/14 Vg, (2)2dL3 (') = L

Here we have used that, in the second line, the weak*-limit pu of p, is independent of
the specific choice of (t5) C I with ¢; ~\, 0 (as established in the first part of the proof)
and, in the third line, the rule (a x b) -c = a- (b x ¢) for a,b,c € R3.
In order to estimate I, we note that, for all a,b,a’,b’ € R,
l(a,b,—1) x (a’,V/',=1)| = |( —b,a —a’,ab’ — a'b)|
(3.20) < c(L+ la] + o) (Ja — a'| + b= V')

<cy/1+1al2+ |b2(Ja —d| + |b—V]).

We define

' = U {#' € U: ' is not a differentiability point of ¢z, },
k=1
whereby .#?(U\ %') = 0 by Rademacher’s theorem. In particular, every 2’ € U\ %' is a
differentiability point of every ¢z, . For elements x = (2/,v 2,4, (¢')) with 2’ € U \ %',
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we compute

(3.20) " _ !

|l/a(Q/)<1>,t;c (w) x vaqr(xo)| < C|V¢Z’1tk_|(_x|éwzv(z)z)(2x())|

< JJV¥2 (&) = Vg (@) | [Vz(2)) — Viz(ap)|
1+ [Vipz(2p)[? L+ [Viz(2p)?

=:J; + Jo.

We deal with the single terms J; and Js in I, separately.

On the Ji-integral. By Remark 2.7(c), we see that ||V z, || @w) < ¢|VYz|lL= @) <
C for all k € N, and Vipz;, — Vipz in L'(U;R?) as k — oo. We conclude by use of
F € L (Q;R?) and (3.20) that

lim lim
N0 k—o00

F* (2!, 7.4, (2")) - Jl(x’)\/l +[Vipze ()2 d23(a)

1 i U V7., (2") = Vipz(a')] d.iﬂ(ac’) =0.

Qro,r k—o0

Qzqg,r up

< c(1+ [IVezllie @) [ Fllue o) 7ll{lf(l)

=0
On the Jy-integral. Again, we recall that ||[Vizs, |lLe@w) < c|Viz|Le@w) < C for
all k € N. Denote UL, := {2’ € U: (2/,¢z(2')) € By(z9) N 0N}, so that 1y — Ly
ZL?-a.e. in U. For all sufficiently small r > 0, G: UZ, 3 2’ — (2/,z(z")) € B,.(x¢) NI
has bi-Lipschitz constant independent of > 0, whereby there exists ¢ > 1 with

1
E.L”(Ugo) < gy < cL*UL) for all sufficiently small 0 < r < 1.

Hence, Lebesgue’s theorem on dominated convergence and (3.20) imply that

F* (2, g0, (2")) - Jz(x’)\/l +[Vipze ()2 d.23(a)

lim lim
N0 k—o00

Az, up

. 32 Ugo / /
< c(1+ IVl ) I o) I{ng ]{] [Vuz(eh) - Yz ()| AL )

<c

< oL+ [Vl @)l lim [Voz(ah) ~ Viz(a)] d2%(a) =0,
r U;o

()
To see that (x) = 0, note that the Lipschitz property of G implies that there exists a
constant 0 < ¢ < 1 such that By, (z) C UL C B,(zj) holds for all sufficiently small
r > 0; e.g., we may take § = (1 + Lip(¢z)2)~ 2. Therefore, we have
1
(+) < 6" lim 7][ Vibz(ah) — Vibz (') A2 (') = 0,
™™\0 32((];0) B, (z}) 0

since x, is both a differentiability point of ¢z and a Lebesgue point of Vi)z. Then
(*) = 0. In total, I = 0, and so (b) follows.

Finally, (c) is a direct consequence of (a) and (b); see also (D.4) in Appendix D in the
smooth case. This completes the proof. O

We point out that the functions (F x vao/ )38, and (F X vpo)$S, only make sense
as a whole, since the full trace of F' € €.#°°(Q) might not exist. Moreover, based on
our conventions, we have e.g. for F' € C}(€;R?) (in which case the traces along 9 are
unambiguously defined), the relation (F x vgo )3, = (F X vao )88 = F X vgo along
0€Y. For our applications in Section 5, we record a consequence of Theorem 3.9(c) which
will be accessible by Lemma 2.12 later on.

Corollary 3.10. In the situation of Theorem 3.9, let Q' have C'-boundary and let ¢ €
Lip.(QY') be such that
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(a) plor € CHO), Pl € CHO\ D),
(b) there exists a sequence (8;) C (0,1) with §; N, 0 such that, for 7#?-a.e. x € Y,

Vo(ps: * )(x) = Vrop(x)  asi— oo,
where ps € C(B1(0);1]0,1]) is the d-rescaled version of an arbitrary but fized
standard mollifier.
Then the following identity holds:
(3.21) / (F X v )bty - Vyopdst? = (Ve - curl F)(Q) = [ Ve -d(curl F),
oY

Q/

and an analogous formula holds for (F X vag/)%a, with the direct modifications.

Proof. By dominated convergence and since ¢|o: € Cp(Q), we have
(3.22) Ve -d(curl F) = lim V(ps, * ¢) - d(curl F),
Q 11— 00 Q

and ps, * ¢ belongs to C°(Q) for all sufficiently large i € N. Hence, recalling that
curl (V(ps; * ¢)) = 0, we obtain

lim V(ps, * ¢) - d(curl F') G 4 (F x vaon )5, - V(ps, * p) dA>

1—00 Q 17— 00 o

lim / (F X UaQ/)glth/ . vr(ﬂéi * <p) df%ﬁQ
o’

1—00

(i) / (F X Vagl)iangz/ : VTnp d%Z
oY

(3.23) Thm._3.9(b)

Again, we note that |V (ps, *¢)| < [|[VellL= (), so that the ultimate equality follows from
(b) and dominated convergence; recall that (F' x vao/ )58, € L%(98Y; Toqr). Combining
(3.22) with (3.23) yields (3.21). This completes the proof. O

As a routine consequence of Theorem 3.9 (see e.g. [35, Chpt. 5.4] in the full gradient
case), we collect a gluing result.

Corollary 3.11 (Gluing). Let Q C R? be open and bounded, and let ' € Q be open with
Lipschitz boundary. If Fy € €4 () and Fy € €47 (Q\ ), then the glued map

F1 (Cﬂ) fo S Q/,
F(z):= _
Fy(z) ifreQ\Q,
belongs to €4 () together with
lcurl F|(Q) =|curl F1|(Q) + |curl F|(2\ Q)

+/ |(F X l/ag)glst)/ — (F X UaQ)%ﬁ/‘d%Z.
o’

Finally, we record a consequence of the above results that might be of independent
interest. Namely, we may use Theorem 3.9 to assign interior tangential traces in L™ to
the gradients of Lipschitz functions; note that this is impossible for general L>-fields.
Previous results [5, 10, 11, 70, 74] in W™ for 1 < p < oo, as recalled for the reader’s
convenience in Appendix C, only allow for such an assignment in negative Sobolev spaces.

Corollary 3.12 (Gradients of Lipschitz Maps). Let Q C R?® be open and bounded, and
let Q' € Q be open with Lipschitz boundary. Then there exists a bounded linear operator

trro0 1 VLIp(Q) := {Vu: u € Lip(Q)} — L>(0; Thar)

such that tr s (Vu)(z) = Vu(z) X vaq(z) holds for #*-a.e. x € Q' and every
u € Cp(Q), where VLip(Q) is endowed with the L>-norm.
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Proof. We note that, if u € Lip(Q2), then Vu € L>(Q; R?) and curl (Vu) = 0in 2/(Q; R?).
In particular, || Vull¢_ze ) = ||Vu|r~q) holds for all u € Lip(2), where || F|l¢_z ) :=
[ F|[1¢ () + |curl F|(Q). The assignment €. (2) 3 F — (F X v )i, € L=(0Y) as
in Theorem 3.9 is linear, and (F X vgo )5, = (F X voo)5a, H#%-a.e. on 9 provided
that |curl F|(09Y) = 0. For u € Lip(Q2), we define

tr, 00/ (V) == (Vu x vag )5, (= (Vu x v )ga),
Then tr; gpor is clearly well-defined, linear, and bounded, and has the requisite property
on C}(9). This completes the proof. O

4. TRANSVERSAL AND TANGENTIAL MAXIMAL FUNCTIONS

In this intermediate section, we single out two weak-(1,1)-type estimates for certain
transversal and tangential maximal operators. Most importantly, they will allow us
to identify the manifolds where the Stokes theorem for ¥.#"-fields is available. In
particular, in §5-86, the use of tangential or transversal maximal functions will lead to
different sorts of Stokes theorems; Figure 4 below displays the effects which are captured
by the corresponding maximal functions.

In what follows, let  C R™ be open and bounded, let ' € Q be open with C'-
boundary, and let ¥ C 99 be a Cl-regular Lipschitz boundary manifold relative to Q.
Potentially redefining ®5q: from Lemma 2.5, it is no loss of generality to assume that
Py ((—1,1) x O) € Q. For |t| < 1 and 0 < e < 1, we then define

(Seih)e == ooy ((t —&,t + ) x 2)),
(4.1) (Zgﬁt): = Qpor ((t,t+e) x B),
(D812 = oo ((t —,1) x ).

Definition 4.1 (Transversal Maximal Functions). In the above situation, let ;n € RM(Q)
or u € RM(€;R3). We define the maximal function in transversal direction by

1
(4.2) MEgeent) = sup 2 [ dlal for e <}
o<e<t € J(2E4).
and the lower and upper maximal functions in transversal direction by
1
¢+ —
(43) MRty = swp 2 [ dlal jor e <
o<e<t & J( z}t)g:

From this definition, it is immediate that, for all 4 € RM(£2) or u € RM(Q;R3),
1
(4.4) M5 Gor(t) S MG pqu(t)  for all |t] < 3

For our later purposes, we also need tangential maximal functions. To this end, we let
Uy: (—1,1) x I'y — O(C 99) be the bi-Lipschitz map provided by Lemma 2.10 and
denote, for —1 <t < 1, T} := U({t} x I's). Moreover, we put for |t| < 1 and 0 <e < %
(Th)e :=Usn((t —e,t+¢) x '),

(4.5) (TH)F == Us((t,t+¢) x Ty),
(TL)D == Us((t —e,t) x Tx).

Definition 4.2 (Tangential Maximal Functions). In the above situation, let p € RM(Q)
or 11 € RMg, (4 R3). We then define the maximal function in tangential direction by

1
(46) MEgoent) = sup 2 [ il forld < &
0<E<1 € (Fz)a
and the lower and upper maximal functions in tangential direction by
1
(4.7) MEGont) = swp 2 [ il forld < &
0<e<i € J(ry)E

The next proposition gives the key auxiliary tool for the following sections:
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Proposition 4.3 (Hardy-Littlewood-Type Inequalities). Let u € RM(R).
(a) In the setting of Definition 4.1, for all A > 0

10
(48)  L({te(—5.5): Mybou(t) >N < Tlul(@oo ((—1,1) x 09))
holds for all A\ > 0. In particular, the following holds:
1
(4.9) /\/l;(aé/ (t)<oo  for L-ace |t| < <.

2
(b) In the setting of Definition 4.2, for all A > 0,

10
(4.10) L({t € (~5.5): MyGohu(t) > M) < S|ul(Px((~1,1) x I'x))
holds for all X\ > 0. In particular, the following holds:
1
(4.11) MGty <oco  for Leace. |t] < 5

Proof. We focus on assertion (a) for Mg{m'v since the remaining assertions can be
established by analogous means. The proof is a variation of the classical weak-(1,1)-
property of the Hardy-Littlewood maximal operator: Let u € RM(Q) or u € RM(Q; R?),
and denote the set on the left-hand side of (4.8) by Ox. We then choose 0 < £(t) < §
for each t € O, such that |u|((2$}t)s(t)) > Xe(t). By the Vitali covering lemma (see
e.g. [35, Thm. 1.24]), there exists a sequence (t;) C (—3,1) such that the intervals
Ij = (tj —e(t;),t; +e(t;)) are pairwise disjoint and satisfy Ox C ;¢ 515, where 51; :=
(t;—be(t;),t;+5e(t;)). By Lemma 2.5, the map ®pq is injective on (—1,1)x 9, whereby
the sets (Z;};th)s(t.)(c Dy ((—1,1) x O8Y)) are also pairwise disjoint. In consequence,

10y) <1oz <—Z| (S5)ete) < 5 l(@ony ((~1,1) x 990).

Hence, (4.8) follovvs7 and (4.9) then is a direct consequence thereof. O

The following simple observation will be used in §6.

Lemma 4.4. In the setting of Definition 4.1, suppose that t € (—3, %) is such that

Mgg/ﬁg,u(t) < 0o. Then |u|(Poar ({t} x 0Q')) =0

Proof. Suppose that u € RM(Q) or u € RM(Q;R?) is such that |u|(®aq: ({t} x 9')) > 0.
Since o ({t} x Q') C Poqr ((t —e,t +¢€)) x ') for all £ > 0, we conclude

|
Mo oo n(t) > hgl\"lglf g|/~b|(‘1’89’({'5} x o)) =
This completes the proof. O

5. THE STOKES THEOREM FOR % . “°°-FIELDS AND TANGENTIAL VARIATIONS

The classical Stokes theorem asserts that, if ¥ C R? is a smooth 2-dimensional mani-
fold oriented by vs: int(X) — S? and with boundary I's;, we have

(5.1) / curl(F) - vy d#? = — F ., dot for all F € C'(R?;R3).
b)) I's

Here, 7 is the tangential field to I's;, in turn being determined by ¥ and vx; the minus
sign in (5.1) is due to our choice of orientation. As one of the main results of the present
paper, the aim of this section is to generalize the Stokes formula (5.1) to €.#“°-fields;
see Theorem 5.10 below. To this end, we fix the general setting in §5.1 and then proceed
to the Stokes theorem with respect to tangential variations in §5.2. In §5.3, we are
concerned with the consistency of Theorem 5.10 in view of (5.1) for smooth maps and,
in §5.4, we discuss several examples and establish the optimality of the Stokes theorem,
Theorem 5.10.

The notion of tangential variations refers to varying a given manifold Y inside a larger
boundary manifold, and corresponds to studying the light green manifolds displayed in
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(—vs(p))

FIGURE 4. The geometric situation in §5-§6. The boundary manifolds
in tangential direction as indicated in light green correspond to the tan-
gentially varied manifolds as studied in §5; see Theorem 5.10. The
boundary manifolds in transversal direction as indicated in light blue
correspond to the setting of §6; see Theorem 6.7. These variations are
governed by M. 5o, (green) and Mg, 5, (blue).

Figure 4. In contrast to this, transversal variations correspond to the manifolds indicated
by light blue in Figure 4, and will be the main focus of §6.

5.1. Setting and Basic Facts. Throughout, let  C R? be open and bounded. More-
over, let ¥ be a Cl'-regular Lipschitz boundary manifold relative to some Q' € Q with
Cl'-boundary, the latter being oriented by the inner unit normal vpg : 09 — S?; we
define vy 1= vy |s.

For the following, we fix a collar map ¥y: (—1,1) x 'y — O as in Lemma 2.10 and

adopt the notation introduced afterwards. For 0 < t < % and 0 < § < i, we define
interior height functions ;5 x: 0 — [0,1] by

0 if 2 € 90\ B,
(5.2) VYesu(r) =< H(s—t) ifzely(=Ux({s} xIy))fort <s<t+34,

1 lfLL'EE\\IJE((t,t—f—(S)XFE),

where we have set X7 = Eg,t for brevity. This definition primarily concerns the case
where ¥ C 0. If ¥ = 9, then I's; = 0, and ¢ 5 », = 1 globally on 99’ in this case.

The interior height functions will serve as localizers in the Stokes functionals below.
For our future applications, we require the uniform Lipschitz bounds on the v, 5%’s as
follows:

Lemma 5.1 (Lipschitz bounds). For each 0 < t < % and each 0 < § < i, Pesy €

Lip (0€Y;[0,1]). More precisely, there exists a constant ¢ = ¢(X, Ux) > 0 such that
(5.3) |V rtbe 5,5 ||lLee 90y < g forall 0<t<iand 0<6< 1.

Proof. Throughout, it is useful to keep in mind that, in the present geometric setting, it
does not matter whether we derive the Lipschitz bounds for the geodesic or the ambient
Euclidean metric; see Lemma 2.9. We record from Lemma 2.10(f) that there exists a
constant 6 = 0(X, Uy) > 2 with

s’ —s

(5.4) < dist(T'g,T%) < 6(s" — s) forallt <s<s <t+4.

There are now four non-trivial cases:
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T,t
D

I’

FIGURE 5. Lipschitz bounds on v s 5. Different from the geometrically
flat case, the constant ¢/ > 0 in (5.5) cannot be chosen to equal 1.

(i) Suppose that ¥ 5x(x) = 0 and that y € I'§, for some t < s < t+ . For every
z € T'L,, it follows that

and infimising the previous inequality over z € 'L, yields
(5.5) dist(y,T%) < |x — y| + dist(z,T%) = |z — y| + ¢ dist(x, X7F) < c|lz — y|.

Different from the geometrically flat case, it might happen that the constant from
(5.5) satisfies ¢’ > 1; see Figure 5. We then conclude that

s—tGH G s 6 . (5:5) ¢
(5.6) [desz(@) = vzl =—5— < gdlSt(FtDFz) < gdlSt(yartZ) < le—yl
(i) Ift <s<s <t+6, el andy ey, then we estimate
s—sGYg

. s s’ 0
(5.7) [Vt,55(x) — Yesny)| = 5 = gdlSt(Fivri) < g\l‘ —yl

(iil) If ¢y s x(x) = 0 and 94 5% (y) = 1, then we have

(5.4)
(5.8) § < Odist(TE, TH°) < ¢ 0dist(X7H,00/ \ 278 < ¢z — 9],

and therefore
(58) 0

(5.9) [Ves5(x) —hrse(y) =1 < 7\33 —yl
(iv) ft<s<t+0,z eIy and ¥y 55(y) =1, then
t+6—5 GG .
[Vt62(1) —Yesx(y)| = 5 < 3 dist(T'5, T'5,)

(5.10)

0 0

c—dist(ET’H‘S, x) < c—|:1c — 9.

0 0

Summarizing, (5.6)—(5.10) imply that 1, s, is Lipschitz with Lipschitz constant at most

L= %, and then (5.3) follows from Lemma 8.5 in Appendix A.l. This completes the

proof. O

IN

5.2. The Stokes theorem for the tangential variations. We are now ready to ap-
proach the Stokes theorem with respect to the tangential variations. Without further
mention, we adopt the geometric setting displayed in the previous subsection.

Our strategy is as follows: In Definition 5.2, we introduce interior and exterior Stokes
functionals; their definition is motivated by the left-hand side of (5.1) when being applied
to F with ¢ € 2(2) and ¥ being replaced by X™¢. This, in turn, is reduced to the
(weak) interior and exterior traces of the extended divergence measure field curl F' €
DM (Q) along Y, and consequently must be localized to 7!, It is here where
the interior height functions ¢, 5y from (5.2) enter. The localization procedure and, in
particular, getting a definition independent of §, forces us to subsequently send § \, 0.
As we show in Lemma 5.5 and Proposition 5.7, this is feasible for #!-a.e. t € [0,1), in
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turn determining the good manifolds ¥™! where the Stokes functionals are well-defined
indeed. Since, by construction, the manifolds X7-* are obtained by varying ¥ tangentially
in 0, we speak of tangential variations.

The (strong) Stokes theorem (Theorem 5.10) with respect to the tangential variations
then asserts that, for #!-a.e. £ with t € [0, %), the Stokes functionals are distributions
of order zero, and so can be represented by Radon measures. The latter will be shown
to be supported on I't,, and this will be the analogue of the right-hand side of (5.1).
Specifying to test functions ¢ € 2(2) with ¢ =1 in a neighborhood of ¥ will eventually
give us the requisite generalization of (5.1), which means the weak or vorticity flux
formulation of the Stokes theorem. In view of this program, we begin with the following
definition.

Definition 5.2 (Stokes Functionals). In the above situation, let F € €.4°°(Q). Given
0<t< % and 0 < 6§ < i, let the interior height function . s s be defined as in (5.2).

(a) Based on the normal trace for extended divergence measure fields from Definition
2.14, we define

<m <p>

<m <p>

=i 1F)-v,9 /
_ —_— lim ((curl F') - v, 5 x:0) 00
St O\ = ;i\%((curl F)-v, %,6,2@3(9\@),
for p € CL(Q), provided that these limits exist, where V55 € Lip.(Q) is an
arbitrary Lipschitz extension of ¥y 5x: 00 — [0,1].
(b) If the limits from (5.11) ewist, we define the interior and exterior Stokes func-
tionals along X7t by

S (¢) 1= (Wl F) - vy p)  + / (F X voa )y - Vepd
(5.12) B

S (p) = <(cur1 F). l/g'r,t,(p> + /E Vo (F X Vyongr)) For A2

ot O\

We see later in §5.3 that this definition is natural and that it is consistent with the
classical Stokes formula (5.1) for sufficiently smooth maps F. Before we proceed, we
note that 1 5x: 09 — [0,1] is Lipschitz by Lemma 5.1, and therefore ¢, 55, exists by
the classical McShane or Kirszbraun extension theorems. In the situation considered
here, however, it will be convenient to work with the lifting provided by Lemma 2.12(Db).
For completeness, we note that the expressions as declared in (5.11) are well-defined,
provided that they exist.

Remark 5.3 (Well-definedness). In the situation of the previous definition, curl F €
2.4°°(Q), and so the pairings occuring on the right-hand side of (5.11) have a clear
meaning. Moreover, if ¥, € Lip.(2) are such that ¢ = ¢’ on 9, then ((curl F) -
v, ) aqr = {(curl F) - v,¢) s by Lemma 2.17 (recall that Q' is open).

In the following, we give criteria for the limits in (5.11) and (5.12) to exist, respectively.
To this end, we begin with an easier case:

Lemma 5.4. In the situation of Definition 5.2, suppose that ((curl F) - v,-)gq: can be
represented by a finite Radon measure fi(cur Fy., € RMan(08Y'). Then

(5.13) <(Cur1 F)- sz’t,w>w7g, = /E @ dfi(cur F)-»
holds for all ¢ € CL(Q) and all 0 < t < L.

Proof. Since fi(curl F)r € RM(OQ), spt(vysx) C ¥, and ’(/)t,572|1"t2 =0, we have

(5.14)  ((curl F) - v,9 5 59) 5, :/ Yi,5,20 dhcurl Fy.v :/ twt,zs,ECPd,u(curlF)w
o0 it
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forall p € Ci (). Moreover, |¢; 55| < Lforevery0 < § < i and 9 52 — 1 everywhere in
the relatively open set ¥™! as § \, 0. By Lebesgue’s theorem on dominated convergence,
we pass to the limit § N\, 0 in (5.14) and obtain (5.13). This completes the proof. O

In general, we cannot expect (curl F)-v to be represented by a measure on . To deal
with this general case (see Proposition 5.7 below), we record a preparatory lemma:

Lemma 5.5. Let Q' € Q be open and bounded with C*-boundary, and let ¥ be a C'-
reqular Lipschitz boundary manifold relative to Q. Let v € Cl(aﬂ’;TaQ/). Then the
limat

(5.15) & (o) == gi\rﬁ) oV - Vb 5.5 d A2 exists and is finite
STt

for every 0 < t < % and every ¢ € Cl(aQ’). Moreover, for every € > 0, there exists
0<d < i such that 0 < § < &' implies that

(5.16) <ellellcr@anllvilic oo

B) - [ v Ve dn?

holds for all 0 <t < L and all p € C'(3Y).

Proof. First, let 0 < 6 < i be arbitrary. By the smooth integration-by-parts formula
from (2.3), we have

(5.17) / PV - s, d#t = —/
r

@divT(v)d%Z—/ Vg vdi?
»T.s
for all t < s <t+d. We apply the coarea formula from Lemma 2.3 to g = pv -

s .8
) 37,8

Vri.s,s
V15,5

and f = 155, whereby JT f = |V 15, n|. By the very definition of v 55, this gives us

/ oV Vot sn A = g3
Us((t,t+0)xTs) Vs ((t,t+3)xs)

1 1
(5.18) = / / gdA" d = / / PV - Vpt+9s dst dv
0 JEnf-1({9}) o Jrge 2

5 ! '
(517 _/ / pdiv, (v) dﬁ—/ / Ve vdi? dv.
0 Jurit+os 0 JX7t+os

In view of (5.17), which also holds for s = ¢, we thus conclude

/ v -V ss ds7? — OV - Ut ds7?
Ws((t,6-+8)xT's) ry ;

1
< / (/ @ div, (v)d? — / ediv,(v) d%ﬂ) dﬁ‘
0 »7t+98 STt

(5.19) =
1
/ (/ VT<p~vdjf2—/ ng;.vdjf?)dﬂ'
0 ET,&+19§ N7t

<2257\ S0 |9l aan VI cr aar -

_|_

To complete the proof, we recall that ¥y;: [—%, %} xI's — \Il([—%7 %] x I'sy) is bi-Lipschitz,

and £ := max{Lip(¥y), Lip(¥5')} < co. Since B¢\ N7+ = W((¢,1+6] x '), we have
(5.20) HHETE\ BT < 82 ((t,t + 6] x Ts) = L6 (Tx).

Given € > 0, we may choose &' = min{e, 1}/(2€5#1(I's) + 4), whence (5.19) and (5.20)
combine to (5.15) and (5.16). The proof is complete. O

Remark 5.6. It is important to note that the previous proof does not carry over to
general L'-functions v. However, it does extend to the case where v € L™(9Q; The)
is such that div,(v) can be represented by a finite Radon measure. This will be a
by-product of the proof of Theorem 6.7 in §6.
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Even though the generic case of this section is for L>-fields, we directly state the
next proposition for L'-fields, since this will play an important role in Section 7. In view
of our applications below, it is important to note that we may choose the set .# as it
appears in Proposition 5.7 independently of the particular function ¢ € C'(99).

Proposition 5.7 (Tangential limits on manifolds). Let Q' € Q be open and bounded
with C*-boundary, and let X be a C'-reqular Lipschitz boundary manifold relative to §V.
Moreover let v € L'(0%Y; TaQ/) Then there exists a set & C I := [0,1) such that

F)=0,F c{tel: MLt vt < oo}, and, for everyt € 7, the limit
b aQ
(5.21) 0 (o) == gi{‘% oV - Vb 5.5 d A exists and is finite
»Tt

for every o € CH(Q) together with the estimate

(5.22) 16 ()] < e Mz vt lelom):

where ¢ > 0 is independent of p, v, and t.

Proof. We begin with some preliminary remarks; for this, let ¢ € CL(0Q') be arbitrary
with 0 < [[¢|lc1aey < 1. We record from Lemma 5.1 that there exists a constant
c1 = c¢1(2, ¥y) > 0 such that

(5.23) IV thrs sl ) < % forall t € T and all 0 < § < L.

This implies that, with the tangential maximal operator Mg’gg, from Definition 4.2,

(5.24) / lpu - Vot g5 A < cilgllcoan My gou(t) < ciMyigu(t)
Tt

holds for all u € L' (8Q; Tpq/), all t € I, and all 0 < § < %. Finally, by the weak-(1,1)-
inequality from Proposition 4.3(b), there exists co > 0 such that, for all u € L'(9Q/; The)
and all A > 0,

C
(5.25) L ({t e I Mygou(t) > A}) < S ufu on).

We now embark on the main part of the proof, and first establish (5.21). To this end,
we define

vs(t) ::/ ¢V-V7wt7§,zd%2 forteland 0<d < %,
STt

whereby vs: I — R is continuous; recall that v € L1(8Q’; Toq) and, by (5.23), V5.5 €
L (89/; TQQ/).
‘We now prove that

(5.26) LN =L {tel: (}i\l% v5(t) does not exist}) = 0.

To this end, we define the tangential oscillation for some given 0 < ¢’ < % by

tOscsv(t) := s v5(t) — inf os(t fortel,
av(t) S 5(t) = inf 0s(t) r

so that tOscs : I — [0,00] is .Z'-measurable. Let A > 0, and put ¢ := % We then
choose wy € CL(O; Tho) such that

Ae
401C2.

(5.27) v —willLi a0y <

Since 9 is of class C!, the existence of such a field wy can be established by flattening
09, routine mollification, and patching the mollified pieces together by use of a partition
of unity. Since wy € CL(0; Tso), Lemma 5.5 implies that the limit:

(5.28) [ = }ii% SRS Vb s dot?
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exists uniformly in ¢ € I. In consequence, there exists 0 < ¢’ < such that

(5.29) forall0 < 6 < ¢ and all ¢ € I.

l; — / PW - Vit 55 dit?| <
7.t

Hence, if 0 < 01,92 < &', then

(5.30) €

/ oWy Vs, v d? — OWy Vs, 5w di?] < 3
3Tt N7t

and so in particular tOscswy(t) < € for all ¢ € I. Therefore,

tOscsv(t) < tOscy (v — wy)(t) + tOscywy(t) < tOscs (v — wy)(t) + e.

Hence, if tOscgv(t) > A, we recall € = 3 to conclude that

A
= < tOscy (v —wy)(t) <2 sup / lp(v — W) - Vot 55| A2
2 0<5<s Jurt

(5.24)
< 2C1 ME 89/(‘7 W)\)(t)

In particular, we have
A
(5.31) {t e I: tOscsv(t) > )\} c {t el MYt (v—wa)(t) > E} = Jy,
’ 1
and J) is independent of the specific choice of . We then see that

(5§25) 4cqcy (5.27) A

(532) gl(‘])\) ||V — W)\”LI(BQ') < e= 5

Next, we define

/1_ﬂUJ2J, Sy i={tel: Mijov(t)=0c}, F = 71U s,

N=1j=N
whereby 71, %2, and ¢ are obviously independent of the specific choice of ¢. We have

o (5.32)
1 . 1 ) J— 1
LY () < Jim 2 Jes) < ngan2
i=N ‘
and Proposition 4.3 yields that £*(_#2) = 0. Hence, £*(_#) = 0, and we set & :=
I\ #. To conclude the proof, we apply (5.32) to A = 277 for j € N, obtaining a sequence
(6;) € (0, %) such that

(5.33) LH{t €I tOscs,v(t)>277}) <2777 foralljeN.
By definition of .4 (see (5.26)), we then arrive at
N c{tel: limsupng()—hmlnfn(; >0}
5N\0 N0

C tel: limsupbg —hmlnf05 >27J
U o5 s - )

(5.31) >

C U {tel: tOscs,v(t) >277} C U Jo—i for all N € N.
Jj=N j
In consequence, 4 C _#1, so that £(A) = 0, and (5.26) follows. In particular,
ifte S = U\ _#)N{\ F), then we have (5.21). For such ¢, (5.22) is a direct
consequence of (5.24). This completes the proof provided that 0 < [|¢||c1(sq) < 1. For

general non-trivial ¢ € C*(9Q), it suffices to observe that, if ¢ € .#, then the first part
of the proof yields that

v : ¥ . . .
t(p) = lleller e (}1{‘% .- (m)v V55 dA?  exists and is finite,

and the bound (5.22) follows as in (5.24). This completes the proof. O
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Remark 5.8 (On the existence of the limit (5.21)). Below, we will apply Proposition
5.7 to the particular choices v = (F x vgo )i, and v = (F X vpo)%%,. Connecting
with Remark 5.6, we will prove in §6 that (5.21) exists for every ¢ € I if the tangential
distributional divergence satisfies div,(v) € RMg,(0€'). In the terminology of Section 6
below, this corresponds to v being a tangential divergence measure field. This can only
be established for a.e. manifold in transversal direction, see Theorem 6.7; in the context
of Proposition 5.7 and Theorem 5.10, the underlying boundary 0’ is a priori fixed and

> is only allowed to vary inside 0f2, so in tangential but not in transversal direction.

For the proof of the Stokes theorem (Theorem 5.10), we isolate an auxiliary lemma as
follows:

Lemma 5.9. Let0 <t < % Then there exists a constant ¢ = ¢(X,t) > 0 and a threshold

number v’ > 0 such that
%2(\112((t,t + 5) X FE) N Br(xo))

5.34 lim su <ecr
(534 5\op H2(Us((t,t +d) x y)) =

for all zg € TY and all 0 <7 < 7.

Proof. In the present situation, there exist N € N and finitely many open sets U!,--- ,UYN C
R3 and (717 e ,ﬁN C R3 such that all of the following hold:
(i) For each k € {1,--- ,N}, U* c U*.
(i) T € Upey U € UL, O,
(iii) Foreachk € {1,---, N}, there exist 0 < g, < 1 and a bi-Lipschitz C'-diffeomorphism
for (=1 —ep, 1+ e1)? — Vi = 09 N ﬁk, whose restriction fi: (—=1,1)2 —
Vi = 0Q' N U* is equally a bi-Lipschitz C'-diffeomorphism. In particular,
£y, := max{Lip(fx), Lip(f; ')} < oo, and denote £ := max{Ly,---,Ln}.
(iv) Foreach k € {1,---, N}, there exists a Lipschitz function g : (—1—eg, 1 +¢e) —
(—0,0) for some 6 = 0, € (0,1) such that

graph(g) = f "(Tx N U*),  graph(gel(-1.1) = f '(TE N U*)
together with
{(s,8): Isl <1, guls) < &' <1} = [ (=N UP),
{(s,8"): |s| <14ex, gr(s) <s <1} = f[FHENTF),
{(s,8): [s] <1, =1 <8 < gr(s)} = fr (O \Z)nU"),
{(s,8"): |s] <14ep, —1<8 <grls)} = fH(OUL\T)NT").
These properties are a direct consequence of Definition 2.4.

We note that there exist dg > 0 and r¢ > 0 such that both g ([t,t+3dy] x 's) and T'L +
B, (0) are contained in Uivzl U*. The set 2 := Ux([t, t+ o] x I') U((TL+ By, (0)) NOQ)
is compact, whereby its Lebesgue number d > 0 with respect to the covering U*,--- , UV
is well-defined; in particular, whenever A C 2 satisfies diam(A) < d, then there exists
k = k(A) € {1,--- ,N} such that A C U*. Diminishing d if necessary, it is no loss of
generality to assume that d < 75. We put
€1 571\/'

1
(5.35) = 1500 min {00y 5o 3

and let 0 < r <71,

Now let g € I'; be arbitrary. The set Bg/3(zo) N 0Q' has diameter at most %d and,
because of d < 13, is contained in T'4, 4+ B, (0); in particular, By s(zo) N 9Q' C Vj, for
some k € {1,--- , N} and B, (z) N0 is relatively compact in V;. We set (yo,1,¥0,2) :=
Yo := fr *(z0) and observe that f, ! (B, (x0) N 9Q’) is relatively compact in (—1,1)2. On
the other hand, we have
(5.35) ¢

. -1 ) < 000
diam(f, " (Br(z0) N 0)) < Lr - <~ 1o,
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—1'—5;c 14 ¢

FIGURE 6. On the proof of Lemma 5.9.

and so we may locate the open set f; ' (B, (z0) N 9Q) quantitatively as

(5.36) fi H(Br(0) N OQ) C (yo.1 — £r,y01 + £r) x (—1,1)
=Z C(-1—ek,14e,) x(=1,1).
By Lemma 2.10(f), there exists M; > 0 such that
(5.37) Us(t,t+06) x I's) C {x € T7F: dist(z,T%) < My}
for all sufficiently small § > 0. Thus, for all such § > 0, we have

Us([t,t +0) x I'g) N B,(z0) C {x € 7 dist(x,T%) < M5} N B, ()

C Byys(wo) NOQ" C Vi,

so that
fi ' (Ts([t,t+6) x I's) N By(20))
C fi '({z € 7N Vi dist(z,I'5) < M16}) N fi ' (B (o) NOYY) =2 A N A7

Since f is bi-Lipschitz with bi-Lipschitz constant £ < £ < oo, then (iii), (5.36), and
(5.38) imply that there exists My > 0 depending only on £ and M; such that

(5.38)

ALnAL c{y=(s,8): |s—yoa| < &r, s’ > gi(s), dist(y, graph(gr)) < M2}
=: A, C (—1 — &g, 1 +€k)2

for all sufficiently small § > 0; see Figure 6 for the geometric set-up.

To conclude the proof, we employ the coarea formula. The distance function y —
dist(y, graph(gy)) is Lipschitz, and so is classically differentiable at .#2-a.e. y € A. At
each such point, its approximate gradient satisfies |Vdist(y, graph(gx))| = 1. Then

Mad

(5.39) LA = [ A (Ax 0 dist(-, graph(g)) ™ ({6))) 0

<o ({(5,91(5)): |s —you| < £r}) < cor
by Lemma 2.21. In particular, in the ultimate inequality, the constant ¢ > 0 is indepen-

dent of § and r. Since f is bi-Lipschitz with bi-Lipschitz constants £ < £ < oo, we
deduce from (5.38)—(5.39) that, with ¢ > 0 still being independent of ¢ and r,

(5.40) (Vs ((t,t+0) x Tg) NBy(x0)) < cor.
On the other hand, there exists ¢’ > 1 such that
(5.41)

1 .
95%1@‘2) <A (Us((t,t +0) x Ty)) < 641 (Ts) for all sufficiently § > 0.

Combining (5.40) and (5.41) then yields (5.34), and the proof is complete. O
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We are now ready to state and prove the Stokes theorem for tangential variations. In
particular, we establish in which sense the previously introduced Stokes functionals are
well-defined on almost every manifold with respect to tangential variations. This cannot
be improved to every manifold, see Example 5.16 below.

Theorem 5.10 (Stokes Theorem for the Tangential Variations). Let F € €. (2). In

the situation described in §5.1, fort € I := [0, %), consider the Stokes functionals Gt

and &L, as introduced in (5.12). Then there exist sets S, %5 C I with LI\ S1) =
LI\ S5) =0 such that the following hold:

(a) Measure representation: For every t € .91, Gixnﬁ,t is a well-defined distribution
of order zero on  with

(5.42) spt(&r,) C T,
and for every t € Fo, G, is a well-defined distribution of order zero on Q with
spt(G%F.) C I,
t
In consequence, for such t, there exist finite and signed Radon measures uglf
and uget’(t with
spt(pg'), spt(ug ) C Iy
such that, for all ¢ € CL(),

(5.43) St = [edirl gl = [ e
(b) s#'-absolute continuity: For allt € %1 ort € %5 as in (a),
WO« AT, LSt < AT,
In particular, for t € 1, there exists a density
dugy" e Y
(5.44) i €L (I'y) such that pugy = T LT,

T, ext

The same holds true with the obvious modifications for t € S and g

(c) Tangential character of g tn * and ugct’(t

Fort € 1, suppose that xg 6 It isa
continuity point of (F X 1/39/)89, in the sense that there exists zy € R® such that
a suitable L' (X)-representative G: ¥ — R3 of (F x vpq)8 satisfies
(5.45) xllgvlo |G(z) — 2| — 0.
TeEX

In addition, if xo is a weak €' -Lebesque point of vry in the sense that

5.46 vre (x) = lim vpe AL,
(5.46) 1, (o) LY - T,
then
dMT,int
(5.47) d;;l (w0) = —20 - Ve (o).

The same holds true with the obvious modifications for ,uT X with t € Sy,

Proof. Throughout, we focus on the interior Stokes functionals (5.12);, the results for
the exterior Stokes functionals follow by analogous means.

We start by rewriting (5.12),, and fix ¢ and ¢ for the time being. To this end, we
recall from Remark 5.3 that the limits in (5.11) are independent of the specific Lipschitz
extension 1) = 1, 55 of ¥y 5x. In particular, we may specify to the Lipschitz extension
provided by Lemma 2.12(b). The latter implies the existence of some 1 € Lip,(£2) such
that ¥]aqr = 155 on 0, Ylar € Cy(X), Plg\gr € Cp(Q\Y), and V- (pxt)) = Vthi 55
H?-a.e. on O, where p, is the e-rescaled version of a standard mollifier on R3. Given
pE Ci (), these properties clearly hold with the obvious modifications for ¢ := 9.



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 35

Since ' € Q is open and bounded with C'-boundary and curl F € 2.#°(Q), all
assumptions of Lemma 2.16 and Corollary 3.10 are fulfilled. Recalling that div(curl F) =
0 in 2'(Q) and using the product rule for the tangential gradients, we arrive at

(curl F) - v, Yoy "= — / V(- d(curl F)

G2 / (F X vogy ), - V¢ d?

(5.48) o

- 7/ (F X vagy )& - .65V e d
o

- / (F X vaor )5ty - oV rbrs.5 A2,
o

We recall from Theorem 3.9 that (F x voo/ )88, € L (0€; Thqr). By relative openness
of ¥ in 9, we see that ¢, 55 — 1 everywhere in X7 as § \, 0. We thus find that

(5.49)  — / (F X vaar)gty - YrsxVrpdA? = — | (F X voa)is - Ve dt”

o0/ o
by dominated convergence. In view of definition (5.12); of the interior Stokes functionals,
we therefore obtain the following alternative representation:

(5.50) G, (p) = — lim (F x vaon )3t - oV 4y 5.5 A2

Based on (5.50), we now embark on the actual proof.

For (a), by (5.50), we conclude that the well-definedness of the interior Stokes func-
tional is equivalent to the existence and finiteness of the limit on the right-hand side of
(5.50). By Theorem 3.9, v := (F x vao )8, € L>(9Q, Tho/). With this choice of v,
Proposition 5.7 yields a set .# C I = [0, ) with Z*(I \ .#) = 0 such that the limit on
the right-hand side of (5.50) exists for all t € .% and all ¢ € CL(Q). In consequence, for
te s,

gint, 20 v L) s g 0¥ (p) €R  with £Y(p) as in (5.21)
is well-defined and linear. Moreover, (5.22) implies that there exists a constant ¢ > 0
independent of F and ¢(t) > 0 such that

(5:51) |88 (p)] < c(MyFavllellem) < ) lellom)  for allp € Co(Q).

Since C}(€) is dense in Co(€2) with respect to | -||c(q). estimate (5.51) entails that &itt,
extends to a (non-relabeled) bounded linear functional &% . : Cy(2) — R, which inherits
bound (5.51). Hence, the Riesz representation theorem provides us with a measure
u;ltnt € RM5,(£2) such that

(5.52) Gt (p) = / pdug for all ¢ € Cy(Q),
Q

which is (5.43).

Next, we observe that, if ¢ € CL(Q) is such that spt(¢) NT% = 0, the closedness
of I't, implies that d := dist(spt(¢),I'y) > 0. By the support properties of the interior
height functions ¢ 55 (see (5.2)), it is clear that there exists dy = do(¢) > 0 such that
0 < & < 6y implies that the integral on the right-hand side of (5.50) vanishes. Hence,

T,int

necessarily, spt(ug; ) C I't,. Summarising, we have established (a).

For (b), let t € .#, and let € > 0 be arbitrary. Moreover, let A C T'Y, be a 5#-
measurable set with J#1(A) < e. Then there exists dp > 0 such that, for every 0 < §' <
do, there exists a countable collection (B;) = (B,,(x;)) of open balls such that

(5.53) 2r; <& foralljeN,  Ac|JB;, > rj<2.
j=1

Jj=1
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Moreover, without loss of generality, we assume that each B; is centered at an element
of A and that, diminishing (50 > 0 if necessary, B; € €2 holds for all j € N and §p < 2r
with the threshold number v’ from Lemma 5.9. In particular, 0 < r; <’ for all j € N.

T,int

Because pg;" € RMgn(€2) and each B; is open, for each j € N, there exists ¢; €
Cl(By) such that lpjllLe=(s,) <1 and

Tmt T,int
(5.54) ) < | o) 5

T,int

Now, since each Bj is open, spt(ugy") C I'f;, and spt(p;) C Bj for every j € N, we have

‘r mt

<y
(554 G T,int Tlnt 2
< Z(’/ vj dug, 2J)=Z<’/ p;d 2j>~

Let j € N be arbitrary. We recall that, by (5.3), there exists ¢ = ¢(2, Uy) > 0 such that
|Vt 55| < § holds for all sufficiently small 6 > 0. Moreover, since ¥s: (=1,1) xI'y —
O C €Y is bi-Lipschitz, there exists a constant ¢ = ¢(X, Uy) > 1 such that

T,int

s’y
(5.55)

(5.56) o < H?(Us((t,t+6) xTy)) < cd for all sufficiently small 6 > 0.
c

By definition of the measure ,ugif ' we may employ Lemma 5.9 to obtain

7,int| (5.50) .. in
’/rt pidugy"| = (}1\1‘% /2 P (F x Voo )iy - Vetbess A
t .
in : 1
<c||(F x VaQ/)aé/HLoo(E) llrgl\sgp (7/1, P lo;] djfZ)
P} P
(5~56)’SP§%"J‘)CBJ' : H?(Us((t,t+0) x I'y) NBy)

c||(F x v )R8, || oo s lim su
H( 00 )89 ||L (%) 5\Op f%pz(\pz((t,t—l—é) < FE))

Lem. 5.9,r; < r’

= c||(F x Vaﬂf)glgtyHLoo(z) r; =:Cry,

where C > 0 clearly is independent of j € N. In conjunction with (5.55), we thus obtain

(5.57) i i (C’TJ 7) €27 ce.

Jj=1

Sending & \, 0, we obtain that |ug M (A) = 0 whenever .2 (A) = 0. Both ugltm and

AL LT, are finite measures on I'y, so that u3" < s LT yields (5.44) by use of the
Radon-Nikodym theorem. Hence, (b) follows.

For (c), by what we have established above, density (5.44) exists at #'-a.e. zo € I'L,.
For an arbitrary € > 0, (5.45) implies that there exists 7o > 0 such that

(5.58) |G(z) — 20| < € for all x € ¥ with |x — x¢| < 7.

We proceed to compute the density (5.44). To this end, let » > 0 be sufficiently small.
Then we choose a sequence ($;) C CL(B,(x0);[0,1]) such that |@;| < 1 and §; — 1
everywhere in B,.(x¢). In particular, because Spt(,LL;Tt) C T%, there exists j(r) € N such
that

< 7’2,

B T — [ dn
~(Z0o

‘/ vre dst —/ &j(r)l/l"% d%l‘ <72
T'tNB,(z0) rL

(5.59)
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This is possible by the dominated convergence theorem; note that vp: € L>®(I'L;R3).
We then define ¢, := @;(,y. By (5.59), for each sufficiently small r > 0, there exist 6, € R
and ©, € R3 such that

P LB ) = [ e duZ 6,

Br(xo)

(560) / vrt At = / Prirt At + O,

ItNB.(zo) It =

0, O,
lim sup | 2‘ <1, limsup% <1.

N0 r N0 T
We compute
dug” psy (Br(wo) NTY)

(z0) = }1\% JOV (B, (zg) NTY)

(5.:0)1 lim . 1 . / or dﬂ;]:t + lim . 0, -
™0 S (BT(I’()) N FE) B, (o) ’ r™NO (Br(fﬂo) N FE)

(5.50), (5.52) . 1 ' » i
= — 1 (1 - F , mn , — . . )
i eyt [ er(F xvoa ) o) - Vovnsmasn

1

— 1l (1 Rva d 2) .

Tl\r,4r(l) %1(]37.({1)0) N th) 51{‘1,(1) /Eﬂf ¥ \Y ¢t,5,2 % 20

0

+ lim — T+ IT+1IL.

\0 %1(]37«(560) n FtE)

To estimate these terms separately, we note that 'y, is also the boundary of a Lipschitz
boundary manifold relative to 2’. Hence, there exists a constant ¢ > 1 such that

(5.61) E < AN (B(xo)NTE) <er for all sufficiently small » > 0.

For I, let € > 0 be arbitrary. Because of the Lipschitz bound (5.3), (5.58), and (5.61),

(5.3),(5.61) _ . c )
I < lim sup (hmsup— |G — 2| A7 )
0 N0 TO B, (20)Ws ((£,¢46)xTx)
(5.58)

< elimsup (hmsup L%Q(Br(xo) NUs((t,t+0) x Fz))>
(562) 7'\0 5\0 7'5

(5.56) 1 A% (B (z0) N Vg ((t,t + ) x I'y))
< celimsup ~( limsu ’

= Y ( oot AP(Us((t,1+0) x Tx)) )
(5.34)

< cg,

where ¢ > 0 is clearly independent of e. We may therefore send € \, 0 to conclude that
I=0.

For II, an analogous argument as in the proof of Lemma 5.5, based on the coarea
formula on manifolds, yields that

lim Or Vot 55 dH? = / orvpe dAL.
INO St It =
Hence, we arrive at

€)
II=—(1i . dopt) - li r .
(#{% ]{EQBT(IO) ey d") 2o + (1{% AL(B,(x0) NT%) )

()

(5.63)

(5.46)
=" —vrt (2o) - 20.

Here, (x) = 0 can be seen as a consequence of (5.61) and the second part of (5.60),.

For III, the bounds from (5.61) in conjunction with the first part of (5.60), directly
yield that IIT = 0.
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Gathering the above identities, it follows that

T,int

dpsiy
e (zo) =11

This is (5.47), and the proof is complete. O
Remark 5.11 (On Theorem 5.10). The existence (or well-definedness) of the Stokes

functionals G, and G, depends strongly on F, and hereafter ¢ € I. Moreover,

(5.63)

—vrt (%o) - 20-

Theorem 5.10(c) underlines in which (weak) sense the density of uglf * can be understood

to be tangential to ', inside ¥. To explain this, assume that we may write (F x
vor B, = H X vgor with some H € L°(99'; R?) such that, for simplicity, zo € T% is a
continuity point for H. In the situation of Theorem 5.10(c), (5.47) gives us

d T,int
(5.64) dl;z;l (zo) = —(H(z0) % vag (20)) - vre, (2o0)

= —H(20) - (vaor (z0) x vre (20)) = —H(zo) - 711, (20),

where the tangential field L I't, — S? carries the orientation as depicted in Figure 7.
We point out that it is not clear to us how to prove (5.47) if we only assume 1z, to be

int

a strong Lebesgue point of (F' x vaq/)5y, with respect to 22, meaning that

(5.65) lim [(F x vagy )b — 20| ds#7? = 0.

™0 B, (z0)noQ
The key obstruction in proving (5.47) is the order of limits in (5.62), and the low regularity
of (F X vpo )3, does not seem to give us access to (5.65), e.g. by use of the coarea
formula.

Based on Theorem 5.10, we now give a version of the Stokes in the classical vorticity
flux-circulation version.

Corollary 5.12 (Stokes in the Vorticity Flux Formulation). In the situation of Theorem
5.10, let (i) t € S or (ii) t € SH,. We define the total interior and exterior vorticity
fluxes through X"t by

{(curl F) vgro |t .= <(Curl F) vsre, <p>2 o
(5.66) o

TF) - v |, ::< IF) - vgre, > 7
[(cur ) vsee | S (curl F) - vsre, St N

where, in each case, p € Ci(Q) is such that @ = 1 in an open neighborhood of X7t
These definitions are independent of the specific choice of @ with this property, and we
have the Stokes theorem in the vorticity flux formulation:

T,int

—_— . du
el F) v, =it = [t i,
Ty
dMT,ext
(curl F) - g |§5, = pR S (Th) = d}fl ds? ift € .
Ty

Proof. Based on (5.50), it is clear that the quantities from (5.66) are independent of the
specific function ¢ € Ci (Q) as long as ¢ = 1 in an open neighborhood U of ¥™*. Since
the supports of pg’}' ‘ psly * are contained in T'Y, C U in each of the cases, the remaining

assertions then are immediate from Theorem 5.10; see (5.43). The proof is complete. [

5.3. Consistency and remarks on Definition 5.2. In this intermediate subsection,
we establish that Theorem 5.10 lets us retrieve the classical Stokes formula (5.1). As a
key point, this will also explain why Definition 5.2 is natural. We begin with

Proposition 5.13 (Counsistency). Retaining the geometric setting displayed in §5.1, let
F ¢ CY(;R?). Then Theorem 5.10 implies that

(5.67) / curl (pF)|s. - v A2 = —/ oF -, d* for all € CL(Q).
b)) I's
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Yre, (o)

\ st

FIGURE 7. Figure 3, continued: On orientations in the Stokes theorem,
continuing with the setting displayed in Figure 4.

ZT,t

Tt (o)

Proof. Tn the present situation, let ¢ € CL(Q), and let (15) C CL(99; [0, 1]) be a sequence
such that, for each &, 95 = 0 on 9Q' \ ¥ and 95 = 1 on ™. Since 1o sx € Wé’m(E),
we have 15 — ¥os55 € Wy (2 \ B79). Since F(x) X vooy (z) € Tooy (2) for any x € O,
integrating by parts gives us

/ SDVT(QZ}lS - ¢0,5,E) . (F X I/{)Q/) d%z
S\X70

(5.68)

_ / (s~ Vo) dive(o(F X von)) A2 | < C A (5 57) ™0,
S\ET

<2 <07 <o0

where we have used that ¢ € CL(Q) and F € C'(;R?). The dominated convergence
theorem and the classical product rule for curl then yield

/ curl (pF)|x. - v A2
by

= lim Yscurl (oF)|s - voor >

5\0 o
= lim (/ curl (¢5(oF))|s - voqr dA#? — (Vs x (oF)) - voqr d,%”Q)
NO N Jaqr o
=0 by the divergence theorem
=1 (F /) ds?
Jm o ©Vips - (F x vaqr)
=1 Vs - (F ) dot?
i | ¢ Vs - (F X vaqr)
(5.68) . in (5.50) ~in
S him [ oVoss - (F x vae )it doe? C27 gint ().
5\0 o

The ultimate limit exists as a consequence of Lemma 5.5 and our regularity assumptions
on F and ¢; in particular, in the present C'-context, no tangential variations of ¥ are
required. By Theorem 5.10 and Remark 5.11(see (5.64)), we moreover see that

Gizni‘o(@) — / (deZ:iE’“t = —/ pF - TrY, dt = —/ oF -y drt.
o ry I's

This implies (5.67), and the proof is complete. O

Based on the preceding proof, we briefly comment on the specific choice of Definition
5.2. In order to obtain access to the lower smoothness context compared with (5.1) for
a Cl-field F, one applies (5.1) to oF, where ¢ and F can be assumed smooth for the
time being. This leads to

(5.69) — / oF -, At = / (Vo x F) - vpq % + / @ (curl F) - vgqr d?,
I's b)) 3

which we may compactly write as —T; = Ty + T3. Ultimately, it is T; what we wish
to define in the non-smooth context considered here. Rewriting T by use of the cross
product rule (a x b) - ¢ = a- (b x c¢), the trace theorem (Theorem 3.9) implies that Ty



40 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES

can be meaningfully defined by employing (F X vgq )5, ; as an L™ (9€; Toqr )-field, it is
straightforward to restrict the latter to X.

This is not so for term Tj. Indeed, in order to make sense of the expression (curl F) -
vaqr, we need to involve the normal trace of curl F along 9. Since curl F € 2.4 (1),
this requires the normal traces of 2.4 “'-fields from Definition 2.14. The latter, in turn,
are given by (2.11) and thus are objects which are defined globally on 9. In view of
term T3, which only involves a boundary integral over ¥ in the smooth case, they must
be localized to ¥. This is the key reason for the appearance of the localizing functions
Y¢ 5. In essence, Proposition 5.7 asserts that such a localization procedure can be
meaningfully executed for .#'-a.e. t. In this regard, in view of the subsequent sections,
an elementary remark is in order.

Remark 5.14. For F € €.# (), curl F € RMg, (Q; R3) can be restricted to the Borel
set 0Q. Regarding T3, it is strictly wrong to interpret T3 as

(5.70) / pvoq - d(curl F)L oY),
2

which would allow for an ad-hoc generalization of T3 to the non-smooth context of
€. ¥-fields. For instance, even if F € Cp(Q;R?), then the measure curl F satisfies
curl F < Z3L Q. Since £3(X) = 0, the expression from (5.70) will vanish throughout.
Instead, the correct interpretation of the right-hand side of (6.13) requires the normal
trace of measure curl F' along X, and this is incorporated in Definition 5.2.

These considerations lead to the specific form of Definition 5.2. Finally, we note that
(5.50) and Proposition 5.13 suggest directly defining the Stokes functionals by (5.50).
This is also possible, but it then requires the link on the right-hand side of (5.50) with
the flux of curl through . Our strategy proceeds the other way around, namely, starting
from the flux of curl as in Definition 5.2, we establish representation (5.50).

We conclude this subsection by discussing the standing of the localizers t); 5 5. First,
once t is fixed, it seems natural to employ intrinsic localizers that are based directly on
the collar map ¥y-., instead of Uy. By this, we mean to replace ¢, 5 in (5.11) by

if z € 00\ X7,

ife €Ty, (= VUsri({s} xTsgrt)) for 0 < s <4,
ifxeX \ \I/Zm((O,cS) X Fgr,t).

(5.71) Prsx(z) =

= o O

While this seems feasible at a first glance, it is unclear how this can lead to a useful
version of Theorem 5.10. Throughout the above proof, one is bound to employ the
comparability estimates of layers 2 (Ws((t,t+ ) x I'y)) in terms of 6. These estimates
depend implicitly on the Lipschitz character of I's; in 99’ and, when working with (5.2),
can be assumed to be uniform in the collar parameter t.

To the contrary, if we work with (5.71), such uniform estimates are not possible.
Namely, a priori, the collar maps ¥Us-¢+ do not have to be linked with Uy in any way. In
essence, for each t, Uy-+ could follow a completely different mapping rule. In particular,
the bi-Lipschitz constants of Wxr: need not be comparable at all, rendering uniform
comparability estimates impossible. This can be circumvented by linking Us-.¢’s with
each other, thereby forcing them to follow a uniform mapping rule. In this case, however,
it is equally natural to work directly with the localizer family (5.2), which satisfies the
requisite uniformity by definition.

Finally, we address different localization families and single out the following remark.

Remark 5.15 (Smooth ¥ and smooth localizers t¢s5). Suppose that 9§’ is sufficiently
smooth and ¥ € 99 is a C*-boundary manifold (in the obvious sense) relative to Q' for
a potentially large £ € N. Then an adaptation of the arguments of Gilbarg-Trudinger
[39] for k > 2 (see also Krantz-Parks [50] for k£ = 1 and I'y, being of positive reach in the
sense of Federer [36]) yields that the distance function z + dist(z, I's)) is of class C* in
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F1GURE 8. Profile of the function n from Example 5.16.

U N3, where U is an open neighborhood of I'y. For sufficiently small § > 0,

0 if z € 00\ B,
besx(@) == Ldist(z, U({t} x Ts))) if 0 < dist(z, ¥({t} x 'x)) <4,
1 if dist(z, U({t} x 's)) > 4,

can be employed as a localizing function and is of class C* in a suitable intersection U N
¥™t where U is open and independent of §. This additional differentiability offers some
simplifications in the above proofs, especially as to the C'-extensions to Q. However,
in the case of C'-regular Lipschitz boundary manifolds, the use of 7;@572 does not come
with substantial simplifications compared with ¢, 5 5 given by (5.2).

5.4. Examples. We conclude the overall section by discussing two examples which il-
lustrate Theorem 5.10. First, we establish that the key assertion of the Stokes theorem
(Theorem 5.10) only holds for #1-a.e. t € [0, %), and thus requires a selection of good
tangential variations indeed.

Example 5.16 (Non-existence of limit (5.11)). We now give an example of a ¢.# “°-field
for which limit (5.11) does not exist for ¢ = 0. To this end, define annuli 4, C R? for
k € N by

—(2
A =B, 0\ B, (0)

1-2-
and set

n(x1,x2) == Z(fl)kH]lAk (1, 22) for (z1,22) € R3.

We set 2 := Bg) (0) x (=2,2) and let Q" € QN {x3 > 0} have C'-boundary such that
2 :=B®(0) x {0} C 0. We define

n(r1, z2) (

(5.72) g(x1,22,0) := AR
T + 5

29, —x1,0) for (z1,22,0) € X,
whereby g € L(X; R?).

Now note that the classical (interior) Sobolev trace operator trs: (W NL>)(Q;R3?) —
L>°(X;R?) is surjective. To see this, we first recall that try: WH'(Q;R3) — LY(3Z;R?)
is well-known to be surjective; see [38] or [63]. Moreover, by [35, Chapter 5.3, Theorem
2], we see that, for all h € WHH(Q; R3),

trg(h)(zg) = lim hdzx for A#?-a.e. xo €%,
T\"O Br(xﬂ)

and this immediately implies that trs: (W5 NL®)(Q;R3) — L>®(X;R?) is a bounded
linear operator. On the other hand, the constructions given in [38, 63] directly yield
that, for any g € L>(2;R?), there exists h € (W' NL>)(Q; R?) such that trg(h) = g
?-a.e. on X. Hence, the claimed surjectivity follows.

In particular, with g as in (5.72), there exists F € (W"'NL>)(;R?) such that
trs(F) = g holds s#?-a.e. on X. As a consequence of Theorem 3.9, we record that

(5.73) (F x voor )3, = (F X vag)5a, = trss(F) X vaqr = g X Vo H*-a.e. on X



42 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES

We fix the particular collar map
Us(t,x) := (1 —t)x for 0<t< 3, z=(2,0), and |2'| =1,
which implies that 19 s is given by

1
Yosx(a’,0) = 5(1 —|a']) if 0<dist(2/,I'y) <1-6.

In all other regions, its tangential gradient will be zero. Since vy (z) = (0,0,1) on X,
we may compute for #%-a.e. ¥ = (x1,22,0) € X

ins T, T
(F X VaQ/)aé/(x) - —%(Z‘l,xQ,OL
Ty + x5

1 1
NGEE
Now let ¢ € CL(Q) be such that ¢ = 1 in an open neighborhood of 8B§2)(0) x {0}.
Considering § = 277 for sufficiently large j € N, we have

(5.74)

Viboss(x) = — x1,x2,0).

hm ) @ SDVTM)O,Q*J,Z . (F X I/[)Q/)glftz/ d%Q
J=oo B (0\B,_; (0))x{0}
(5.74) .. ; 9
="’ lim 27/ n(xz1, zg) ds
(5.75) iz JBP N\B?__;(0))x{0}

1—-2—7J
= lim 27 D 22(Ay) = 1.
= P L
k=j
The ultimate limit does not exist. To see this, we compute for j € N:

oo

S SRR, TR
(5.76) k= k=
B 2(_1)—j+1 3(_1)j+12—j
_”( 3 5 )

by use of the geometric series. Based on (5.76) and considering even and odd indices
J separately, it is clear that the limit I from (5.75) as j — oo does not exist. By the
proof of Theorem 5.10 (see (5.50)), it is however precisely the first limit in (5.75) that
is decisive for &% () to be well-defined. In conclusion, &, (¢) is ill-defined in the
present situation. Yet, the tangential oscillation of 7 is bounded in sufficiently small
neighborhoods of 8B£,2 (0) >< {0} for any 0 < r < 1, so that & (¢) exists and is

well-defined for all 0 < ¢t < 5.

Anticipating the terminology from §6, the function: (F x vgq/ )5, from (5.74) is not
a divergence measure field, whereby Example 5.16 is also in line with the Stokes theorem
in the transversal direction, Theorem 6.7 below; see Example 6.12 for more detail.

Example 5.17 (Tangential jumps in higher smoothness scenarios). We adopt the setting
described in Section 5.1. Let Fy; € (W*'NL®)(Q;R3) and F, € (W*'NL>®)(Q\ @),
and define the glued function F' by

o Fl in Q/,
R nQ\O.
Then F € (BVNL™®)(Q;R?), whereby F € €.#°(Q). We note that there exist
bounded linear trace operators trifl,, : (W' NL>)(Q;R3) — (W' NL>)(9;R?) and
g, - (WHINL2)(Q\ O R3) — (W NL>)(8;R3). On the manifold 9, in turn,

there is a bounded linear trace operator trp,: (WY NL>®)(0;R?) — L°(I'g;R3).
Now, if v.e WH(9Q; R?), we have

/ trry (V) - vpy ' = lim / OV 55 - vd2.
I's MNO S
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This identity can be established analogously to Lemma 5.5, now taking into account
the properties of the classical trace operator on W' (see, e.g., [35, Chapter 5.3]) and
adapting it to the spaces on manifolds. Then

St ale) == [ ptuns (tron (F) x ) ey A8
=

and analogously for G2, and F5.

6. 2.#4°°-FIELDS ON MANIFOLDS, STOKES THEOREM, AND TRANSVERSAL
VARIATIONS

In §5, The manifold ¥ and the set Q' € Q with ¥ € 9 were thought of as fixed;
the Stokes theorem, Theorem 5.10, consequently made use of the tangential variations,
meaning that we vary ¥ inside 99'. Suppose we allow ¥ to vary transversally. In that
case, the key outcome of the present section is that the Stokes theorem is available on .#'-
a.e. such transversally varied manifolds without having to additionally vary tangentially.

This, in turn, is achieved by proving that, for F' € €.# (), the tangential traces
provided by Theorem 3.9 are tangential divergence measure fields on .#'-a.e. transver-
sally varied manifold. On such manifolds, the Stokes theorem turns out to be equivalent
to the Gauss—Green theorem for 2.4 *°-fields on manifolds; see Theorem 6.7. This con-
nection is easily visible from the following simple example, which we take as a starting
point for this section:

Example 6.1. Let Q = (—2,2)2 x (—1,1) and let ¥ := (—1,1)? x {0}, which we view
as a subset of 9€Y, where ' C QN {z5 < 0} has C'-boundary. We put vy, := Vaqy|s =
(0,0,—1)T. If F € CY(;R?), then F x vy € C'(X;R?) and satisfies

(6.1) Fxvs=(—F, F,0)", (curlF)-vs =0,F —0,F, along Y.

As usual, we denote by 71, : I's — S? the unit tangential field to I's;, where ¥ inherits the
orientation from 9€Y'; see Figure 7. In particular, for x € I'y, the vectors vs(z), vy (),
and 71, (x) satisfy, in this order, the right-hand rule and are mutually orthogonal. Letting

0 -1 0
Q=1|1 0 o],
0 0 0

we have in the present geometrically flat case that Qr(x) = vpy(x) for every z € T'y
except at the edges of square X. At every such z, we have

(6.2) (F(x) x vs(2)) - vry(2) = F(z) - (v5(2) X vry(2)) = F(2) - 10y (2).

Thus, based on the classical Gauss—Green theorem in two dimensions, we conclude that

/(curlF)~ygd<%”2 (Gi])/divT((—Fg,Fl,O)T)d%”2 :—/ (—F3, Fy,0)7 - vpy, d!
3 b))

I's
6.1 6.2
(@ —/ (F x vs) vpy d#tt'E) — [ F o dor?,
Fg FX}
which is exactly the Stokes formula based on our convention on orientations. As a
consequence of this representation, the tangential trace of F'|s along I's; as required in
the Stokes formula is the normal trace of (F' x vg)|x along I's.

6.1. 2.#4°-fields on manifolds. In view of our above discussion, we pause and in-
troduce 2.4 *°-fields on oriented (n — 1)-dimensional C*-manifolds ¥ € R™ with ¥ =
int(X) first. To motivate their definition, we adopt the notation of Theorem 2.1. If
v € CL(Z; Tx), then formula (2.4) yields

(6.3) / pdiv, (v)ds#"t = f/ V.o -vda" ! for all p € CL(D),
b b

and gives rise to the following definition:
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Definition 6.2 (2.#-fields on submanifolds of R™). Let ¥ C R™ be an oriented,
(n — 1)-dimensional C*-manifold with ¥ = int(X). We say that v € L®(Z;Tx) is
a bounded divergence measure field on X, in formulas v € 2.4°(X), if there exists
i € RMgn(X) such that

(6.4) / pdu = —/ Vep-vdam? for all o € CL(Z).
> b

In this case, we write div,(v) := pu.

Before we proceed to the Gauss—Green theorem, we make a remark that ultimately
turns out to be one of the main reasons for having singled out Theorem 3.9(b).

Remark 6.3. The defining condition (6.4) does not make sense for general fields v €
L*(X;R™), since in this case identity (6.3) does not hold true and so consistency might
be lost. This is due to the curvature term embodied by the Weingarten map Hy in (2.2),
and only leads to (6.3) provided that v(z) € Tx(x) for #" l-ae. z € 3.

We do not aim for an extensive treatment of 2.4 °°(X)-fields here. However, for our
future applications, we record the following elementary lemma.

Lemma 6.4. In the situation of Definition 6.2, let ¥ also be compact.

(a) Let v e LY T%). If
©5)  m=sup{ [ Vepvdam s o e CUE) el <1} <,
)
then there exists i € RMgn(X) such that

(6.6) / pdu = —/ Ve -vda" ! for all p € CL(D)
b> b

and p = div,(v) together with |div.(v)|(2) = m.
(b) If, moreover, v € D4 (%), then identity (6.6) holds for any Lipschitz function
¢ € Lipy(%) := {¢ € Lip(%): ¢[ry = 0}

Proof. For (a), by (6.5), the functional
G(p) = —/ Vop-vda"? for any ¢ € CL(%),
b

is a bounded linear functional on (C¢(X), | - [|c(s))- By routine localization and molli-
fication, CL(X) is seen to be dense in Co(X) with respect to || - lc(sy; note that, since
¥ is a C?-manifold, the C'-regularity of maps © is not destroyed during the localization
process. Hence, G has a continuous extension G: Co(X) — R with ||G||¢,s)y = m. By
the Riesz representation theorem, there exists a uniquely determined Radon measure

i € RMgy, (X)) such that

G(yp) = / wdu for all p € Cy(%).
p

Specifying to ¢ € CL(X), we arrive at (6.6). The Riesz representation theorem in conjunc-
tion with the aforementioned density then yields |div,(v)|(X) = m and thus completes
the proof of the first assertion.

For (b), let ¢ € Lipy(2). As in the geometrically flat case, the present assumptions
allow us to find a sequence (p;) C Ci(X) such that ¢; — ¢ strongly in L(X) and
V.p; = V.o in L®(3; Ty). By (6.6), this immediately implies the underlying identity
for Lip,y-functions. The proof is complete. O
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6.2. Tangential traces of €.# “°-fields as 2.4 -fields. We now introduce the Gauss—
Green functional for 2.4 °° (3)-fields, allowing us to assign distributional traces to 2.4 °°-
fields along I's;. This leads to the announced variant of the Stokes theorem with respect

to the normal or transversal variations. We begin with

Definition 6.5 (Gauss—Green functional). In the situation of Definition 6.2, let v €
DM>(E), and let U C X be a Borel set with U C ¥. We then define

(6.7) (v-v,o)r, = —/ p ddiv,(v) — / Vop-vda"? for any ¢ € CL(D).
U U

Moreover, if U = X, we put
(6.8) (v-v,0)rg = —/ p ddiv,(v) — / V,p-vdam ! for any ¢ € CL(Z),
b b

where CH(X) is the space of all functions ¢ € CH(X) for which ¢ and V¢ can be con-
tinuously extended to X.

It is trivial to see that these functionals extend to non-relabelled functionals
(6.9) (v v, )1y, (Vv v, )1y € Lip(2)'.

Lemma 6.6. In the situation of Definition 6.2, the following hold:
(a) Let v.€ 247 (X). Viewing (6.8) as an element of 2'(Q), (v - v, )ry is a
well-defined distribution of order at most one with spt({v - v, )ry) C I's.
(b) Suppose that ' C R™ be open and bounded with C*-boundary, and let ¥ be a
C?-regular Lipschitz manifold relative to . Moreover, let v € DM (X). Then
there exists a function (v - v)py, € L% (I's) such that

(6.10) (V-v, P)ry = / (V-V)ry pdsm? for all p € Lip(X).
I's

Proof. For (a), let ¢ € CL(Q) be such that spt(¢) NTs = (. Since T'y is closed,
dist(spt(¢), Ts) > 0. In particular, ¢|s € CH(X), and thus the claim is immediate
from (6.4).

For (b), this follows in the same way as the corresponding statement established by
Chen-Frid [19, Theorem 2.2] for divergence-measure fields on open and bounded sets 2 C
R™ with Lipschitz deformable boundary. We do not repeat the proof here, but comment
on three key points required for the argument of [19] to work: Since ¥ is a C*-regular
Lipschitz manifold relative to ', it automatically has Lipschitz deformable boundary I's;
in 0, the Lipschitz deformations being given by the collar maps ¥s: (0,1)xI's = O C
3. Secondly, the requisite integration-by-parts formula is available since v(z) € Tx(x)
for #" 1-ae. € 3; see also Remark 6.3. Finally, the adaptation of the proof of [19,
Thm. 2.2] gives us the validity of (6.10) for all ¢ € C(9SY). For general ¢ € Lip(X),
we denote by @ € Lip(9€’) an arbitrary but fixed Lipschitz extension of ¢ to 9. By
localization and smooth approximation, we then find a sequence (@;) C C'(Q) such that
%, — ¥ locally uniformly on 092" and V., XV, % in L®(0; They). Since Plry, is
independent of the extension, this allows us to pass to the limit j — oo in (6.10) for [
and to obtain (6.10) also for general ¢ € Lip(X). This completes the proof. O

We now establish that .#!-a.e. boundary manifold ¥ in  C R3 satisfies the Stokes
theorem for €. (Q)-fields.

Theorem 6.7 (Stokes Theorem for the Transversal Variations). Let Q C R? be open
and bounded, let Q' € Q be open with boundary of class C?, and let ¥ be a C*-regular

Lipschitz boundary manifold relative to €. Recalling the collar map ®gq: from Lemma
2.5, define

1
(O)P = Do ({t} x ) and recall that S5 = Doy ({t} x ), |t < 5
Then, for F € €4 (Q), the following hold:
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(a) Divergence-measure field property: There ezxists a set I 1= (—%, %) with

LI\ % = 0 such that the interior tangential traces from Theorem 3.9 along
(09t satisfy

(611) (F X I/(aQ/)<I>,t)i(IétQ/)<p,t|Z;I;}t S 9///00(23}’5) fOT’ allt € j\:

together with the bound:
(6.12)
|div, ((F x y(m,yp,t)}gﬁw)&,t|E$}t)|(zﬂ, ) < Mgt oo (carl F)(t)  forallt € .7,
where constant ¢ > 0 is independent of F and t. The same holds true for the
exterior tangential traces from Theorem 3.9 with a potentially different set .7, if

we replace the right-hand side of (6.12) by c./\/lg’g, (curl F)(¢).
(b) Stokes property for the transversal variations: Based on Definition 5.2, define

int t
Gm = 612¢ t).,-oa Gex = 6824, t).,.o

b5l bahek
Ift e 7 and adopting the notation from Lemma 6.6(b), then the function
frz0 = —((F x V(anf)évt)i(rétgf)é‘t|zg;t . V)Fzg}t € L¥(Tger)
satisfies

(6.13) S () = /F fusarpd ' for allp € CL(Q).
I>t

B

In particular, GiE“;t 1s a well-defined distribution of order zero.
Q/

The same holds true with the obvious modifications for the exterior Stokes functional.

Proof. Throughout, we focus on the interior Stokes functionals. We define
={tel: MaQ' ooy (curl F)(t) < oo},

Letting ¢ € ., we now divide the proof of (a) and (b) into three steps.

Step 1. Set-up. For notational brevity, we put Y= Zg;t. Based on Lemma 2.5(d), 5
still is a C2-regular Lipschitz boundary manifold relative to the open and bounded set
Q' = Dy ((t, to) x OY) for an arbitrary but fixed t < to < 1. By Lemma 2.5, 9 is of
class C®. In view of (a) and (b), we aim to apply Lemma 6.4; hence, we let ¢ € CL(3)
be arbitrary with ||<p||Loc(§) < 1. We define 3 € C1(9') to be the trivial extension of ¢

to 9. Let o > 0 be so small such that
(6.14) dist(®acr ({to} x O), {z € Q' dist(z, Pooy ({t} x OY))) < do}) > 0.
Now let 0 < § < &yg. As a consequence of Lemma 2.12(a), there exists a function
s € CH(Daq ([t to] x O)) such that
ps =P on Pag ({t} x ),
(6.15) {2 eQ: ps(x) £ 0} € {z e dist(z, Do ({t} x Q) < 6} =: Us,

1 Lo~
19905 < e(IVrllysy + 5 10lsy)  in 2,

where constant ¢ > 0 neither depends on ¢ nor d; for the right-hand side of (6.15),, note
that ¢ vanishes outside . From (6.14) and (6.15),, we conclude that ;s vanishes in an
open neighborhood of ®aq/ ({to} x ).

Step 2. Proof of (a). We aim to apply Theorem 3.9(b)—(c) to @ as underlying
set. In particular, whenever ¢ € C?*(®aq ([t,to] x Q') vanishes in a neighborhood of
O ({to} x 09), we may employ the relation: curl (Vi) = 0 to find

(6.16) / (F X vy ) - V4 d ot (3.15) / Vi - d(curl F).
@y ({t}x0) ® oy ((t,t0) X OY)



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 47

Now let 1 € CH(®pqr([t,to] x ) be such that ¢ vanishes in a neighborhood of
Doy ({to} x O'). Tn order to apply (6.16) to ps, let ¢ € CL(Q) be an extension of 1; such
a function exists by the very definition of C'(®aqy ([t, to] x O)) and ®aor ((t,to) x OY)
being relatively compact in . Mollifying ¢ yields a sequence (¢0.) C C2°(£2) such that
P, — 9 and Vi, — Vi) uniformly in Q as e \, 0. Applying (6.16) to ?_, we recall
(F X vyg 0%, € L>®(8€; R?) and thus may pass to the limit & \, 0 by the dominated
convergence theorem. In consequence, we may apply (6.16) to ¢ = ;.
Since ¢ vanishes outside i we thus obtain

(6.17)

/E(F X yaﬁ,)g‘é, VopdA?

/ (F X vy, )0, - Veips A
D57 ({t}x0Q7)

/ Vs - d(curl F)‘
Dyar ((t,to) xOQY)

(6.15) 1
< e(IIVrpllm gy lewl FIUs) + 5[l s, leurl FI(Us) ).

Pslogr =

(6.16)
<

where Us is as in (6.15),. Estimate (6.17) holds for all sufficiently small 6 > 0. Since
Us — D as 6 (0, we may send § N\, 0 in (6.17) to find by use of ||ga||Loo(§) <1 that

< ¢ limsup [SLEF 1)

6.18
(6.18) st 5

/i (F X vy, ), - Ve dA?

By Lemma 2.5 and Remark 2.7, we may assume that there exists a constant 6 > 1 such
that Us C Paqr ((¢,t + 60) x 0') holds for all sufficiently small § > 0. Then

[ div, ((F x v,5,)5)|(8) "= sup / (F X vy )% - Vo0 d A
peci(®) IVS
lp|<1
(618) |curl F|(Us))
< ¢l _
(6.19) s ¢ 1r§1\s(1)1p s
< climsup |curl F|(@aq ((¢,t + 60) x O8Y')
PN d

<c Mgg’;ag, (curl F)(t).

Since ¢ € .7, the ultimate expression is finite and & HEAY % = 0 by Proposition 4.3. In
particular, div,((F x Vafz')glfty 5) € RMﬁn(~E) and, since (F x v,g,)5% |5 € L™(%; T)
by Theorem 3.9, (F x l/aﬁ,)g%, ls € 2.4 (X). This yields (6.11), while (6.12) is a direct
consequence of (6.19). Hence, (a) follows.

Step 3. Proof of (b). We first note that the right-hand side (6.13) has a clear meaning:
Indeed, since Mg}’;m, (curl F)(t) < oo, the boundary regularity criterion (2.15) from
Lemma 2.18 is satisfied, so that ((curl F') - v,-) ,5, can be represented by a finite Radon
MEASUTe [l(curl F)-1y5, O o). Now let V55 e asin (5.2). Based on (5.50), we conclude
that ’

int _ : _ \int _ 2
Gi (p) = —}1\11}] . o(F x VE)Q’)(‘)@ VTTZ)O’&’E d7

. in 2

6.20 in
(6:20) — [ Ve s50) - (F < w0, a7

_ /i (F x vy g Voo o 4 lim /i Vo, 55 A(div, (F X 16, )m% )
=:1II.
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In the ultimate step, we have used the dominated convergence theorem for the first

term, whereas the second one is dealt with by (¢, s 5¢) € Lip.(X) and (F x V@?z')glg%f €
P.#4% (%); note that the underlying integration by parts is justified by Lemma 6.6(b).
Since div,((F x Vaﬁ')g‘g%/) € RM;g,(X) and ¥ is relatively open, then the dominated
convergence theorem yields

H:/ Fxv, )™ . v, djf2+/ d(div,(F x vas, )8
(6.21) ZND( o) )39 ¥ E‘P ( ( o) )39 )

= _<(F X V{)ﬁ/)g}%/‘i : V’§0>Fi7

where we have used the very definition of the Gauss—Green functional from Definition
6.5. By (a) and Lemma 6.6(b), we obtain (6.13) and so the full statement of (b). This
completes the proof. O

Remark 6.8 (Further Localizations). With slightly more refined estimates that take into
the account the geometry of ®oq/((¢,t0) x '), it is possible to improve (6.12) to only
have the term c/\/lgzgﬂ/(curl F)(t), instead of c/\/lgs’;,{m, (curl F)(¢), on its right-hand
side. However, we do not need this improvement in the sequel.

Remark 6.9. In stating the above results, we stick to the notation Eg;t. This is so
because we partially work on the full boundaries (9Q')®*, which arise from 9§ by
transversal shifting and depend on §’. On the contrary, in §5, we only work on ¥ and
with 0 <t < % For such ¢, we have E?z’/t C X, whereby it is convenient to simply write
¥7t instead of £ in the context of §5. Moreover, note that, if the two-sided maximal
operator satisfies Mpq, 5o/ (curl F)(t) < oo, Lemma 4.4 yields lcurl F|((09)®) = 0.
This is still the case on a subset of full .Z'-measure in I. In particular, for such ¢, the
Stokes theorem on the respective transversally shifted boundary manifolds is available
for both the interior and exterior Stokes functionals.

As a consequence of the proof of Theorem 6.7, we do not have to vary tangentially when
t is such that Mg& ooy (curl F)(t) < oo. In view of our discussion in §5.3 (see (5.71)ff.),
there is no need to work with localizers adapted to ¥ and the specific collar map Uy,
when aiming to introduce Stokes functionals as in Definition 5.2. On transversally shifted
manifolds 5" with Mgf;_, oy (curl F)(t) < oo, we may therefore directly state a Stokes
theorem for relatively open subsets as follows.

Corollary 6.10 (Low Regularity). Let 2 C R3 be open and bounded, and let ) €
be open with boundary of class C*. Moreover, let F € €.#°(Q), and let t € (f%, %) be
such that

(i) ./\/lg}’;r’aﬂ,(curl F)(t) < oo or (i) Mgg’;,ag, (curl F)(¢) < co.

Let E C (0Q)®! be relatively open. Finally, for all sufficiently small § > 0, suppose
that 1s: (0Q)®t — [0,1] be a Lipschitz function such that s = 0 on (0Q)®*\ E and
s — 1 pointwisely on E as § \ 0. We define interior and exterior Stokes functionals
on E for p € CL(Q) by

G (p) = ;i{r(l)«curl F) v, Y50) 002+ + / (F X vpo )38, - Vo d o>
E
in case (i), and
G?t(go) = }i{%((curl F) v, w5<p>(3§2’)q’,t + / (F X V({)Q’)%)S’ . v‘rcpd‘%z
E

in case (ii). Then, in each of cases (i)—(ii),

(a) the functionals S'B* and G%* is independent of the specific choice of the sequence
(1s) with the above properties.
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(b) the functionals &8t and & are distributions of order at most one supported
on T = E \ int(E). More precisely, we have the representations:

G5 () = —((F X vo5) 5 |5 - 1 0)rs

(6.22) ¢
SE(p) = <(FXV69')BQ'|E V)T

for all € CL(Q).
Proof. We focus on &8¢, the proof for G being analogous. Let ¢ € CL(Q). As in the
derivation of (5.50), we have

G (p) = — lim P(F X vy, )% - Vips A2

N0 Joay o
Based on this observation, we can follow the proof of Theorem 6.7. More precisely, in
(6.20)-(6.21), we replace ¥ by E and v, 55 by 5. Based on Definition 6.5 and (6.9),
this yields (6.22), from where both (a) and (b) follow at once. The proof is complete. O

Remark 6.11. While Theorem 6.7 and Corollary 6.10 have a parallel structure, the
outcomes differ in the regularity of the Stokes functionals. The Lipschitz regularity of
the boundaries in the context of Theorem 6.7 yields the L°°-representability of the Stokes
functionals. In the situation of general relatively open sets E as considered in Corollary
6.10, the validity of the Stokes theorem happens at the cost of the Stokes functionals
potentially being non-regular distributions on I'g.

6.3. Examples. We conclude the overall section with two examples.

Example 6.12 (Example 5.16, continued). We compute the tangential distributional
divergence of the function (F x vgq/ )3, from (5.74), which we directly view as a function
on R?:

le-,—((F X l/aﬂ/ 89/ == 22 k+1%1 L8B1_2—k in .@/(R2),
k=1
and so tr(F) x v & 2.4 (R?) follows from
|div. ((F x voo )5 )|(R?) = 47> (1 -2~
k=1

In particular, Theorem 6.7 is not applicable here, whereas Theorem 5.10 is indeed.

Example 6.13. The boundary regularity criterion Mg{;/, oy (curl F') < oo is automati-
cally satisfied for any choice of ¢, provided that e.g. curl F € L*(2;R3). In this sense,
Theorem 6.7 and Corollary 6.10 provide unconditional Stokes theorems without manifold
selection for WU fields.

7. THE STOKES THEOREM FOR ¥ .#°-FIELDS, 1 < p < o0

As a hybrid of the methods developed in the previous two sections, we now establish
a (tangential) Stokes theorem in the spirit of Theorem 5.10 for a large subclass of €.#"-
fields, 1 < p < oo. This requires localizing certain distributions, namely divergences
of Li,.-fields, to certain closed sets; see §7.1. In the intermediate subsection §7.2, we
introduce a boundary pairing and prove, as the €.#"-substitute of Theorem 3.9(b), in
which sense the distributional tangential traces are tangential. This leads to a general
version of the Stokes theorem (see §7.3), and eventually fills the remaining gaps from
Table 1; see §7.4.
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7.1. Localization elements of div,(L{,.). Let @ C R" be open and bounded, and let
' € Q be open with C* -boundary. Moreover, let ¥ € 9’ be a C*-regular Lipschitz
boundary manifold relative to €', with boundary I's, C 9€)'; in particular, X is relatively
open in 9. Temporarily assuming that 9 is even smooth and S € 2/(9Y'), S can be
localized to ¥ by restricting it to an element S|y € 2'(X) via

(7.1) (S|, @) o zyxa(z) = (S, 0) 21001 x 2 (99" for o € 2(%).

For our future purposes, we require a restriction of S to an element of C*°(X)’, and this
is what we mean by localizing to closed sets.

In the case of C2-regular Lipschitz boundary manifolds, 2(09) is not well-defined,
but it is clear that the task of localizing elements of Lip(9€Y)’ comes with similar issues.
To this end, we consider the subspace

(7.2) div, (Lo (09 Toar)) := {div,(G): G € L, (09'; Toher) },

where div, denotes the tangential distributional divergence. Since 9 is compact, we
could equivalently admit G € L'(9Q; Thq/) in (7.2) and end up with the same space.
We explicitly record that the duality pairing is given by

(7.3) (div,(G), ¥)s = — /E G V,9dx

whenever G € L, .(0S; Too/) and ¥ € Lip,(X). In this context, the C*-regularity of
€Y implies the consistency of (7.3) with the classical integration by parts-formula from
Theorem 2.1ff. for sufficiently smooth maps. Moreover, note that (7.3) extends to the
case where X = 9Q and 9 € Lip(9€'), in which case T'sqr = 0.

We now recall the collar map ¥ys: (—1,1) x 'y = O from Lemma 2.10. For 0 < § < §
and 0 < t < %, we define interior height functions as in (5.2), and proceed to display
the definition of the boundary pairing as required for our Stokes theorem, Theorem 7.14,
below.

Definition 7.1 (Boundary Pairing (-, )ry). In the situation described above, let G €
LY(OSY; Toq). For 0 <t < 5, define

(7.4) (G- vre, )y = }ig(l) /2 VG Vit d™ T fory € Lip(S),

provided that this limit exists for all ¢ € Lip(X). In this case, we say that (G -vre, - )re
exists.

If G and ¢ are sufficiently smooth, then Lemma 5.5 and its proof imply that

(G- vre, ¥)re, = /1" VG -vp,, A2

=7t

Hence, Definition 7.1 gives a generalization of the ultimate boundary integral to non-
smooth scenarios. We may then introduce the localization of certain elements of Lip(9€2')’
as follows:

Definition 7.2 (Localization). In the above situation, suppose that S € Lip(9Q')" sat-
isfies S = div,(G) for some G € L' (9€; Toq). Moreover, let 0 <t < L be such that
(G -vre, )y exists. We then define

(75) <Sv w>2"’t = G-V djfnil - <<G “lre, 1/’>>1“§: fOT e Lip(z‘r’t)v
ET‘f
and the mass of S on X7 by
(76) [S]ET,t = <S, ]lZ‘r,t>ZT,t = hm/ G- VT’(/Jt’g’E d%n_l.
N0 S5

We now confirm that (7.5) gives rise to a well-defined functional indeed.
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Lemma 7.3. In the above situation, let G, Ge LY(09Q; Thar) be such that

(7.7) div,(G) = div,(G) as an identity in Lip(9Q)’.

If0 <t < § is such that both (G - vres )y and (G - vre,)ry exist, then

(7.8) (div,(G), Ysrt = (div.(G), )s-+  on Lip(Z7F)

and, in particular,

(7.9) [div, (G))gre = [dive(G)]gre.

Proof. Let 1 € Lip(X7*) and denote by ¥ € Lip(9§2’) an arbitrary Lipschitz extension to

OfY. Then v s 1) € Lip(0€'). Directly using Definition 7.2 and dominated convergence
in the first step, we find that

(div. (G), ¥)sre 2~ lim ( UrssG Vo d A"+ | WG Viss d%”"‘l)
N7t

N0 STt

== lim - G V. (Y o5)ds !

S . A n—1
=—lm [ G Vivnsst) A

—lim [ G-V (Qsx¥)d#" ! = (div (G), ¥)gre,

] o0
where the last equality can be seen by reading the first three lines backwards with G being
replaced by G. This is (7.8), from where (7.9) also follows. The proof is complete. O

(7.3),(7.7)

Remark 7.4. In (7.8), we do not assert that (G- vre ,))re = (G- vre, )y, which can
easily seen to be wrong by putting G=G+ g, where div,(g) = 0. However, the above
proof yields that, if G, G e L' (0SY; Tho) are such that div,(G) = divT(é) in Lip(0Q)’
and 0 < ¢ < %, then (G - vre, )y, exists if and only if (G- vre, )y, exists.

Remark 7.5 (Masses and Admissibility). In Definition 7.2, we have declared the mass
of an element S € Lip(99')" which satisfies S = div,(G) for some G € L*(99; Tpo) in
the sense that

(7.10) (S,9) = —(G,V ) = — G-V, di? for all ¢ € Lip(0€Y').
o
Now, if S € C*(9Q)" satisfies, for some G € L' (9€; The/), the identity

(7.11) (S, 1h) = — G V,pda#?  forally € C*(0Q),

o
then S automatically gives rise to an element of S € Lip(9€')": Given ¢ € Lip(9€Y'), the
C2-regularity of 9 allows us to choose a sequence () C C?(89Y) such that Y; =Y
strongly in (C(OQ); || - |lsup) and V,4b; = V4 in L=(9'; Theor). We then define

~ 1
(5,9 = lim (S,0,) 2 —lim [ G -V,pdan? L _ [ G.v.pan
j—o0 J—=0 Joqr o
From here, it follows at once that S is well-defined, meaning that it does not depend
on the specific choice of sequence (¢;). In the situation of Definition 7.2, we may also

introduce its mass on X7 by [S]gre := [S]g-+ for § € C2(OQ) with (7.11).
We now have

Proposition 7.6 (of Gauss—Green type). Let Q C R™ be open and bounded, and let
Q' € Q be open and bounded with C*-boundary. Moreover, let ¥ be a C*-regular Lipschitz
boundary manifold relative to ', and let G € Ll(('?Q’; Toqr). Then we have:

(a) There exists a subset & C I :=[0,%) with LI\ #) = 0 such that, for each
te S, (G v, )y exists. In particular, for each t € F, (div,(G), - )sre is

well-defined as an element of Lip(X™%)".
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(b) Forte .Z asin (a), the Gauss—Green formula holds:

(7.12) (G- vre, )y, = —(div,(G), ¥)sre — G-V ypda"!

STt
for all ¢ € Lip(X™1).

Proof. From the proofs of Lemma 5.5 and hence Proposition 5.7, it is clear that both
statements hold for Lipschitz functions ¢ (or ¢ = ¢|x, respectively) if we systematically
replace || - [lc1sy by || - lLipz)- Based on this modification, assertion (a) follows from
the obvious n-dimensional variant of Proposition 5.7 with v .= G and Definition 7.2.
For such ¢t € .#, assertion (b) then is an immediate consequence of Definition 7.2. This
completes the proof. O

For our future applications, we explicitly record the following corollary.

Corollary 7.7. In the situation of Proposition 7.6, suppose that G € L! (0 Toqr) has
an Llloc—representative which is continuous in a relatively open neighborhood of T's in 0.
Then there exists 0 < to < % such that conclusions (a)—(b) from Proposition 7.6 hold on
the entire interval &' :=[0,tp).

Proof. As we noted in the preceding proof, Lemma 5.5 holds for Lipschitz functions ¢
(or ¢ = |5, respectively). However, the statement still requires the underlying vector
field v to be of class C'. We now prove that (5.15) holds for all v € C(9€'; Thq) and
all ¢ € Lip(9€'); yet, note that estimate (5.16) does not extend to merely continuous
fields v. Once this is achieved, we multiply G as in the present corollary with a Lipschitz
localizer (which in turn determines ¢j) so that G can indeed be assumed to be globally
continuous on 9€2’. We then conclude by setting v = G.

Hence, let v € C(0Q; Tha) and ¢ € Lip(9€'). Let € > 0 be arbitrary. By the obvious
n-dimensional variant of Lemma 5.1 and (5.20), there exists a constant ¢ > 0 such that

(7.13) sup / IV ) s3] d#? < c.
»T,t

0<s<t

By density (see Proposition 8.6 in Appendix A.2), we find v. € C*(8Q'; Tpq:) such that
[v — vellLe a0y <. Then

/rg

< [ tellv =il s [ el = vl [V s
I's n7ot

I:= v vy A */ oV - Viothy s A

»7.t

+

/ PVe - Urt, At — ©ve - Vi s s dse?
r

t T,t
13 2

< e [l@llneaan (1 (TE) + ) +

/ Ve - Upt dst — Ve - Vb 55 ds7?|.
1"% »n.t

We then use the obvious n-dimensional variant of Lemma 5.5 with Lipschitz functions
@ to send & N\, 0 in the overall inequality, whereby the ultimate term vanishes. By
arbitrariness of ¢ > 0, we may send € N\, 0 to deduce that I = 0. This completes the
proof. O

7.2. The boundary pairing 7 and tangentiality. For the general Stokes theorem,
Theorem 7.14, it is useful to give an intrinsic pairing on the boundaries of subsets of €.
This allows us to clarify in which sense the distributions ((F x v)If -)sq and ((F x
V)&t Yo are tangential to 9'; see Corollary 7.11. We begin with

Lemma 7.8 (Boundary Pairing). Let Q C R® be open and bounded, and let ' € Q be
open with C*-boundary. Moreover, let 1 < p < oo and F € €.47(Q). Define

(7.14) Tirxwym (@) = (F x )& Boor  for ¢ € Lip(02';R?),
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where @ € Lip.(Q;R?) is arbitrary with @laqr = @ on 0Q'. Then 72F><l/)i5;1/t is a well-
defined bounded linear operator from Lip(9Y; R®) to R. In particular, it is independent
of the specific choice of @ with the above properties. The same holds true with the natural
modifications for T(qu)glx,t'

Proof. Let @, @, € Lip.(Q;R?) be such that g, = @, on Q. Then v := (B, —P,)|ar €
Lipy (€2'; R3). Since CZ°(€; R?) is weak*-dense in Lip,(Q'; R?), we find a sequence (1p;) C
CX°(Q;R?) such that 1, — 1 strongly in Co(Q';R?) and Vap; = Vap in L=(Q/; R3*3),
respectively. By Lemma 3.3(a), we may choose a sequence (Fy) C C2°(£; R?) such that
F,, — F strongly in L'(w;R?) and (curl F},).Z% = curl F in RMg,(w;R3) for any open
w € ). We then obtain

(3.5)

(Fxv)i¥ Yoo = — | F-curlypde+ [ ap-d(curl F)
Q QY

= lim (= [ F-culy, d:c—i—/ W; - d(cul F))
Q 194

Jj—o00

= lim lim (— Fy, - curly; dx —l—/ ¥, - d(curl Fk))
Qo o

j—o0 k—oo
= lim lim (Fi X voqr) - ¢, de =0,
Jj—oo k—oo [0y

where we have used the classical integration-by-parts formula for curl in the penultimate
step; see formula (D.4) in Appendix D. From here, the claim is immediate. (]

Remark 7.9. Note that the right-hand side of (7.14), in turn defined via (3.5), only in-
corporates the values of @ € Lip,(£;R?) on Q. Since any ¢ € Lip(Q'; R?) = Lip(Q/; R?)
can be extended to an element of Lip.(Q; R?), we have
(7.15) ﬁny)gl;(go) = ((F x )3 @) oy = / @ -d(cwrlF)— | F-curlpdz

’ Q/
for any ¢ € Lip(9Q; R?), where @ € Lip(Q'; R3) with $|sq = ¢ is arbitrary.

In an intermediate step, we give an explicit description of the distributional traces of
€ .#"P-fields in terms of integrals. To this end, it is useful to work with the particular
collar map Py : (—1,1) x I — O C Q described in Remark 2.7; here, 9’ is as in
Lemma 7.8. We then define
ifxeQ\Q,
ifx € Py ({s} x V) for 0 < s < e,
ifx e QY \ (I)aQ/((O,éZ) X 89/),

(716) 1/)579/ (1’) =

= ook O

and these height functions are the solid substitutes of those on manifolds from (5.2).

Lemma 7.10 (Representation of Tangential Traces). Let 2 C R® be open and bounded,
and let Q' € Q be open with C*-boundary. Then, for any F € €.47(Q) with 1 < p < oo
and any 1 € Lip(Y';R3),

(7.17) (F x v)&, )oa = lim (F x Vipo o) - da,
eNO J o, ((0,6)x0)
where . o/ are the height functions from (7.16). Thus, for all ¢ € Lip(0Y';R3) and any
@ € Lip(; R?) with @laq = ¢,
(7.18) T(Fxwyns () = lim (F X Vi o) - pdz.
2 ENO S,/ ((0,6) x09)
The same holds true with the natural modifications for T(Fx,j)gx/c.

Proof. We begin with (7.17) and may conclude as in Lemma 5.1 that ¢, o/ is Lipschitz.
Based on Lemma 3.3(a), we first choose a sequence (Fj) C C2°(2; R?) such that

(7.19)  F; — F strongly in L'(Q;R?), (curl F}).#3 5 curl F' in RMg, (Q; R?).
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Now let 1 € Lip(€2';R?) and let € > 0 be sufficiently small. For s > 0, we abbreviate
QL= Q' \ oo ((0, sg] x ') and define

Ao :={s5€(0,1): [curl (F)|(Poer ({se} x Q")) = 0},
whereby Z1((0,1) \ A.) = 0. Setting

V’LZJE o/ (T .
G;(z) = {(Fj(x) % W) p(x) i Ve ar(a) #0,
0 otherwise,

we employ the usual coarea formula (see e.g. [35, §3.4.2, Theorem 1]) to obtain

/ (F X Vipe o) - dx
D 5eyr ((0,6) X D)

29 fim / (Fj x Vi) - 1 dz
3790 @, ((0,6)x09)

= hm Gj‘vw5752/|dx
I790 J® 560 ((0,6) xHQ)

1
= lim / / G, ds? ds
J70J0 Jdyq ({se} x00)

1
= 'liIn / / (Fj XV@Q:E)"l,bd%QdS
J—0 Dyqr ({se}x0Q) i

24 hm/ / (curl Fj) -9 — F; - curlypdards =: L.
(0,)NA. Jor_

J—00

By (7.19), the inner integral can be bounded, independently of j and e. By the definition
of A., the dominated convergence theorem thus yields

I:/ 1 - d(curl F) dsf/ / F - curly dads
(0,)nA. Jor, 0,1)NA.

D d(ewl F) — | Fculypde ) (F x 0) ) o

Q o
This completes the proof. O

‘We now come to the final main result of this subsection.

Theorem 7.11 (Distributional Tangentiality). In the situation of Lemma 7.8, we have

(7.20) Tirxwyin (@) = Tpwpym (97)  for all ¢ € Lip(02';R),
where @, denotes the tangential component of ¢ as usual. In particular, we have
(7.21) 72F><u)is‘2‘,t (Vo) = ,T(qu)‘é‘f (V7o) Jor allp € CQ(aQ/)'

The same holds true with the natural modifications for 7—(F><V);x,t.

Proof. For (7.20), we may directly assume that ¢ € Lip,(;R?). Let 0 < & < &g < 1
be sufficiently small. For notational convenience, we abbreviate S. := @0/ ((0,¢) x Q)
and, for 0 <t < &g, put ; := Q' \ Py ((0,1) x 0'), so that 9 := Py ({t} x 0'). In
what follows, we let TIy: (0,1) x 9 — 9 be the projection on the second component
and define T :=1II5 o <I>5é,. We define

(7.22)  @(x) = p(@)-(T(2)) = p(z) (@(T()) — (p(T(x)) - voor (T (x)))vae (T(x)))

for x € /, where p € C*(€';]0,1]) is such that p =1 in Siand p=0in '\ Ss.

We firstly claim that @: Q' — R3 is Lipschitz. To this end, we note that <I>5é, : S% —
(0,1) x 9 is Lipschitz and, since II5 is the projection onto second component, II; is also
Lipschitz. Thus, T is Lipschitz, whose Lipschitz constant is denoted by L. Analogously,
we denote the Lipschitz constants of ¢ and p by Ly, and L,. Finally, since 0’ is compact
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and of class C2, the inner unit normal field vgo : 9 — S? is also Lipschitz, whose
Lipschitz constant is denoted by L,. Now let =,y € '\ S3. We estimate

[~ ( ) — @)
()|<P(T($)) e(TW)| + p(x) = p()] (T ()|
+ p(@)[(p(T(2)) - voor (T(x)))vaa (T(z)) — ((T(y)) - voa (T(z)))vaa (T (x))]
+ p(@)|(P(T(y)) - voor (T(x)))voa (T'(z)) — (P(T(y)) - vao (T(y)))voc (T'(2))]

|
| ) -
+ [o(@) = p(W)| [(@(T(y)) - voor (T (y)))vee (T (x))]
+ rW)I(e(T(y)) - voor (T(y)))voar (T(x)) = (P(T(y)) - vaor (T(y)))vaer (T(y))|
< LoLr|r —yl + Lylle|lu= oy |t — y| + Lo Lr|r — y| + |||~ o0/ Lo Lr|z — Y]
+ LyllellLe= ooz =yl + Ly llellLeoon Lr|z — y|
=:C(p,p, T,0Q )|z — y|.
Whenever z € 0 and (x;) C € are such that 2; — z, then
lo-(T(x5)) — - ()] < l(T(x))) — (@)| < Lp|T(x;) —x| =0,  j— o0,
so that
o) = or(T(z5)) = pr(x),  j— o0
It follows that
(723) ) = {cﬁ(m) as defined by (7.22) %fx e,
pr(x) if x € 05V

is a Lipschitz extension of ¢, : Q' — Thq/. In particular, it is admissible in (7.17). We
now choose a sequence (Fj) C C2°(Q;R?) such that F; — F strongly in L'(;R?). In
consequence,

/ P (F X V%,Q') dx
Se

(724) :/S (p (FXVLZJEQ/)dZE+ hm/ F Xvwgg/)f¢'~(FjXV¢g7Q/)d1}

=: 1. +IL..

Since € > 0 is assumed small, we may assume that p = 1 on S.. For =z € 9 =
Do ({t} x 0Q) with 0 < t < e, we let v (x) be the inner unit normal to 9 at x and

pri(x) = p(x) = (p(z) - vi(2))1e ().
Setting ITI(x) := |@,¢(x) — @(x)|, we estimate
I(z) = [¢(z) = (¢(2) - vi(z))r(z) = (p(T(2)) — (@(T(2)) - voor (T (x)))vee (T (x)))]

) ) )
< lp(z) = @(T(2))] + [(p(x) - ve(2))e(x) — (@(2) - voo (T(x)))ve(z)]
+ (e (@) - voa: (T(x)))ve(x) — (p(T(x)) - voo: (T(x)))vi ()]
+ 1(p(T(2)) - voo (T(x)))ne(z) — (@(T'(x)) - voor (T'(x)))vaer (T'(x))]
< Lolz = T()] + [lllLe oo v (x) = voa (T(2))| + Le|x — T(x)|
+ llllLe (o0 v () — voar (T (x))]-
As we mentioned prior to Lemma 7.10, we work with collar maps ® ¢/ which satisfy the

properties listed in Remark 2.7. In particular, by Remark 2.7(d)—(e), we have

sup ly — ®oqr (t,y)| < ct for all 0 <t < to,
ye

sup |vaor (v) — ve(Poqr (t,y))| < Ct for all 0 <t < tp,
yeo’

(7.25)

where ty > 0 is suitably small and ¢, C' > 0 are constants independent of 0 < t < ty. For
fixed 0 < t < tg, Poqr(t,-): O — 0Q; is bijective. Hence, there exists a unique y € 9
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such that © = ®pq (t,y) and so y = [l 0 @, (v) = T(x). In consequence, (7.25) gives
us both

|z —T(z)] <ct and |(x) — vaq (T (x))| < Ct.

Going back to the estimation of III, we thus find that there exists a constant C' =
C(p, T, Psq) > 0 such that

(7.26) II(z) < Ct for all 0 < ¢ < min{e, to}.

By the definition of 1. o/, there exists a constant C' > 0 such that |V o/| < % for all
sufficiently small e > 0; see (7.16). Now note that, for all 0 < ¢ < ¢,

/ P (Fj X VdJE,Q/) A = / Prt- (Fj X VBQJW%,Q’M%zv
0N o,

since (Fj X vaq, )L voq, holds #2-a.e. on 9§ in the smooth context. The usual coarea
formula implies that, for all 0 < ¢ < min{to, i},

(7.27)

I | < hm/ / ITI(x)
Qo7 ({te} x 0 )N{|VY, o/ |#0}

< lim - / / I(z) |Fj(z)| do#?(x) dt
T oo Dy ({t}x00)

(7.26)
< Clim |F|dx</ IF|dz "0
Ss

vwa Q/ (-T)

B o @)

A (x) dt

We thus conclude by Lemma 7.10 that
(F x v)B @)oo = lim (F x Vipe o) - pda
eNO S o, ((0,6)x09)

(7.24), (7.27) lim

(F X VT/)E,Q/) . (ﬁdx = <(F X l/)iél,t,gé>ag/.
eNO J o, ((0,6)x09)

In view of Lemma 7.8 and (7.23)ff., we conclude the validity of (7.20). Since (7.21) is a
direct consequence of (7.20), this completes the proof. O

7.3. The general Stokes theorem. We now come to the Stokes theorem for a large
subclass of €.#"-fields to be defined next, and so let Q' € Q be open with C*-boundary.
We denote by Lip,(9€') the space of all Lipschitz continuous functions ¢: 9 — R
for which their weak tangential gradients V.e belong to Lip(9€Y;Tsq/). For S €
Lip(09; Toa)' and ¢ € Lip,(9€'), div-(S) is defined by

(7.28) (div,(S), @) = —(S, V,¢).

Note that we require ¢ € Lip,(9€') here, as otherwise the right-hand side of (7.28) is
ill-defined. Moreover, if G € L*(9Q'; Toq), then div,(G) belongs to Lip(9€Q')’, and we
understand the statement div,(S) € div, (L'(8Q'; Toqr)) as the equality:

(7.29) (div,(S), @) = (div,(G), ¢) for all ¢ € Lip,(9')

with a suitable G € L'(0Y; Toq:). If O is of class C™, then one can give a uniform
approach to the regularity of test maps in (7.28)—(7.29); see Remark 7.16 below.

Definition 7.12 (The Classes %%Zf:gngg, and C.MV5). Let Q C R® be open and

bounded, let ' € Q be open with C*-boundary, and let ¥ be a C*-regular Lipschitz
boundary manifold relative to . For 1 < p < oo, define

(7.30) GV () = {F €CMT(Q) : dive(Tipy,ym) € divT(Ll(aQ’;TaQ,))},

where ’T(FXV);;; is as in Definition 7.8, and the defining condition in (7.30) is understood
in the sense of (7.29). The space ‘5///11”%)3,( ) is defined analogously:

(7.31) G5, (Q) = {F €CMT(Q) : div(Tipxyes) € divT(Ll(aQ’;Tag,))}
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Finally, define
(7.32) CM0™(Q) = N CMY55 ().

Q'€ open with C?-boundary

The space €. A" (Q) is defined by analogous means.

In other words, F € ¥.#7(2) belongs to ‘5///?:3’5,(9) if and only if there exist
G € LY(09'; Tror) and H € Lip(9Q')’ such that 7EFXV)‘§’;} = G+ H and div.(H) = 0.
Based on this consideration, it is convenient to introduce an equivalence relation ’~’ on
L' (09 Toa) via
(7.33) Gi ~ Gy <= div,(G; — G2) =0,

and to write G/ for the corresponding equivalence class. As we will see in Theorems
7.14 and 7.18 below, the flexibility in switching between different representatives turn
out important, since the Stokes theorem in the vorticity flux formulation only hinges on
equivalence classes rather than the specific representatives. This comes to the following
effect: Even if T Fxu)int 1S 006 representable by an L' (9€); Tq )-field, whereby we cannot

directly introduce the Stokes functionals as in (5.12), it still might happen that
(7.34) div, (T(qu)g.;) = div,.(G) for some G € L*(09; Toq).

In this case, we may perform a localization procedure analogous to that of §5.2, now re-
lying on Definition 7.2ff.. Even though the fully analogous Stokes functionals as in (5.12)
do depend on the specific choice of G, this is not so for the masses of the distributions
from (7.34). Tt is this observation that lets us obtain unconditional Stokes theorems in
the vorticity flux formulation for W ?_fields in Theorem 7.18; see also Remark 7.15
below. For our future purposes, we record the following observation:

Remark 7.13 (p = oo versus 1 < p < 00). In the situation of Definition 7.12, if p = oo,
then €. 47 () = €4 () by Theorem 3.9. This observation leads to the consistency
of the results of this section with those in §5.

We now have

Theorem 7.14 (Stokes Theorem € .#"-Fields with respect to the Tangential Varia-
tions). Let Q C R3 be open and bounded, and let Q' € Q be open and bounded with

C2-boundary. Moreover, let X be a C*-reqular Lipschitz boundary manifold relative to
Q. Forany F € ‘5///’1’:?9“5,(9) and any G € LY (0SY; Taqy) with
(7.35) div., (T(qu)s&t) = div,(G) as an identity in C*(0Q'),
the following hold:
(a) Nicwr Fyv,r = div.(G) as an identity in C3(89Y)', where Ncurl Y, 05 as in
Definition 2.19.
(b) Adopting the setting and terminology of Proposition 7.6, there exists a subset
S CI:=10,%) with £Y(I\ #) =0 and independent of the specific choice of

the ~-representative G such that, for each t € #, the Stokes theorem in the
vorticity flux formulation holds:

(736) [Ncurl (F),MQ/}ETJ = —<<G . I/F)t:, :I].ET,t>>l“tE.

(c) Suppose moreover that a ~-representative G has an Li, -representative that is
continuous in a relatively open neighborhood of T's in 0Y'. Then there exists 0 <
to < 5 such that the conclusion of (b) holds on the entire interval %' = [0, ).

Proof. For (a), let ¢ € C*(0Y) be arbitrary, and let $ € C*(Q’) be such that B|ao = ¢;
such an extension can be obtained as in the proof of Lemma 2.12. In particular, Vg|o €
C'(CV;R?). For the following, we note that (3.5) clearly extends to ¢ € C'(2;R?) in
the form:

(7.37) (F x )3 @) oy = / p-d(curl F)— | F-curlpda.
o o
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Hence,

2.16 _ 2.14 _
/\/'(wrl Fyvo (9) (2.16) {(curl F) - v, %) o @19 _ V@ - d(curl F)
(7.38) o
7.37 - _
2D (P x 1) V) o

Moreover, V@|o: in particular has a continuous extension to €', and the restriction
of the latter to 9§ belongs to Lip(9)';R3) and has tangential component 1, = V..
Recalling Remark 7.9 and Theorem 7.11, we thus have

B 7.15
~{(F x )8 VP)oar "= Ty ()
"2 Ty (7) (since 9 € Lip(92; R?))
(739) = _’T(FXV);‘Z“f (VTQO) (Since P, = V,p on 69/)

Def ;.

= <d1VT(7—(F><v)iS§‘,t)7<P>
(7.35) ..

2 (div. (@), ).
Combining (7.38) with (7.39), (a) follows.

For (b), we first note that, by Remark 7.5, the identity from (a) extends to Lip(9€).
Let t € [0,3). If G,G e LY(09;Tyo) are such that they both satisfy (7.35), then
Remark 7.4 implies that (G - vre,-))re exists if and only if (G - vre, )y, exists. In
particular, by Proposition 7.6,

J={tel:=[0,1): (G- Ures o) exists }

has full Z!-measure in I, and is independent of the specific choice of G with (7.35).
Hence, in light of Definition 7.2 and Remark 7.5, we conclude that, for t € .7,

a . 7.12
[Ncurl (F)'V,Q/]ZT’t’ (:) [leT(G)]Er,t ( = ) —<<G . Vth:’ ILET’Z>>F12’:'
This is (b).
For (c), this is a direct consequence of (a), (b), and Corollary 7.7. The proof is
complete. O

Remark 7.15 (L'-Tangential Traces and Full Stokes Functionals). Let F' € ‘5///?’3?2, Q).
In analogy with Definition 5.2 (see (5.12)), one might be inclined to introduce a (interior)
Stokes functional via

(7.40) &2, (¥) == (Nowrl (Fy s ¥) st + - G V,pda#?  fory € CHOQ).

This functional is not well-defined in the sense that it is not independent of the specific
choice of G, the reason being the second term on the right-hand side of (7.40). How-
ever, the mass of Ncuﬂ( F)v,q is indeed well-defined, thereby leading to Theorem 7.14
through the vorticity flux formulation. On the other hand, if, in addition, T(qu)i;;,t is

representable by an L'-field Gz on Q' (meaning that it is a regular distribution), then
we may define

(741) élﬁr}l"t" (w) = <Ncur1 (F)~V,Q/7w>ﬁ+ . GF- va d%2 for ¢ S 01(39’)

In this case, we may prove an analogous result as Theorem 5.10. We refrain from stating
such a theorem explicitly, since a characterization of those F € €.#7(Q2) such that
T Fxw)int is a regular distribution is unclear to us.

Remark 7.16 (Regularity of 9Q'). In (7.28)—(7.29), we require ¢ € Lip,(9€') for both
expressions to be well-defined. It would be natural to state both for test functions
© € C°(0€Y), but this requires 9 to be of class C™. If 9 satisfies this condition, one
can indeed read div, as the classical distributional tangential divergence.
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Next, we confirm the consistency of the vorticity-flux formulation of the Stokes theo-
rem for €.#“°-fields with that of Corollary 5.12:

Lemma 7.17 (p = oo and Consistency with Theorem 5.12). Let  C R? be open and
bounded, let ¥ € Q be open with C*-boundary, and let ¥ be a C?-regular Lipschitz
boundary manifold relative to Q). Then, if F € €.# (), the conclusions of Corollary
5.12 and Theorem 7.14(b) are equivalent. In particular, there exists a subset & C I :=

[0, %) such that, for everyt e &,

(742) [Ncurl (F)-V,Ql]ET't = |curl (F) s Usnr,t gﬁt = —<<(F X V@Q/)g}%/ . Vth’ ]127’,t>>r‘t2.

Proof. It F € €./ (1), then we may choose G = (F x vyo )%, € L>(0Q; Toq)
by Theorem 3.9. By Lemma 7.3, the masses are independent of the specific Llloc—
representative, whereby we may directly work with this particular choice of G in the
sequel; see (7.9). Let ¢ € CL(Q) be such that that ¢ = 1 in an open neighborhood of ¥.
Then

(7.36) (7.4) .
Wew pyvarlsre =" =(G - vpy, Isrape =" — }I\H(l] PG -V iy 55 dA?
b))
: in (5.50) in
= — lim 0 (F X vaoy )& - Votbi s d? =7 SR ()
INO [0
Def (curl F) - vgr |20,
This completes the proof. O

The aforementioned desired flexibility in choosing L'-representatives is visible most
clearly in the following Stokes theorem for W' ?_fields. To the best of our knowledge,
this is the first result in this direction, even in the context of H®™!-fields.

Theorem 7.18 (Stokes Theorem for WP _Fields with respect to the Tangential Vari-
ations). Let  C R? be open and bounded, let Q' € Q be open with C?-boundary, and let
Y be a C%-reqular Lipschitz boundary manifold relative to Q. Then the following hold:
(a) If 3 < p <3, then W™ P(Q) C %%f:gné,(ﬁ). In particular, the conclusions of
Theorem 7.14(a)—(b) hold for any F € W P(Q).
(b) If 3 < p < oo, then WP(Q) C %J/ﬂl?:i?né’(g)' Moreover, for every F €
WP (Q), there exists a continuous representative G € C(OQ) with (7.35).
As a consequence, the conclusions of Theorem 7.14(a)&(c) hold for any F €
WP (Q). In particular, in this case, the Stokes theorem is available without
having to vary ¥ tangentially.

In Theorem 7.18, it does not matter whether we consider the interior or tangential
traces along 9. This is due to the following elementary observation:

Lemma 7.19. In the situation of Theorem 7.18, let F € W P(Q) with 1 < p < oc.
With the tangential trace functionals for € #*-fields from (3.1), we have

(7.43) (F x )3 = (F x )&,

Proof. Let ¢ € CL(Q). Since dist(spt(¢), ) > 0, we find an open and bounded set 2
with C*°-boundary such that spt(y) C Q € Q. Since curl F € LP(Q; R3), |curl F|(9€) =
0. By routine smooth approximation, we find a sequence (Fj) C C*(Q;R?) n W (Q)
such that F; — F strongly in LP(;R3) and curl F; — curl F strongly in LP(Q;R3).

Working directly from (3.1), we then obtain

(F x )3 ©)ar — (F x V)& p)aqr = / pd(curl F) — F x Vo dz,
0% Q

= lim peurl Fjdx — F; xVpdx
Q/

j—o0 QO

= lim curl (pF;)dz = lim /curl(thj)dx
J— Jq

j—o0 Q/
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D) ..
2D fim o(Fj x v,5)dA? =0
. ~ i % Vag ;

where we used the classical integration-by-parts formula (D.1) from the Appendix D.
This is (7.43), and the proof is complete. O

We now come to Theorem 7.18.

Proof of Theorem 7.18. We begin with some preliminary remarks. By Lemma 7.19, we
have (F x 1) = (F x v)&*. Moreover, we note that W ?(Q) < €.#%(Q), which
can be seen as follows: By the results gathered in Appendix C, the tangential trace
operator on WP maps tr2: WP(Q) — AP, (C Wl/p’p/(aﬂ’;Rg)’) so that, in
particular, tr2 (F) € W™YPP(9Q; Tho,) and f := div, (tr2(F)) € W™YPP(H); clearly,
tr2(F) = (F x v)%. We now consider the auxiliary equation

—Ayu=div,(tr2(F)) in 0,

/ wd#? =0
o

with the Laplace-Beltrami operator A,. Because of p > %, we have f € W 12(9),
which can be seen directly via Proposition 8.3(a):

(7.44)

Prop. 8.3(a)
s

Wh2(69) WP (9Q)) = W1/PP(9Q) =2 W/PP (5Q) — W—12(09).

Now, since tr?(F') is tangential to 09" (see the definition of X}, ) and the manifold 9
has no boundary, f moreover satisfies condition (8.31) from the Appendix A.3:

<f7 ]]-BQ’>BQ’ = —<tr€(F), v7139/> =0.

Hence, by Remark 8.8 from the Appendix A.3, (7.44) has a solution v € W"?(99Q'). We
then define G := =V u, so that div,(G) = div, (tr?(F")) by (7.44). In particular,

div, (T(qu)g}) = div,(G) as an identity in C?(9Q')".

For (a), if 3 < p < 3, then u € W"?(9Q') and so G = —V,u € L*(09'; Ther). The
conclusion of (a) thus follows from Theorem 7.14(a)—(b).

For (b), if 3 < p < oo, then the elliptic regularity result from Proposition 8.7 from the
Appendix A.3 gives us

div,(tr2(f)) € W YPP(OQ') = u € W2TVPP(9Q') = G = —V,u € WV/PP(HQ).

By Proposition 8.3(b) from the Appendix A.3, W'=Y/PP(9Q)) — C(09) provided that
p > 3. Hence, G € C(0Q;Toq:), and so the conclusion of (b) follows from Theorem
7.14(a)&(c). The proof is complete. O

We conclude the subsection with the following remark.

Remark 7.20. In the preceding proof, the key point is that the curl comes with more
structure (or compatibility conditions) than the divergence. This is reflected by the fact
that, for FF € W (Q'), the distributional tangential divergence div, (tr?(F')) belongs
to WL/PP(9Q'); this can be viewed as a very weak, yet crucial regularity result on
tr(F). By way of comparison, in the case of WP _fields, we can only assert that
the normal trace tr2(F) belongs to W™/PP(9Q') but, in general, satisfies no additional
condition.

We note that, if p > 3, then W P(Q) < C(Q;R?), different from W!7(Q; R3) —
Cp(;R3) (if, e.g., O is Lipschitz). In the latter case, the Stokes theorem would follow
by easier means. Yet, we wish to stress that despite the lack of continuity of W P-fields
for p > 3, no tangential variations of the underlying manifold ¥ are required.



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 61

A

{z3 =0}

FIGURE 9. Cross section of the domain from Example 7.21.

7.4. Examples and special cases. We now discuss the results of the previous sections
in view of Theorem 7.14, and start with illustrating the results by expanding on Examples
3.5-3.7.

Example 7.21 (Example 3.5, continued). In this example, F(z) = fﬁ# and Q =
B2(0) so that curl FF = 0 on Q. We let ' € Q be the open and bounded domain with
C°°-boundary which emerges by rotating the cross section indicated in Figure 9 around
the x3-axis; compared to the upper half-circle, we require this modification in order to
work with sufficiently regular domains. We note that, for every 0 < e < 1, (F X vyq/) is
a C2-function on Y/ \E@(O). By the same computation as in Example 3.5, 7'(ny)s&t is
a distribution of order one. Moreover, testing (3.8) with tangential gradients, we equally
find that divT(T(FXl,)a;;,t) can be represented as div,(G), where G is a tangential C*-field

such that div(G) =0 on V =9’ N {z3 = 0}. In particular,
<diVT(7—(F><u)§‘,°)7 p) = _<7-(F><1/)‘S;‘,“’VT§D> =0 for all ¢ € Cg(V),

and we may fix this choice of G in Theorem 7.14. Yet, we emphasize that, by Example
3.5, T(qu);;,t cannot be represented as a Radon measure on 9.

Since F ¢ Ly, (€2;R?), it is not possible to apply Theorems 5.10 or 6.7. In particular,

(i) (F x v)I is not even an extended divergence measure field. This especially
implies that a potential analogue of Theorem 6.7, where one uses a finiteness
condition on the transversal maximal operator in order to reduce to the Gauss—
Green theorem for 2.4 “*-fields on 9€Y', is impossible for 1 < p < oo in general.

(ii) the Stokes theorem now is a consequence of Theorem 7.14: If ¥ C 9§ is a C*-
regular Lipschitz boundary manifold relative to ' with 0 € int(X) and ¥ € V,
then we may apply Theorem 7.14(c). The vector field G is continuous and
vanishes in a relative neighborhood of I'y;, whereby

WNewt (7)) = —(G - vrg, Is)ry, = 0.
Example 7.22 (Example 3.6, continued). With Q, Q" C R? as in the previous example,
we consider the field (3.9). Its distributional tangential trace belongs to LI(9€Q; Thar)
for any 1 < ¢ < 2; along 9Q' N {x3 = 0}, it is given by

1 X T2
F X vyq) (21,20, 23) = —( O)
( oQ )( 1,42, 3) o l‘%-ﬁ-l‘%’ Z‘%—Fl‘%’ )

and its tangential divergence is given by
diVT(F X UQQ/) = (5(0,070) + diVT(H),
where H is supported on 9§ N {z3 > 0} and of class C'. Based on the representation
(3.10), we have with any natural choice of the transversal collar map ® that
1F O dist(z, 00Y) <
sup |curl F|({z € ist(x ) <e})

(745) M39/789/ (Curl F) (0) S -

<c<oo.

0<e<3
Here, Theorem 6.7 is not applicable, since the distributional tangential trace does not
belong to L>°(dU;R?). Moreover, Example 7.21 shows that there cannot be a general
theorem on the reducibility of tangential traces to those of Z.#P-fields even in the
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presence of a condition such as (7.45). Yet, (F' X vgqs) is continuous away from zero, and
so Theorem 7.14(c) gives us for balls 2, := B®(0) with sufficiently small 0 < r < 1 that

1 .
— ‘/aET (F X Z/E,’.) . VF%T d%l = %%1(827‘) =1= [leT(,]—(FXV)?;})]Z'r

Example 7.23 (High Regularity Scenarios). Expanding on Example 5.17, the main
assumptions of Theorem 7.14 are always satisfied if, e.g., F € W*!(Q;R3); in this case,
the full (and hence tangential) traces belong to W' (9Q'; Tho/). Classical descriptions
of the traces (see, e.g. [35, §5.3, Theorem 2]) then can be employed to directly yield
the conclusion of Theorem 7.14, but not so here. Going below this regularity regime,
yet staying above the regularity considered here, analogous and more direct arguments
would require results as e.g. [35, §5.3, Theorem 2| for Besov functions; to the best of our
knowledge, such results are not available at present; see [69] for an overview.

7.5. Remarks on generalizations. In stating our results, we have not opted for the
highest possible generality but rather deal with the cases which we view most relevant for
the first paper on the topic. We thus conclude the overall section with some comments
on potential generalizations; in this regard, we highlight three points:

Remark 7.24 (On Traces). In the trace theory as discussed in §3, we primarily focused
on sufficiently regular sets ' which are compactly contained in €. Since we particularly
require the results on the (distributional) tangential traces in view of Stokes’ theorem,
we did not aim for traces on irregular sets (see, e.g. [23]); some aspects of such more
irregular scenarios shall be covered in the follow-up paper [22] based on the methods
developed here. Yet, even in the case of regular boundaries, a characterisation of the
trace space of € .#"-fields in the spirit of Irving’s recent work [47] seems difficult; this is
essentially due to the fact that the curl is self-adjoint. Lastly, besides traces, associated
extension theorems for curl-measure fields can be obtained by employing the recent work
[42] on divergence-free extensions.

Remark 7.25 (On Stokes Theorems). First, in Cartan’s formulation, the Stokes theorem
can be stated via differential forms and, more generally, certain differential operators.
Keeping in mind physical applications, the curl as considered here is the primary object
of interest, which is why we leave such generalizations to future work. Secondly, we
often work with C'- or even C%-manifolds in the main part. Whereas statements in
the low regularity context (e.g. Lipschitz manifolds) are certainly desirable, some tools
such as integration by parts and weakly differentiable functions on Lipschitz manifolds
come with numerous technical difficulties. In particular, this concerns scenarios where
curvature terms are involved, and would be in contrast to focusing on the conceptual
points we aim to present in this paper; our findings are novel even in the case of C*-
manifolds.

Remark 7.26 (Matrix fields). In problems from elasticity in three-dimensional space,
one often considers the curls of matrix fields; see, e.g. [40, 41, 43], and the references
therein. In this case, the curl is being applied row-wise, and the results obtained in the
present paper apply to such situations as well with their natural modifications.

8. €. #-FIELDS, VORTICITY FLUXES, AND VORTEX SHEETS

In this final section, we showcase the utility of curl-measure fields and the Stokes
theorems from the previous sections in view of physical problems describing vortex phe-
nomena. By the ubiquity of the latter, we confine ourselves to a selection of applications
in fluid mechanics, electromagnetism, and magnetohydrodynamics. Here, we focus on
rigorous derivations and justifications of various types of consistency results in the low-
regularity context. This illustrates the application of the above results, rather than
devising existence theories for individual cases, a task we aim to address in future work.
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Ry Ry

F1GURE 10. The construction from §8.1.

8.1. Differential form of Maxwell’s equations in the low regularity context.
The connection between magnetic and electric fields as well as electric charges and cur-
rents is given by Mazwell’s equations. Given an open and bounded set Q C R? with
Lipschitz boundary 9 and a final time T > 0, we set Qr := (0,7) x Q. For a charge
density p: Q7 — R, let E: Q7 — R? be an electric field that causes an electric displace-
ment field D: Qp — R3? with current density J: Qp — R3. On the other hand, E leads to
a magnetic field with magnetic flux density H: Q7 — R3. These quantities are coupled
via the following Maxwell equations:

divE =p (Gauss’ electric law),
(8.1) divH=0 (Gauss’ magnetic law),
OE =curlH —J (Ampére’s law),
OH = —curlE (Faraday’s law of induction).

The derivation of Ampére’s law is based on the following empirical law: The circulation
of the magnetic field is equal to the net current through S. Similarly, the derivation of
Faraday’s law starts with the following empirical law: The voltage around a curve C is
equal to the negative rate of change of the magnetic flux through surface S with boundary
C'. These principles are discussed in detail, e.g., in Feynman [37].

In the following, we aim to derive the equations in (8.1), based on these physical
principles in the low regularity context. To keep our exposition at a reasonable length,
we assume for simplicity that the electric field and magnetic flux densities satisfy

(8.2) Ec W'H0,T; X(Q)), Hec W"H0,T;Y(Q),

where
X(Q):={F c L®(Q;R?): curl F € L'(2;R?) and divF € RMg, ()},
Y(Q) :={F € L}(Q;R?): curl F € L™(;R%)}.

Both assumptions are natural from a physical perspective and in view of (8.1), of which
we aim to derive (8.1),. We wish to stress that, for the purpose of the following deriva-
tion, the regularity in time can be lowered. However, primarily aiming to address the
spatial low regularity context, we stick to this assumption.

Step 1. For zy € Q, a suitable interval I := I, g, := [R1, R2] and R € I, we consider
sets Qg of the form as indicated in Figure 10; these are nothing but cubes {x: |z — 20|00 <
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R} with the edges being rounded off. In particular, each Qr has C*°-boundary. For
R € [R1, Rs], 0Qg consists of eight mutually disjoint straight faces and eight mutually
disjoint curved parts, each of the mutually disjoint straight faces being parallel to some
coordinate plane. Out of those straight faces, we let Fr be the one that is parallel to
the x1-x3 plane and whose elements have smaller xo-coordinate. We let 0 < § < 1 be
arbitrary but sufficiently small; then the set Frs := {z € Fr: dist(z,Tx,) > d} is
relatively compact in Fg.
Based on this geometric set-up, it is not difficult to see that there exists a sufficiently

smooth collar map ® on (—1,1) x dQg, such that, for t € (—%, 0],

(i) @(t,0Qr,) = 0Qr,—2t(Ro—R1)>

(ii) q)(t,A) = 2t(R2 — R1)62 + A for any A C FR,y 5
We then define the box

(8.3) BRl,Rz,é(ZO) = U (I)(thRl,é),

—3<t<0
see Figure 10. This box has positive .#3-measure. Moreover, we record that
(8.4) Along any face ®(t, Fg, ), the inner unit normal to the face equals e.

Finally, notice that we can cover the entire 2 by boxes of form (8.3) by suitably adjusting
20, R17R2, and 4.

Step 2. Let G € L'(;R3). Then, based on the geometric set-up given in Step 1,
there exists a set Iq C I with (I \ Ig) = 0 such that, for every R € Ig, 7 *-a.e.
x € OQpg is a Lebesgue point of G; see Lemma 2.8. In particular, for each R € Ig, there
exists Ng g C 0Qr such that #?(Npg.c) = 0, and for every z € OQr \ Nr.c,

@)=l f Gy

exists and is finite. Thus, defining G: 0Qr — R3 for R € Ig by

(o) i G*(z) ifzxedQr\Nga,
"o ifx € Npa,

we have G € LI(BQ r;R?). By the Lebesgue differentiation theorem, there exists a set
L ¢ C Qg with #2(0Qr \ L g) = 0 such that

G*(z) := lim G(y) ds2(y) exists and is finite for all z € L .
™0 JB, (2)N0Qr '
Specifically, we note that
Sl - {é*(x) ifz € Lyq,

0 otherwise,

is an L'-representative of G and so #2({z € Qr: G(z) # G(z)}) = 0. In particular,
this means that there exists a set Lp.g C 0Qr with S2(0Qr \ Lr.c) = 0 and

(8.5) lim G(y)dy = lim G(y) 472 (y) for every z € Lp,c.
"SO0JB, (x) "™0JB,(2)noQr

Now suppose moreover that G € L'(€;R?) is such that div(G) € L*(Q). We then use
the fact that,

(8.6) (G- v,p)aqn = / 0G - vyq, A2 for all R € Ig and ¢ € Lipy(Q),
0Qr
as can even be shown in the larger context of Z.#'-fields. As a consequence of the
preceding identity, we record that, for each R € Ig, (G - v,-)aq, can be represented by
the finite Radon measure G - VaQr %L OQR.
Step 3. By our assumptions, we see that E(t,-) € L=(Q;R3), curl E(,-) € L'(Q;R3)
and O;H(t,-) € LY R?), div(0;H(t,-)) = 0(€ L}(Q)) for L'ae. 0 <t < T. In
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particular, F} := curl E(¢, -) satisfies F; € L'(Q;R?) together with div(F;) = 0(c L(Q)).
Moreover, we put Fy := 9, H(t,-). Now, as a consequence of Theorem 6.7, there exists a
set & C I := (Ry, Ry) such that Z(I'\ .#) = 0 and the following holds:

e For every R € %, (F1 - v,-)pq, can be represented by an R3-valued Radon
measure ﬂﬁ-u on 0Qg, and by (ii), the Stokes theorem is available for E(t, )
on Qg in the following form: For each sufficiently small » > 0, there exists
9zo.mr € L(0B,(x0) N OQr) such that

SB,(z0)n0Qn.E(t,) (P) = / oo, Ryrp AI".
OB, (20)NOQr

holds for all ¢ € C*(9Qr). Here, we use the subscript E(t,-) to express that the
Stokes functional is applied to the field E(t, -).

We then define
f::IFI Nigp, NS
and record that £ (I \ I) = 0. Clearly, if R € I, then we find by (8.6) that
Mﬁ.u = ﬁl : I/aQR%QI—aQR
and similarly for ﬁz. Moreover, the set

Lrr NLRF, has full .#2-measure in Q.

As a consequence of Fubini’s theorem, .#*(I\I) = 0, and the preceding statements imply

that, with Bg, r,.s(20) as in (8.3),

(8.7) U (Lr,F, N LR, F, NBR, Ry.5(%0)) has full .#*-measure in Br, r,.s(20)-
Rel

Step 4. For R € f, we now let zo € Lrp.r N Lr,p, N Br, r,y,6(20) be arbitrary. For all

sufficiently small » > 0, (ii) implies that we may write B,.(xg) N 0Qr as ®(t,X), where

> is a ball contained in Fg, s, and therefore a smooth boundary manifold relative to

0Qr,. By our definition of Fy, F» and f, the Stokes theorem now allows us express the
empirical form of Faraday’s law as

(8.8) / Gz0.RrP d#t = — / @ﬁl - VoQn d#?
9B, (20)NOQR B, (20)N0QR

whenever ¢ = 1 in an open neighborhood of B,.(z¢) N dQg. On the other hand, since
(Fy v, )oq, can be represented by the finite Radon measure F - vgq, #?L0Qpr, Lemma
5.4 yields that, for 0 < r < 1,

/ Fy - vpq, 4?2 = 6B, (20)N9Qr,E(t,) (¥)
OQRrRNB(z0)

= / o, R A
8BT($0)08QR
(8-8) x T
= —/ 8tH-I/3QRd%2,
B, (z0)NOQR

where ¢ = 1 is an open neighbourhood of B,.(z¢) N 0Qr. Since vsq, = e2 is constant
along 0Qgr N B,.(zp), we may divide the overall identity by r to obtain

(][ (Fy + 0 d?) e =0
OQRNB,(z0)

for all sufficiently small 0 < r < 1. Sending r N\, 0 and recalling (8.5), our choice of xg
gives us

(.9) tim ( f B+ om) ay) -e2 =0.
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Because R € I and ¢ € Lrr, NLr F, NBr, Rr,.s(%0) are arbitrary, (8.7)-(8.9) yield that
(8.10) (curlE(t,-))2 + 0:Ha(t,-) =0 ZL3-ae. in Br, r,.s(20)

for the second components of the underlying fields. As mentioned at the end of Step 2, we
may cover {2 by boxes of form (8.3). Thus, (8.10) yields that (curl E(¢,-))2+0,Ha(¢,-) =0
holds .#3-a.e. in Q.

Step 5. With the natural modifications, the above reasoning also applies to boxes not
only on the left- and right-hand sides, but also to boxes By, g, s(20) above and below
Qr, - An analogous reasoning as in Steps 1-4 then gives us (curl E(¢, )3 + ;:H3(¢,-) = 0
#3-a.e. in §; similarly, we conclude (curl E(t,-)); + 9;H;(¢,+) = 0 holds #3-a.e. in .
Hence, curl E(t,-)) + 0;Ht,-) = 0 holds Z*-a.e. in Q, which is precisely the claimed
differential form (8.1), of Faraday’s law.

In the preceding derivation, it is also possible to admit proper curl-measure fields
(meaning that curlE(t,-) is a measure), but then the conclusion only persists for the
absolutely continuous part. We conclude with several remarks:

Remark 8.1. Many problems from superconductivity (see, e.g., [62, 78]) or Bean’s criti-
cal state model [7] often involve the curl-based p-Laplacian operator curl (|curl u|P~2curl u)
on the Sobolev-type space W™ P(Q) for large values of p; in particular, p > 3. For such
problems, the Stokes theorem (Theorem 7.18) asserts that no proper manifold selection
is required; specifically, this gives scenarios where the above derivation can be simplified.

Remark 8.2 (Alfvén’s theorem). By a similar approach, one can give a derivation of
Alfvén’s theorem [3, 4] from ideal magnetohydrodynamics in the low regularity context.
Alfvén’s theorem asserts that, in the situation of high magnetic Reynolds number, elec-
trically conducting fluids and the embedded magnetic fields move together. On a more
formal level, denote by ®yy the magnetic flux of an electrically conducting fluid through
a Cl-regular Lipschitz boundary manifold ¥, which is advected by the velocity field u.
Denoting the associated material or advective derivative by % =0y + (u-V), Alfvén’s
theorem can be expressed as %@H = 0.

8.2. €.#"-fields and measure vorticities. We now briefly sketch how curl-measure
fields can be used in fluid mechanical problems; the precise implementation shall be the
objective of future work. To this end, consider the Cauchy problem of the n-dimensional
incompressible Euler equations (n = 2, 3):

w+V-(u®u)+ Vp=0, xreR™t>0,
(8.11) divu =0,

uli=o = up(z),
where u = (uy,--- ,u,)" is the fluid velocity, p is the scalar pressure,
u®u= (uiuj)i’j:17... n

and up = up(x) is an initial incompressible velocity field, i.e., divug = 0. The fluid
vorticity is w = curlu; in particular, for n = 2, w = curlu = ugy, — U1y,.

One of the fundamental problems is to understand the structure of global weak solu-
tions whose vorticity is a Radon measure, that is,

(8.12) lw(t, )|(R™) < oo for any t > 0.

To achieve this, it is essential to analyze the solution behaviors across any discontinuities
such as vortex sheets of the solutions of the above equations.

To this end, consider a discontinuity

Y ={(x) : ®(t,z) =0}
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with the normal N = (0;®,V,®) = (vo,v) = (v, 1, ,vpn) # 0 in the solution u(t, z):

(t.2) u (t,x) when ®(t,z) < 0,
u(t,z) =
ut(t,z)  when ®(¢,z) > 0,

where u™ (¢, 2) are weak solutions in {+®(t, ) > 0}, respectively, with suitable traces on
3, and the vorticity w(t, x) satisfies (8.12). Then the Gauss-Green formula for divergence-
measure fields in L? indicates that the necessary and sufficient conditions for u(t, z) to
be a weak solution are the Rankine-Hugoniot conditions for the traces of u:

(8.13) [ury + (u®@u)v + pr] =0,

(8.14) [u-v] =0,

where [v] := v|s1+ — v|x— denotes the jump of v across the discontinuity X. Equally, the
Trace Theorems 3.2 and 3.9 for curl-measure fields implies that

(8.15) [uxv] =wl|g #0,

where, for any fixed ¢ > 0, u x v is tangential to X in the z-variables; here, we suppress
the trace operators for ease of notation.
Denote u, = u-v and u, = u X v. Then (8.14) becomes

(8.16) ul =uy,

v

which means that the normal trace of the velocity must be continuous across the discon-
tinuity ¥, while (8.13) becomes

(8.17) 0y® = —uf = —u,.

v

This is a condition on the normal traces from the left- and the right-hand sides of the
sheet, whereas (8.15) becomes

(8.18) uf —u =wls #0

T

as a condition on the tangential traces from the left- and the right-hand sides of the
sheet. In particular, this indicates that the strength of the vorticity w on ¥ determines
the strength of the jump of the tangential velocity fields along .

For n = 2, Delort in [30] first established the following existence theorem: Let wy =
curl ug € RM, N H~1(R?;R?). Then there exist

fin,comp

(8.19) u € L (R; LY (R*R?),  pe L (R;D'(R?))

loc loc

such that (u,p) is a global weak solution of the Cauchy problem (8.11) satisfying
(8.20) w(t,z) >0, |w(t,)|(R?) < |wo|(R?) for any ¢t > 0.

See also Evans-Miiller [34] and Vecchi-Wu [77]. For the two-dimensional case, both
u, =u-v and u, = u X v are scalar and satisfy

(8.21) uf =u,, uf-u=wlg>0.

which means that the normal trace of the velocity must be continuous across the dis-
continuity ¥, while the positive strength of the vorticity w on ¥ determines the positive
strength of the jump of the tangential velocity fields along 3.

In the two-dimensional case, the spatial local L2-integrability asserted in (8.19) implies
that (8.21) has a precise meaning in the sense of normal or tangential traces of 2.4 2
or €.#*-fields on R%; note, however, that in the two-dimensional case, the curl is a
rotated divergence, and so the theory of €.#>-fields can essentially be reduced to that of
9.#*fields. In the three-dimensional case, however, this is not possible. Based on the
tangential trace theorems from §3, a suitable version of (8.21) persists if one assumes
that the solution u belongs to LS. (R; LY (R3;R?)). However, at present, criteria for the
latter are not clear. In this sense, a corresponding variant of (8.21) is conditional to the
existence of a sufficiently locally integrable solution. Subject to such an assumption, the
Stokes theorem from §7.4 immediately allows for the description of the voriticity flux
through the sheet.
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The analysis of vortex sheets has faced numerous contributions over the past decades;
see, e.g., [14, 15, 16, 27, 79] and Wu [80] for the detailed treatment of the two-dimensional
case. In this regard, one is primarily interested in the evolution of the sheets, and the
latter is governed by the so-called Birkhoff-Rott equation. This is an evolution equation
driven by a singular integral operator on manifolds. To keep the paper at a reasonable
length, we do not aim to contribute to the solution theory of this equation here, a
task that we shall pursue elsewhere. Instead, we argue that the non-local Birkhoff-Rott
operator is indeed well-defined on suitable subclasses of €.# “°-fields, which also allows
us to consider the equation in the low regularity context.

To this end, we briefly revisit the derivation of the Birkhoff-Rott equation as given, for
instance, by Caflisch et al. [16]; see also [1, 9, 15, 29, 48]. For simplicity, we consider a
fluid in full space R? which splits R? into two open subsets Q~ and Q divided by a two-
dimensional smooth or, at least, Lipschitz submanifold ¥ oriented by v := vgo+: ¥ — S?;
as above, its velocity is denoted by u. To view ¥ as a vortex sheet, we suppose that the
fluid satisfies is solenoidal and rotation-free away from ¥, meaning that

(8.22) divut* =0  curlu® =0 in OF

and that it satisfies Euler’s equations away from ¥ (see also (8.11)):

(8.23) out+V-(ureut)+vpt=0 in QF

Here, one assumes the pressure functions p*: OF — R to be sufficiently regular. More-

over, in order to call ¥ a wvortex sheet, one typically requires continuity both of the
pressure and the normal components along 9€2:

(8.24) ul =u; along X.

v

In view of (8.22),, this amounts to divu = 0 globally in the sense of distributions on
R3. For a vortex sheet, the vorticity w := curlu is a measure on ¥ which is absolutely
continuous with respect to .72 on X; more precisely, we have

(8.25) w=(uf —u; )Ly,

T

In order to describe the evolution of ¥ subject to (8.22)—(8.24), it is customary to choose a
parametrization of ¥; by amap X: R?x[0,%9) — R? so that Xy = {X(&1,62,1): (&1,&2) €
R2} for 0 < t < tg. The evolution of ¥ is primarily influenced by the normal component
of 0;X, as changes in its tangential component can be treated by re-parametrizations.
As a modelling hypothesis, one assumes that the motion of ¥; is driven by the mean
velocity U := 3(u~ |y +u't|y) along the sheet. Taking into account the parametrization,
this corresponds to the partial differential equation

(826) 825X(§la€27t) = ﬁ(£1a§27t>'
On the other hand, the global solenoidality hypothesis on u gives us the representation
curlw = curl curlu = Vdivu — Au = —Au

based on the Biot-Savart law; see, e.g., [54] for a rigorous discussion of this point. Sup-
posing a natural decay assumption on u at infinity, convolving with the fundamental
solution of (—A) and a subsequent integration by parts imply that

1 Tr—y

u(z) = x dw(y)

C4rm s | —y[?

1 dw T—y 9

whenever z ¢ . Now let 7o € X. Approaching a sheet point zo from Q* or Q7. the
classical three dimensional Plemelj formulas (see also [16, Appendix A]) then yield

1 dw To — 1 dw
+ _ 0~y 2
u(zg) = EPM/Z 472 (y) x zo — yP? ds"(y) £ Sdn? (z0) x v(20).
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Based, e.g., on Theorem 3.9 and our choice of orientations, we may express the density

as the difference of tangential traces via 1% = —(u} — u;) s#2-a.e. on X. Hence, it

follows for u that

u(w) = - b / () 7 () x T (),

and the non-local operator on the right-hand side is also called the Birkhoff-Rott operator.
Based on the parametrization of ¥ by X, (8.26) becomes

__ 1 XD —ue(x) x 22X e
(8.27) X = 47Tp.v./g(u_r (X)) —u (X)) x XX dsz= (X",

which is one possible form of the Birkhoff-Rott equation. Note, however, that this deriva-
tion works subject to strong assumptions on the boundary behaviour of u* along .

If ¥ is sufficiently regular (e.g. of class C'), then the Birkhoff-Rott operator corre-
sponds to a singular integral of convolution type; by classical results (see, e.g. [33, The-
orem 6.6]), the latter are well-defined on L*°(3;R?). By Theorem 3.9, the Birkhoff-Rott
operator is well-defined for spatial ¥.# “°-fields, and in this sense the driving non-local
term in the equation is even well-defined for €.# *°-fields. Even subject to harmonicity of
u away from X as assumed here, the boundary behaviour close to X is crucially governed
by the properties of the tangential traces of @.# “-fields; the precise investigation of the
LP-attainment of traces subject to the natural €. “°-hypothesis will be the objective of
future work.

Finally, it is well-known that even in the flat case, singular integrals of convolution type
do not map L to itself; instead, the target is typically BMO, the functions of bounded
mean oscillation. This indicates that, in order to obtain a low smoothness space where
the Birkhoff-Rott operator is stable, the above derivation indicates that a suitable space
might be given by the vector fields F' € BMO(R3; R3) for which curl F € RMg, (R3; R?).

APPENDIX

Appendix A: Sobolev and Lipschitz spaces on manifolds. For the reader’s con-
venience, we collect here some background definitions and results on Sobolev spaces on
manifolds which have entered the main part.

Appendix A.1: Weakly differentiable functions on manifolds. Weakly differen-
tiable functions and Sobolev spaces on manifolds are usually introduced by means of
completions of spaces of smooth functions (see e.g., Hebey [45]).

Let ¥ C R” be a closed, (n — 1)-dimensional C*-manifold, and let ¥ = Ujvzl U; be
a cover of ¥ by relatively open sets and with corresponding charts x; € Ck(Uj;Rnil).
Letting ¢; € Ck(E) be such that spt(p;) C U;, j =1,---, N, with Z;\le p; =1on X,
we define

(8.28) W*P(X):= {u: E =R ullfyenm) = Z l(pju) o /ﬁj_lH{;VS,p(Rn_l) < oo},

lo|<m

for 0 <s<kand1l<p<oo. Wepoint out that the restriction s < k is due to the fact
that W*P (%) might trivialize otherwise. If, in (8.28), s € N, we understand W*”(R"~1)
as the usual integer order Sobolev spaces, whereas W*P(R"~1) are the fractional or
Sobolev-Slobodeckii spaces otherwise. If s = 0, we put W?(¥) := LP(¥), and if s < 0,
we define Ws’p/(E) = (W™*P(X))". The corresponding Bessel potential spaces £*?(X)
are defined analogously by reduction to R”~!.

Proposition 8.3 (Embeddings). In the above situation, let s < k. Then
(a) If fﬁfl < p < oo, then WH?(Z) — Wl/p,p,(z) and so W™ V/PP(8) — W 12(x).
(b) If p > n, then Wl_l/p’p(E) — Cp(X).
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Proof. First let 1 < p < co. We directly work on flat space; the assumed regularity allows
to localize. Following Triebel [76, §3.3.1], W'2(R"~1) = B} ,(R""!) <+ BL/” (R"~1) if
and only if

n—1 1 n-1
>7_

1-—

—p < 2 >
2 p p p n—1 b n+1
If p = oo, then we interpret W'/?¥' (R™~1) := L'(R"!), and so we obtain the continuity
of the embedding W"?(R"~1) — wi/pr' (R"~1) in both cases. From here, (a) follows.
On the other hand, the Holder spaces can be characterized as C%f(R" 1) ~ Bio’oo (R 1),
provided that ¢ € Ry \ N. The embedding W'™'/PP(R"~1) ~ B} V/P(R"1) —
Bl .o (R"~!) then holds provided that

1 n-1

1—-2—
p b

In particular, the exponent on the left-hand side is larger than 0 if p > n. In this case, we
therefore find ¢ > 0 such that W!=V/PP(Rr=1) —y CO(R"1) < C,(R™!). This implies
(b), and the proof is complete. O

> t.

We now provide an equivalent intrinsic characterization of the integer-order Sobolev
spaces. In order to switch between the different characterizations, we recall the notion
of pseudo-inverses from [64, 66]: For S € R™*(™=1) define

STi=(ST9)7'sT e R=Dxm,

which immediately yields STS = Idgn; on the other hand, SST is the orthogonal projector
onto the range of S. The following lemma is routine, an can be established by the methods
employed, e.g., in [44].

Lemma 8.4. Let ¥ C R™ be a closed, (n— 1)-dimensional C'-manifold, and let 1 < p <
oo. Then the following are equivalent for u € LP(X):

(a) u e WHP(X).

(b) With k; as in (8.28), for each j € {1,--- ,N}, v := (p;u) onj_l € Wll(;g(nj(Uj)).

(¢) u has tangential weak gradients in LP(X;Tx); with the notation from (b), they
can locally be computed via

Vru(zo) = (Vu(20)) (Vi (20))
for " ae. 2o € and 2 := Kj(xo).

Based on the preceding lemma, one then deduces the following assertion which is clear
in the flat case.

Lemma 8.5. Let ' C R™ be open and bounded with boundary of class C*. If a function
f: 0 — R is Lipschitz, then f € WY(X), and there exists a constant ¢ = c(Q') > 0
such that ||V f||Le a0y < c¢Lipgq/ (f)-

Appendix A.2: Smooth approximation. The following result is clearly well-known
to the experts, but we have not found a precise reference and thus supply the quick proof.

Proposition 8.6. Let Q' C R" be open and bounded with C'-boundary 0. Moreover,
let u € C(0Q;Toqr). Then there exists a sequence (u;) C C'(9Q;Taqs) such that
||u — u]‘HLoo(aQ/) —0 U,Sj — OQ.

Proof. We emphasize that the actual point of the proof is that the resulting mollified fields
take values in the tangent space Tyqs. Throughout, we cover 92" by finitely many open
balls BY,--- ,BY c R™ such that, for each k € {1,---,N}, 09 n B¥ can be translated
and rotated such that 9 N B* can be written as graph(gz), where gp: Uy — R is a
C2-function on an open set U, C R2.
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We write, with (a%|$)i:1a-“ ;n—1 denoting a basis of Tyrapn(g,) (),

Z uilz 896z -

and define v;: Uy 3 2’ — u;(2, gr(2")) € R™. For a rescaled standard mollifier p. €
C°(R?), we denote v5 := p. * v; so that v — v; uniformly on every relatively compact
subset of U; as e \, 0. For z = (2/, gr.(2')), we define u$(z) := v$(2’) and

Z 3:@

whereby we conclude that, for every x € Uk7

(o)~ )] < Y o) — @) = Y ) — o @)

In consequence, u. — u uniformly on every relatively compact subset V' C 9 NB*. By
use of a partition of unity, this gives rise to the requisite sequence. This completes the
proof. O

Appendix A.3: Elliptic regularity for the Laplace-Beltrami operator. In this
subsection, we collect some background material on the existence and regularity of elliptic
partial differential equations on manifolds. To this end, we recall that a manifold is closed
provided that it is compact and without boundary; we denote by g = (g7* ) 'j—1 1ts metric
as usual. For a sufficiently regular function u: 3 — R, its Laplace- Beltmmz operator is
given in local coordinates by

(8.29) Aru: Z 9;(\/1glg?* du).

\/7]16 1

Proposition 8.7 (Elliptic regularity). Let ¥ C R" be a closed (n — 1)-dimensional C?-
manifold. For each 1 < p < oo and every s < 2, u € L*VP(X) and Au € L5P(X)
imply that u € £*P(X). Moreover, there exists a constant ¢ = ¢(X, s,p) > 0 such that

(8.30) [ull zor(m) < c([Arullgs—2pem) + lull gs-10es))-

The proof of Proposition 8.7 is classical when X is a C*°-manifold and p = 2; see,
for instance, Agranovich [2, Theorem 2.2.5], Kumano-go [52, Theorem 6.8], and Tay-
lor [75, Chapter XI, Proposition 2.4] for a treatment of general elliptic pseudodifferen-
tial operators on manifolds, and [2, Example 2.2.2]ff. for an explicit treatment of the
Laplace-Beltrami operator. We briefly sketch how Proposition 8.7 can be obtained: The
referenced results hinge on the passage to the Laplace-Beltrami operator in local coor-
dinates (see (8.29)), from where the corresponding estimate (8.30) can be inferred from
classical elliptic estimates on R"~!. The latter also holds for 1 < p < co. In the present
context, the C*-regularity allows to perform an analogous localization procedure as long
as the smoothness satisfies s < 2. We briefly comment on the existence of solution for
the associated Poisson problem:

Remark 8.8 (Existence). Let Q' C R”™ be open and bounded with C*-boundary. We
consider the Dirichlet energy

1
g[u] = 5 /E)Q/ |V7u|2 dI — <f7 U>W—1,2(aQ/)le,2(aQ/) on W(l)’2(8§2’),
where now
WEA) = {v e W (09): / v =0},
o0

Moreover, we assume that f € W™ 2(9) satisfies
(8.31) (f,Log)oa =0



72 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES

in the sense of the usual pairing between f € W 12(9Q) and W?(9Q)-functions. Then
there exists a unique minimizer of & in W*(8€'). This is a straightforward consequence
of the direct method: By Young’s and Poincaré’s inequalities, & is bounded below on
W% (09). We may thus pick a minimizing sequence (u;), meaning that &fu;] — m :=
infw})~2(89/) &. Again, by Poincaré’s inequality, (u;) is bounded in W"?(9Q), and so
there exists a weakly convergent subsequence: u;, — u € Wé’2 (0€Y). Clearly, & is lower
semicontinuous with respect to weak convergence in Wl’z(ﬁQ’ ), whereby w is a minimiser
of &. By virtue of (8.31), this implies that

(8.32) / Veu- Vepdd? = (f, 0)w-12000)xwi2aq)  for all o € WH(09).
o0/

It is clear that (8.31) is necessary, which can be seen the easiest for f € L?(9€); indeed,
in this case, (8.32) is the weak formulation of —A,u = f on 99, and integrating by
parts yields

fdor? = — A udsr? = / uw(Vru) -vr,,, dsr? =0
oy oy Ty

because Q' has empty boundary: Ty = 0.

Appendix B: Proof of Lemma 2.12. We now establish Lemma 2.12. The statement
is certainly clear to the experts, but we have not found a precise reference and thus
include the proof for the sake of completeness.

Proof of Lemma 2.12(a). There are many ways to come up with such a function fs, and
we address one possibility: Up to localising by use of a smooth partition of unity, rotating
and translating, we may assume 9§ to be a finite union of graphs of C'-functions.
Flattening the single pieces, we may then reduce to the half-space situation. Hence, let
f € CLR™ ' x {0}) be given and consider a standard mollifier p: R*~* — R. We then
consider

(Ef)(x’, ) = /Rn_l Pz, (x, - yl)f(y/, 0) dy/ = /Rn_l p(z’)f(x’ + xnzl» 0) dz" if z, > 0,
f(',0) ife,=0

for (z/,2,) € R""1x(0,00). We choose a monotonously decreasing C*-function §: R>q —
[0,1] with 6(0) =1 for 0 <t < %, 60(t) =0 for t > 1, and |0'| < 4, and set
_ T e
(B.1) fs(@) = 9(%)(Ef)(33), z = (2',2,) €R"™ x [0,00).
Since f is compactly supported, f4 is supported in the cylinder (spt(f)—l—ng*l) (0)) %10, 4]
and is clearly continuous. Now, whenever 0 < x,,y, < 9,
(Ef) (@, z0) = (BN yn)| < sup [f(2' +2,2",0) = f(y' +ynz', 0)]
(B.2) [2']<1
<V flluee @n-1xgoy) (12" = 41 + 20 — ynl).
In particular, Ef, and so f4, are Lipschitz. On the other hand, if k € {1,--- ,n— 1}, we
have

100, (Ef)(@ &) — O, (Ef) (2, 0)] S/ POy ) (@ + 202", 0)) = (0, f) (2, 0)| d2'

Rn—

< sup |(9a, f) (2" + 2n2",0) = (0, f) (2", 0)].

|2/ |<1
Moreover, since f € CL(R™! x {0}), the function:
z' p(Z\V f(z' +2') -2 d2’
Rn—l
is uniformly continuous, and

10w, (Bf) (&', 2n) = Ox, (Ef) (2, 0)] S/ p(Z)(V- 1)@ + 2nz",0) = (V- f)(2',0)| d2'

Rn—1
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< sup [(V-f)(@" +zn2") = (V. f) ()]
l2/]<1
uniformly tends to zero as x,, N\, 0. Summarizing, the functions Ff and f; belong to
CH(R™! x [0,00)). Moreover, as in (B.2)ff., we arrive at the estimates
B fllroe mr-1x[0,00)) < [1f Lo =1 {0})
IVEf (Lo @n-1x[0,00)) < [V fllLoe ®n-1x{0})-

Together with the Leibniz rule, we therefore end up with

_ 1
(B.3)  IVfs(@)llLee®r—1x(0,00)) < 0(9)<5||f||L°°(Rn—lx{o}) + HVTfHL‘X’(]R"—lx{O}))~

Recalling that 9§ is of class C', we may undo the flattening, rotating and translating.
Patching together the single localised pieces by use of a smooth partition of unity yields
the requisite function fs € C'(€); note that, based on (B.3) and employing the Leibniz
rule for the localised pieces, we may regroup the emerging terms to arrive at the estimate
from Lemma 2.12(a)(iii). This completes the proof. O

Proof of Lemma 2.12(b). Throughout, note that we do not assert that g € Cj(R™)
(which would be impossible due to (i) and f € Lip(9£')) but only glg.\7 € Ch(R™\ @)

and glor € C(Q). We adopt the same setting as in the proof of Lemma 2.12(a) and
firstly assume that f € Lip.(R"~! x {0}). In the present situation, we let p € C2°(R"1)
be a standard mollifier on R"~! and consider

L B =000 dy i, 20

f(',0) if z, = 0.

(Ef) (' ) =

To achieve compact support, we may multiply E f with a rescaled cut-off as in the proof
of Lemma 2.12(a); we do not repeat this step here. As in the proof of Lemma 2.12(a),
E f is continuous and bounded in R", and is differentiable with bounded derivatives in
R™ \ (R"~! x {0}). Hence, it suffices to confirm (iii). Let p € C2°(R™) be a standard
mollifier on R™ and let § > 0. For any k € {1,--- ,n — 1}, we then have the following
identity for the weak derivatives in the k-th direction:

[ 10mos + (BR)0) — 01, 10", 0)

o
o

=1L

8%Ef)((w’ 0) + 6&) d€ — Oy, f(2',0)| da’

/n /]R ) )(8,, ) (2 + 66" + 106,12, 0) — (8,,, f(2',0))) dz’ d€| da’

We abbreviate f := 0y, f(-,0). Given i € N, we choose gi € CZ(R"™! x {0}) with
Il fx — g};||L1(Rn71X{O}) < 2772 and then fix some §; with

271‘72
L+ [IVgill mn-1y

(B.4) 0<6; <
We estimate I < II+IIT+ 1V, where now § = ¢;, and the single terms are as follows:
H—/RM/W/RM (e — gi) (@ + 6:€ + 6:|€al2", 0)| A2’ dE da’
<[ ] sea) / U g+ 6 Bl 0)] d’ dg @

) / / p(é)ﬁ(z’)/ [(fr — gi) (@', 0)| da’ d€ d2" < 2772
Ro-1 JRn _—
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Next, we recall that both p and p are supported in the n- or (n — 1)-dimensional closed
unit balls. Therefore, we have

W [ [ ORI+ 6 86l 0) i@ 0] dgda’
1
<o [ [ w0 [T 0+ b)) 0] dga
1
<o [ [ @) [ T e 1600’ aras ag
_ ~r ! ! i / ! / B4 —i—1
=o [ [ ) [ va) o) et araag <o

Imitating the estimate of II, we find

IV = /R N /R OB (i — g 0) 4o’ de da! < 2772,
Gathering the above estimates, we have
[ 0utos + (BE'0) = 0n, (el 0) o’ <27
Passing to a (non-relabelled) subsequence of (§;), we thus obtain

Oz, (ps. % (Ef))(2',0) = 8, f(2',0)  for L™ tae xeR"L

Since " l-ae. x € R"! is a differentiability point of f, the conclusion follows in
the flat case. Localising and flattening as in the proof of Lemma 2.12(a), we may also
conclude the proof in the case of open and bounded sets ' € R™ with C*-boundary. [

Appendix C: Trace Theory for W P_Fields. For completeness, we briefly return
to the spaces W™ P(Q) as introduced in (1.2), and revisit previous results (see [5, 10,
11, 70, 74]), some of which we recall for the reader’s convenience. To this end, we recall
from [5] the space

Xbo = {® € W /PP(O0;R?): (@ v)|pn = 0 and div. (D) € W/PP(90)},

where v = vyq represents the inner unit normal as usual. We briefly comment on
the regularity of the tangential divergences based on the tangentiality (® - v)|sq = 0.
Note that, if I € W™ P(Q), then G := curl F € LP(Q; R?) satisfies div G = 0, whereby
G € W3vP(Q). Since there exists a (surjective) normal trace operator trf: WV (Q) —
WYPP(Q), we have G - v = tr2(G) € W™ YPP(9Q). In particular, by the very
definition of t1¥, we have

(1) (G v), @)on = — /

(divG)gpdx—/G-chdx:—/G-V(pdac
Q Q Q

for all p € W?' (Q). On the other hand, tr2: W P(Q) — W~ /PP(9Q; R3) satisfies
(C.2) (tr-(F), poqy = / curl F - pdz — / F - curlpdz
Q Q

for all € W (:R3). Now let o € WP (Q), so that Vi € W' (Q;R3). Using the
tangentiality of tr? (F'), one finds that

(G -v),p)oa () —/ curl F - Vypdx
Q

(C.2)

(C.3)
— (07 (F), V)aa = (div. (tr2 (F)), @)oo
for all o € W' (©). The left-hand side of (C.3) extends to a bounded linear functional on

whe' (Q), and so does the right-hand side. The trace space of whr' (Q)is wi-/e'y (09),
and its dual space is W™Y/PP(99). Therefore, tr?: W P(Q) — X}, boundedly.
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Appendix D: Integral formulas for smooth maps. For the reader’s convenience,
we here concisely collect some basic identities that have entered the main part; by the
anti-commutativity of the cross product, some care regarding signs needs to be taken.
To this end, let Q C R3 be open and bounded with Lipschitz boundary, and let F' €
C(Q;R?) N CL(Q;R3) and ¢ € C(Q) N CL(Q), where, Ci stands for the C'-maps with
bounded gradients. Based on our convention of vyq denoting the inner unit normal to
010, we have the Gauss—Green-type formula:

(D.1) / curl Fdz = F X vgq di>.
Q o

Because of the identity curl (pF') = pcurl F — F x Vi, (D.1) yields

(D.2) /(tpcurlF—F x V) dz :/ o(F x vpq) A2
Q oN

Now, if G € C(Q;R?) N CE(Q;R3), then we have the following integration-by-parts rule:
(D.3) / (F><G)~V;;Qd%2:/F-curlGdzf/cur1F~Gd:17.
a0 Q Q
Based on the rule a- (b x ¢) = ¢ (a x b) for a,b,c € R?, we have
(FXG)'Z/QQ:Gw(VaQXF):7G~(F><Z/QQ),
and so (D.3) yields

(D.4) /8 (F ) G = /

Q
We wish to point out that, alternatively, (D.4) can be derived directly from (D.2).

CurlF-Gda:—/ F.curl Gdz.
Q
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