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Abstract. We introduce and analyze the class C M p of curl-measure fields that

are p-integrable vector fields whose distributional curl is a vector-valued finite Radon

measure. These spaces provide a unifying framework for problems involving vorticity.

A central focus of this paper is the development of Stokes-type theorems in low-

regularity regimes, made possible by new trace theorems for curl-measure fields. To

this end, we introduce Stokes functionals on so-called good manifolds, defined by

the finiteness of manifold-adapted maximal operators. Using novel techniques that

may be of independent interest, we establish results that are new even in classical

settings, such as Sobolev spaces or their curl-variants Hcurl (R3), which arise, for

example, in the study of Maxwell’s equations. The sharpness of our theorems is

illustrated through several fundamental examples.
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1. Introduction

The main purpose of this paper is to introduce and analyze a new class of weak vector

fields, called C M p curl-measure fields – that is, p-integrable vector fields whose distribu-

tional curl is a vector-valued finite Radon measure. Building on new trace theorems for

such fields, we develop Stokes-type theorems that remain valid in low-regularity regimes,

well beyond the classical smooth setting. This framework establishes a unified analytic

setting for problems involving singular vorticity, encompassing phenomena such as vor-

tex sheets, concentrated swirls, and other irregular structures in fluid and continuum

mechanics.

A wealth of problems arising in fluid or continuum mechanics involves the description

of vortices. For instance, the description of how gases or waters are swirled directly leads

to the study of their vorticity, in turn being expressed as the curl of the flow velocity. On

the other hand, the mathematical modeling of electromagnetism is based on the vorticity

of the magnetic fields. This is manifested in Maxwell’s equations, and a combination with
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fluid mechanics then gives rise to the equations of magnetohydrodynamics. For example,

the latter are employed in the mathematical study of plasmas.

The analytic treatment of such phenomena necessitates not only suitable weak for-

mulations of the underlying problems, but also suitable function spaces which capture

the essential features one aims to describe. Depending on the specific physical aspects,

this task requires different spaces that reflect the anticipated behaviour. This might be

point swirls or along lines or surfaces, for example, in the description of whirlwinds in

geophysical applications, or discontinuities of the tangential fluid velocities, as is the case

for vortex sheets, to be addressed in detail below.

In this paper, we introduce and analyze the class of curl-measure fields which gives a

unifying framework for such vorticity-based problems.

Definition 1.1 (Curl-measure fields). Let 1 ≤ p ≤ ∞. Given an open subset Ω ⊂ R3,

the space of p-curl measure fields over Ω is defined as the linear space

CM p(Ω) := {F ∈ Lp(Ω;R3) : curlF ∈ RMfin(Ω;R3)},(1.1)

where curlF ∈ RMfin(Ω;R3) means that the distributional curl of F can be represented

by an R3-valued finite Radon measure.

Curl-measure fields in the sense of Definition 1.1 generalize the usual Hcurl - or Wcurl ,p-

spaces, which we recall to be defined via

Hcurl (Ω) := {F ∈ L2(Ω;R3) : curl F ∈ L2(Ω;R3)},

Wcurl ,p(Ω) := {F ∈ Lp(Ω;R3) : curl F ∈ Lp(Ω;R3)}.
(1.2)

For instance, such spaces arise naturally in the study of the Maxwell equations or

vorticity-based problems in fluid mechanics. In view of boundary value problems on

e.g. Lipschitz domains and thus boundary traces, the situation for spaces (1.2) is well-

understood; see Alonso & Valli [5], Buffa et al. [10, 11, 12, 13], Sheen [70], and Tartar

[74]: There exists a (surjective) tangential trace operator

trpτ : Wcurl ,p(Ω) → X p
∂Ω :=

{
T ∈ W−1/p,p(∂Ω;R3) :

T · ν∂Ω = 0,

divτ (T ) ∈ W−1/p,p(∂Ω)

}
(1.3)

with the distributional tangential divergence divτ and the inward unit normal ν∂Ω′ : ∂Ω′ →
S2. We refer the reader to Appendix C, where this mapping property is revisited.

In various situations, however, one requires function spaces which describe concentra-

tion effects of the curls. A simple yet typical instance thereof is given by vortex sheets.

Such sheets arise when two layers of fluids slip over another: Consider an open and

bounded container Ω = Ω1 ∪Ω2 ⊂ R3, and let u : Ω → R3 be the velocity field of a fluid.

If the normal velocity of the fluid is continuous along Σ := Ω ∩ ∂Ω1, but the tangential

velocities are discontinuous along Σ, then Σ is referred to as a vortex sheet; see Figure

1. In this case, the vorticity curlu of the fluid has support on Σ. Even when the fluid

velocities are bounded, so u ∈ L∞(Ω;R3), it is where the more classical spaces (1.2)

do not suffice for a global description. Indeed, the tangential discontinuities cause the

distributional expression curlu ∈ D ′(Ω;R3) to be a (finite Radon) measure on Σ which is

not absolutely continuous with respect to L 3; hence, u /∈ Wcurl ,p(Ω) for any 1 ≤ p ≤ ∞.

However, one then has u ∈ C M∞(Ω) in the sense of Definition 1.1. Without introducing

the underlying spaces explicitly, such functions have been considered, e.g. by Majda [57].

From a mathematical perspective, C M p-fields thus provide a framework that includes

both more classical spaces of weakly differentiable functions such as Wcurl ,p but also

allows for the incorporation of concentrations of the vorticities into various models.

1.1. Vorticity fluxes. In physics or engineering, one of the most fundamental problems

is the description of vorticity fluxes through a surface Σ ⋐ Ω ⊂ R3 oriented by ν : Σ →
S2; see Figure 1. By this, we understand the expression curlu · ν|Σ provided that the

underlying sufficiently smooth velocity field is u : Ω → R3. In this context, we refer toˆ
Σ

curlu · ν dH 2(1.4)
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Figure 1. Vorticity fluxes through a surface Σ oriented by νΣ : Σ →
S2. (a) The situation of vortex sheets Σ, where the entire vorticity is

concentrated on Σ. (b) The situation as encountered e.g. in whirlwinds.

as total vorticity flux through Σ. This quantity plays a crucial role in fluid mechan-

ics or electromagnetism, eventually leading to the Maxwell equations; see, e.g., Majda

and Bertozzi [58] as well as Feynman [37] and MacKay [55]. Vorticity fluxes are also

instrumental in both geophysical applications [60, 73], aerospace engineering, and the

description of circulation or stream phenomena in the human body. For instance, they

represent a crucial tool to describe the underlying mechanisms for the lift-off of aero-

planes; see, e.g. Schmitz and Chattot [68]. In such applications, a central tool is the

Stokes theorem, letting us express (1.4) in terms of circulation integrals; see §1.2 for a

more detailed discussion.

From a mathematical perspective, the rigorous treatment of such problems is often

based on appropriate weak formulations. As a key point, this leads to spaces where

one a priori controls curl-type energy norms. The spaces C M p(Ω) from Definition

1.1 provide a unifying framework for the latter, even allowing for discontinuities in the

tangential velocity fields and thereby being applicable to vortex sheets. Yet, even in the

physically reasonable case of bounded velocities (and so u ∈ C M∞(Ω)), the definition

and properties of total vorticity fluxes (1.4) are far from obvious. This is the main theme

of the present paper to be addressed in the next subsection, and is crucially intertwined

with the pointwise properties of C M p-fields along surfaces Σ ⋐ Ω.

1.2. Main results. In view of our above discussion, it is firstly necessary to examine

the behaviour of C M p-fields along surfaces or sufficiently regular boundaries ∂Ω′ with

Ω′ ⋐ Ω and inner unit normals ν∂Ω′ . This requires suitable trace operators, and here it is

clear that controlling the curl can only give us a definition of tangential traces. Inspired

by [5, 10, 11, 12, 13, 70, 74] in the case of Wcurl ,p-fields and [19, 20, 18, 25, 26, 72] in the

case of DM p-divergence measure fields, the definition of distributional tangential traces

along Lipschitz boundaries ∂Ω′ is based on the smooth integration-by-parts formula
ˆ
∂Ω′

φF × ν∂Ω′ dH 2 =

ˆ
Ω′
(φ curlF − F ×∇φ) dx(1.5)

for any F ∈ C1(Ω;R3) and φ ∈ C1(Ω). Up to admitting measures, the right-hand side

of (1.5) also makes sense in the non-smooth context and will serve as the definition

of (distributional) tangential traces. Since curlF is a measure in our situation, this

approach can be read in analogy with distributional normal traces for DM p-fields, see

[19, 18]. However, unlike the latter (where the normal traces are scalar throughout), the

abstractly defined tangential traces are R3-valued. In this respect, it turns out crucial in

§5–§7 to have suitable tangentiality results for such traces. Besides the typically different

behavior of C M p-fields, the trace theory thus is a first instance where the present setting

methodologically differs from DM p-fields; see Examples 1.3, 3.5–3.8, 5.16, and 6.12. In

this regard, we have
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• Theorems 3.2, 3.9, and 7.11. We establish that C M p-fields admit distribu-

tional tangential trace operators along boundaries of Lipschitz subsets. If p = ∞,

they even belong to L∞ and then take values in the tangent spaces to ∂Ω′ H 2-

a.e.; see Theorem 3.9. Theorem 7.11 yields the corresponding result in the case

1 ≤ p <∞, where the corresponding traces are merely distributions.

The last of these results is deferred to §7, since we aim to address vorticity fluxes earlier

in the paper. Most importantly, since bounded velocities are natural in many physical

applications, we focus on C M∞-fields first; for the latter, Theorem 3.9 suffices and even

comes with convenient stronger properties.

The central tool for the description of vorticity fluxes is the Stokes theorem, linking

the vorticity flux through a surface and its circulation. Classically, the Stokes theorem

asserts that, whenever Σ ⊂ R3 is an oriented C1-hypersurface with boundary ΓΣ, we

have1 ˆ
Σ

(curlF ) · ν dH 2 = −
ˆ
ΓΣ

F · τ dH 1 for all F ∈ C1(R3;R3),(1.6)

where ν : int(Σ) → S2 is the normal to Σ inducing its orientation, and τ denotes the

tangential field to ΓΣ. In the present situation of weakly differentiable functions, in

particular curl-measure fields, not even the meaning of either side of (1.6) is clear. To

elaborate on this point, note that C M∞(Ω) – as W1,1(Ω;R3) or BV(Ω;R3) – is a space

with differentiability order s = 1 with first-order derivatives or combinations thereof

being 1-integrable or measures. By standard principles in the theory of fine properties

of functions, it is only possible to restrict or assign traces to such functions on at least

n− 1 = 2-dimensional, sufficiently regular subsets of R3; see, e.g., [35, 59]. In particular,

the line integral on the right-hand side of (1.6) requires to evaluate F along a one-

dimensional curve, revealing a crucial dimension gap of 1. Yet, based on the distributional

form of the classical div-curl-complex

C∞(R3) C∞(R3;R3) C∞(R3;R3) C∞(R3),∇ curl div

it is possible to interpret an enlarged variant of the left-hand side of (1.6) as a trace

functional with respect to the extended divergence-measure field curlF in the sense of

[20, 24]. Hence the additional compatibility condition of curlF allows to assign traces on

a suitable superset, but comes at the cost of having to localize suitably; see Section 5 for

a detailed discussion. Firstly, working in the framework of C M∞-fields and employing

the maximal operator-based selection criteria for manifolds, we have

• Theorem 5.10. We establish that, whenever a reference manifold Σ̃ is fixed, the

Stokes theorem is available on almost every two-dimensional Lipschitz submani-

fold Σ ⋐ Σ̃. The identification of such good submanifolds is accomplished by the

tangential maximal-type operator MΨ to be introduced in §4. As to the method

of proof, we first introduce a Stokes-type functional on D(Ω) (generalizing the

left-hand side of (1.6) to the non-smooth context) and then establish that it is

a distribution of order zero on almost every Lipschitz submanifold. In essence,

this leads to an expression of the form (where µ is a one-dimensional tangential

trace measure along ΓΣ)ˆ
ΓΣ

dµ as a substitute for the right-hand side of (1.6).(1.7)

• Theorem 6.7. In comparison with Theorem 5.10, where a reference manifold Σ̃

is fixed and Σ ⋐ Σ̃ might vary within or tangentially relative to Σ̃, Theorem 6.7

is concerned with variations of the reference manifold in transversal directions.

The identification of good manifolds in transversal directions is accomplished

by use of the normal maximal-type operator MΦ; see §4. In §6, we introduce

divergence-measure fields on submanifolds of Rn, and then establish that the

1The minus sign on the right-hand side of (1.6) is a matter of convention depending on the direction

of ν; see Figures 3 and 7. This turns out convenient later when we work with inward unit normals.
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Space Range of p Variations Result

tangential Theorem 5.10
C M∞ p = ∞

transversal Theorem 6.7

C M p
1 1 ≤ p <∞ tangential Theorem 7.14

none
Wcurl ,p 3 < p ≤ ∞

(all manifolds)
Theorem 7.18

Wcurl ,p 3
2 < p ≤ 3 tangential Theorem 7.18

Table 1. Stokes theorems for different classes of curl measure fields.

left-hand side of (1.6) can be reduced to certain trace integrals with integrands

being divergence-measure fields. This allows us to reduce a generalized version of

(1.6) to the Gauss–Green theorem for divergence measure fields on manifolds.

In view of general C M p-fields, 1 ≤ p ≤ ∞, we single out the case p = ∞ in Sections 5

and 6. This is for two key reasons: First, in the case p = ∞, the Stokes theorems with

respect to tangential and transversal variations are unconditional. Here, unconditional

means that the results apply to all C M∞-fields and not to a subclass. Secondly, because

of the better properties of the tangential trace operator in the case p = ∞, stronger

results are available; specifically, this concerns the existence of the Stokes measure µ as

in (1.7) and its measure-theoretic properties; see Theorem 5.10 for more detail.

Throughout, we distinguish between strong Stokes theorems and weak Stokes theorems

(or Stokes theorems in the vorticity flux formulation). This distinction essentially relies

on the set of admissible test maps; see e.g. Theorem 5.10 in comparison with Corollary

5.12. Whereas strong Stokes theorems can be established for C M∞-fields, Section 7

provides weak Stokes theorems in the case 1 ≤ p < ∞ for a certain subclass C M p
1 ⊂

C M p. The latter is the subspace of C M p-fields for which the tangential distributional

divergence of the tangential trace along any manifold Σ, a priori belonging to the dual

Lip(Σ;TΣ)
′ by Theorem 3.2, can be written as the tangential distributional divergence

of an L1-vector field on Σ. Subject to the additional C M p
1-hypothesis, we have

• Theorem 7.14. We prove the Stokes theorem in the vorticity flux formulation

for tangential variations. In essence, this is achieved by a localization procedure

for certain tangential distributions to closed sets and makes use of some auxiliary

results from §5 and §6.
In general, and apart from more obvious regularity scenarios to be recalled for the reader’s

convenience in §7.4, the validity of Stokes-type theorems seems to be novel even for the

spaces Wcurl ,p. Solving certain elliptic equations on manifolds, it can be established that

Wp,curl ⊂ C M p
1 for a certain range of p. This automatically yields the Stokes theorems

in the vorticity flux formulation for the more classical Wcurl ,p-spaces (see Theorem 7.18)

and leads to overall findings as summarized in Table 1.

Remark 1.2 (Generalizations). In presenting our results, we have not sought the high-

est possible generality. This concerns both more general operators than the curl and

more irregular domains. Based on the techniques developed here, the follow-up papers

[21, 22] will bridge between traces in the overdetermined (elliptic) context [8, 31] and

underdetermined scenarios as considered in this paper; for irregular sets, see Section 7.5.

1.3. Vorticity flux problems and interplay with DM -fields. Curl-measure fields

are in some sense complementary to the well-established divergence measure fields, which

have been intensively studied over the past three decades; see, e.g., [19, 20, 18, 25, 26,

28, 71, 72]. On a formal level, this can be seen easiest via the Helmholtz decomposition

F (x) = Fcurl(x) + Fdiv(x), x ∈ R3(1.8)
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ν∂Ω

S1
S2
...

∇v = B
...

∇v = A

..
.

Figure 2. Oscillations close to the boundary.

for vector fields F ∈ C∞
c (R3;R3), where Fcurl ∈ (C∞ ∩C0)(R3;R3) is curl -free and

Fdiv ∈ (C∞ ∩C0)(R3;R3) is div-free. The decomposition (1.8), however, only serves as a

motivation and does not have a straightforward C M p-DM p-analogue; indeed, the maps

F 7→ Fcurl and F 7→ Fdiv are singular integrals of convolution type and do not map

L1 → L1 or RMfin → RMfin in general. As alluded to in §1.2, the key difference between

the single types of fields are the components of the traces which are controlled, and it is

in this sense that the C M p-fields complement the more established DM p-fields:

Example 1.3 (Gradient fields). Let Ω ⊂ R3 be open and bounded. Whenever v ∈
L1
loc(Ω) is weakly differentiable with weak gradient∇v ∈ L∞(Ω;R3), u := ∇v ∈ CM∞(Ω)

since even curlu = 0 in D ′(Ω;R3). In the situation depicted in Figure 2, a function

v ∈ C(Ω) with u = ∇v ∈ L∞(Ω;R3) is indicated; in particular, A,B ∈ R3×3 are such

that a := A− B ̸= 0 ∈ R3×3, and the H 2-measures of interfaces Sj do not converge to

zero. One then has

|divu|(Ω) ≥ |a|
∞∑
j=1

H 2(Sj) = ∞,

whence u /∈ DM∞(Ω). Since u oscillates on arbitrarily fine scales as the boundary is

approached in the normal direction, no normal traces can be assigned to u. However, by

construction, the tangential trace along ∂Ω is well-defined and equals zero for u.

The present paper primarily focuses on properties and Stokes theorems for C M p-

fields. However, these spaces are ultimately designed to yield a robust analytic framework

for problems involving vortices and vorticity fluxes, potentially allowing for tangential

discontinuities. While we defer a detailed study of models involving C M p-fields to future

work, we outline several immediate consequences in §8. Here, we first give an application

of the Stokes theorem in the derivation of the Maxwell equations from electromagnetism.

This relies on an interplay between divergence- and curl-based spaces in the setting of

absolutely continuous measures. Secondly, to underline potential concentration effects,

we foreshadow the usage of C M p-fields in the context of vortex sheets. This especially

concerns a discussion of vorticity fluxes and the non-local three-dimensional Birkhoff-

Rott equation on the evolution of parametrized vortex sheets in the framework of curl

measure fields; see (8.27) below and Caflisch et al. [14, 15, 16] and [54, 61, 67, 79, 80]

for this system and underlying numerical studies.

1.4. Organization of the paper. In §2, we fix notation and gather background mate-

rial from measure theory, extended divergence-measure fields, and elementary construc-

tions from differential geometry. The tangential traces for C M p-fields are introduced

and analyzed in §3. Here, we provide several examples that will be continued in the sub-

sequent sections, paying special attention to the case p = ∞, where stronger assertions

are available. The intermediate section §4 serves to introduce transversal and tangen-

tial maximal functions, which Help us identify the manifolds that support the Stokes

theorem. Based on the latter, we then prove the Stokes theorem for C M∞-fields for

variations in the tangential direction in §5. Divergence measure fields on manifolds are

introduced in §6, allowing us to give a proof of the Stokes theorem for C M∞-fields with

respect to variations in the transversal direction. The results of the previous sections

are complemented in §7 by discussing the case 1 ≤ p <∞. Here, only weaker assertions

can be made, which is due to the non-integrability of the tangential traces. Finally, in

§8, we showcase sample applications of C M p-fields and the Stokes theorems in view of
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problems involving vorticities. The appendix collects the proofs of background facts used

in the main part, so e.g. function spaces on manifolds and supplementary calculations

in local coordinates.

2. Preliminaries

In this section, we fix notation and collect background material from measure theory,

extended divergence-measure fields, and basic constructions in differential geometry.

2.1. Notation. We briefly comment on the notation. Throughout, we use bold letters,

such as φ, to denote vectorial quantities, whereas non-bold ones, such as φ, are reserved

for scalar quantities. We view the elements of Rn as column vectors, but often simply

write x = (x1 · · · , xn); if it is important, we write (x1, · · · , xn)⊤.
Open sets and balls. Unless mentioned otherwise, Ω ⊂ Rn always denotes an open

and bounded set; typically, n = 3. As an important convention, we denote for an open

set Ω ⊂ Rn with Lipschitz boundary by ν∂Ω : ∂Ω → Sn−1 its inner unit normal. The

open ball of radius r > 0 centered at x0 ∈ Rn is denoted by Br(x0), and we write

B(n−1)
r (x′0) := {(x1, · · · , xn−1) ∈ Rn−1 : |x1 − x′0,1|2 + · · ·+ |xn−1 − x′0,n−1|2 < r2}

for the two-dimensional ball of radius r > 0 centered at x′0 = (x′0,1, · · · , x′0,n−1) ∈ Rn−1.

In general, if B is an open ball, we denote its radius by r(B). Lastly, for U ⊂ Rn, we
write B(U) the Borel σ-algebra on U .

Measures. We use L n and H s, 0 ≤ s ≤ n, to denote the n-dimensional Lebesgue

measure or the s-dimensional Hausdorff measures, respectively. Moreover, given a finite-

dimensional inner product space V , we denote by RM(Ω;V ) the V -valued Radon mea-

sures on Ω, and by RMfin(Ω;V ) the finite, V -valued Radon measures on Ω; if V = R,
we abbreviate RM(fin(Ω) := RM(fin)(Ω;R). By finiteness we here understand that the

total variation of µ, denoted by |µ|(Ω), is finite. Lastly, given µ ∈ RM(Ω;V ) and a

µ-measurable set U ⊂ Ω, we write µ U := µ(· ∩ U) for the restriction of µ to U .

Averages. Given a positive measure µ on the Borel σ-algebra B(Ω) and U ∈ B(Ω)

with 0 < µ(U) <∞, we denote the mean value of a locally µ-integrable map F by 
U

F dµ :=
1

µ(U)

ˆ
U

F dµ.

As usual, if µ = L 3, we simply write dx = dL 3. For F ∈ L1
loc(Ω;R3), we denote by LF

the set of its Lebesgue points, and write

F ∗(x) :=

 lim
r↘0

 
Br(x)

F (y) dy if x ∈ LF ,

0 otherwise,

(2.1)

for the precise representative of F .

Continuous functions. We denote by Cb(Ω) the bounded continuous functions

on Ω, and by Ckb (Ω) the Ck-functions on Ω with bounded derivatives up to order k.

The Lipschitz continuous functions on Ω are denoted by Lip(Ω); since Ω is assumed to

be open and bounded, Lip(Ω) = Lip(Ω), and we write Lip0(Ω) for the collection of all

f ∈ Lip(Ω) with f |∂Ω = 0. Moreover, we use subscripts in Cc(Ω) or Lipc(Ω) to denote the

compactly supported elements of these spaces. Moreover, by a standard mollifier on Rn
we understand a radially symmetric function ρ ∈ C∞

c (B1(0);R≥0) such that
´
Rn ρ dx = 1.

For δ > 0, its δ-rescaled version is given by ρδ(x) := δ−nρ(xδ ).

Constants. Finally, c, C > 0 denote generic constants that may change from one line

to the other, and are only specific if their precise value is required in the sequel.

2.2. Differential geometry on Rn. In this subsection, we collect several basic notions

and background results from differential geometry on Rn. Most importantly, they be

used from §5 onwards, so e.g. in the definition of DM∞-fields on manifolds.

Let Σ ⊂ Rn be a (n − 1)-dimensional C1-submanifold of Rn and denote, for x ∈ Σ,

by TΣ(x) its tangent space at x. We recall that x0 ∈ Σ is called an interior point if, for
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νΓΣ
(x0)

x0 Σ ΓΣ
•

Figure 3. Geometric set-up underlying §2.2–§2.3.

some r > 0, Br(x0)∩Σ is homeomorphic to an open subset of Rn−1. The interior int(Σ)

of Σ is the collection of all interior points. By slight abuse of terminology, we then call

ΓΣ := Σ \ int(Σ) the boundary of Σ. In the main part, we almost exclusively consider

(orientable) manifolds Σ with Σ = int(Σ). On the one hand, this comprises closed

manifolds (which, by definition, are compact manifolds Σ without boundary, meaning

that ΓΣ = ∅) such as the sphere or the torus. On the other hand, this includes open

manifolds (which, by definition, are manifolds without boundary such that no component

is compact) such as the boundary manifolds to be introduced in §2.3.
Let k ∈ N. If Σ ⊂ Rn−1 is an (n− 1)-dimensional Ck-manifold with Σ = int(Σ), then

the Ck-property of a function φ : Σ → R or a map X : Σ → Rn is defined as usual by

local charts. We recall that a vector field X on Σ is a map that assigns to every x ∈M

a tangent vector X(x) ∈ TΣ(x). For 1 ≤ p ≤ ∞, we denote

C(Σ;TΣ) := {X is a continuous vector field on Σ},

Ck(Σ;TΣ) := {X ∈ Ck(Σ;Rn) : X(x) ∈ TΣ(x) for all x ∈ Σ},

Lp(loc)(Σ;TΣ) := {X ∈ Lp(loc)(Σ;R
n) : X(x) ∈ TΣ(x) for H d-a.e. x ∈ Σ}.

The spaces Ckc (Σ;TΣ), Lip(Σ;TΣ) and Lipc(Σ;TΣ) are declared in the natural way. Sub-

ject to sufficient regularity, these notions inherit to d-dimensional Lipschitz submanifolds

Σ of Rn, where we require X(x) ∈ TΣ(x) for H d-a.e. x ∈ Σ throughout.

For our later objectives, we require an integration by parts-formula on (n − 1)-

dimensional manifolds. Let Σ ⊂ Rn be an (n − 1)-dimensional C2-manifold oriented

by ν : Σ → Sn−1. For T ∈ C1(Rn;Rn), we define the tangential divergence by

divτ (T (x)) := div(T (x))− ((∇T (x))ν(x)) · ν(x), x ∈ int(Σ).

Theorem 2.1 (Smooth integration by parts-formula). Let Σ ⊂ Rn be an oriented (n−
1)-dimensional C2-manifold oriented by ν : Σ → Sn−1 such that Σ = int(Σ) and Σ is

compact. Moreover, suppose that, for each x0 ∈ ΓΣ, there exists both an open and bounded

set U ⊂ Rn and a C2-diffeomorphism f : (−1, 1)n−1 → U ∩Σ such that f−1(ΓΣ ∩U) can

be written as the graph of a Lipschitz function g : (−1, 1)n−2 → (−1, 1) together with

f−1(U ∩ Σ) = {(x′′, xn−1) ∈ (−1, 1)n−1 : g(x′′) < xn−1}.

Then there exist both a normal vector field HΣ ∈ C0(Σ;Rn) to Σ and a normal vector

field νΓΣ
∈ L∞(ΓΣ; Sn−1) such thatˆ

Σ

divτ (T ) dH n−1 =

ˆ
Σ

T ·HΣ dH n−1 −
ˆ
ΓΣ

(T · νΓΣ) dH n−2(2.2)

holds for every T ∈ C1
c(Rn;Rn).

In the situation of Theorem 2.1, we see that νΓΣ
(x) ∈ TΣ(x) for H n−2-a.e. x ∈ ΓΣ,

and the vector νΓΣ
is chosen to point inside Σ; see Figure 3. This theorem can be found

subject to higher regularity assumptions on ΓΣ in [56, Theorem 11.8 ff.], and the version

as given here follows from there in a routine way. The term HΣ on the right-hand side of

(2.2) is an oriented curvature term of form HΣ = HΣν related to the Weingarten map. If

U ⊂ Rn is such that U ∩ Σ can be written as the graph of a function g : Rn−1 ⊃ V → R
with an open set V ⊂ Rn−1, then

HM |U∩Σ = −div′
( ∇′g√

1 + |∇′g|2
)
.
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Here, the dashes indicate that the gradient or the divergence of g are taken with respect

to the (n− 1) parametrizing variables.

If, in the situation of Theorem 2.1, T ∈ C1
c(Rn;Rn) is such that T (x) ∈ TΣ(x) for

H n−1-a.e. x ∈ Σ, then T ·HΣ = 0 H n−1-a.e. on Σ. Hence, for φ ∈ C1(Rn), (2.2) yieldsˆ
ΓΣ

φ(T · νΓΣ) dH n−1 = −
ˆ
Σ

divτ (φT ) dH n−1

= −
ˆ
Σ

(
φ div(T )− (φ(∇T )ν) · ν

)
dH n−1

−
ˆ
Σ

(
∇φ · T − ((T ⊗∇φ)ν) · ν

)
dH n−1

= −
ˆ
Σ

φ divτ (T ) dH n−1 −
ˆ
Σ

∇τφ · T dH n−1,

(2.3)

since (∇φ(x)) · T (x) = ∇τφ(x) · T (x) and
((T (x)⊗∇φ(x))ν(x)) · ν(x) = (ν(x) · T (x))(∇φ(x) · ν(x)) = 0

hold for H n−1-a.e. x ∈ Σ; recall that T (x) ∈ TΣ(x) for H n−1-a.e. x ∈ Σ. If, in

addition, T (x) = 0 holds for H n−2-a.e. x ∈ ΓΣ, then (2.3) gives us

0 =

ˆ
Σ

φ divτ (T ) dH n−1 +

ˆ
Σ

∇τφ · T dH n−1.(2.4)

Remark 2.2. By use of extensions to Rn, Theorem 2.1 and (2.3)–(2.4) hold true for

maps T ∈ C1(Σ;TΣ). This particularly applies to the case where Ω ⊂ Rn is open and

bounded with boundary of class C2, inner unit normal ν∂Ω : ∂Ω → Sn−1 and Σ = ∂Ω.

Next, we record a version of the coarea formula for Lipschitz maps on C1-manifolds;

see, e.g., [51, Theorem 5.3.9] and the discussion beforehand.

Lemma 2.3 (Coarea formula on C1-manifolds). Let N1, N2,M ∈ N be such that M ≥
N2, and let f : RN1 → RN2 be a Lipschitz map. If Σ ⊂ RN1 is an M -dimensional

C1-manifold, thenˆ
Σ

g JΣ
N2
f dH M =

ˆ
RN2

ˆ
Σ∩f−1({y})

g dH M−N2 dL N2(y)

holds for every H M -measurable function g : Σ → R. Here, JΣ
N2
f denotes the Jacobian

of f on Σ.

2.3. Boundary manifolds, collar theorems, and deformations. We now specify

the manifolds with which we will work in the main part of the paper.

Definition 2.4 (Boundary manifolds). Let n ≥ 3, and let Ω′ ⊂ Rn be open and bounded

with Ck-boundary. We say that Σ ⊂ ∂Ω′ is a Ck-regular Lipschitz boundary manifold

relative to Ω′ if either Σ = ∂Ω′ or all of the the following hold:

(a) Σ is relatively open in ∂Ω′,

(b) There exist open and bounded sets U1, · · · , UN ⊂ Rn with the following property:

(i) ΓΣ ⊂
⋃N
ℓ=1(Uℓ ∩ ∂Ω′),

(ii) for every ℓ ∈ {1, · · · , N}, there exist a bi-Lipschitz Ck-diffeomorphism

fℓ : (−1, 1)n−1 → Uℓ ∩ ∂Ω′, a number 0 < θ < 1, and a Lipschitz function

gℓ : (−1, 1)n−2 → (−θ, θ) such that

f−1
ℓ (Uℓ ∩ Σ) = {(x′′, xn−1) ∈ (−1, 1)n−1 : gℓ(x

′′) < xn−1},

f−1
ℓ (Uℓ ∩ ΓΣ) = {(x′′, gℓ(x′′)) : |x′′| < 1}(= graph(gℓ)),

f−1
ℓ (Uℓ ∩ (∂Ω′ \ Σ) = {(x′′, xn−1) ∈ (−1, 1)n−1 : |x′′| < 1, gℓ(x

′′) > xn−1}.

We say that Σ is a Ck-regular Lipschitz boundary manifold if there exists an open and

bounded set Ω′ ⊂ Rn with Ck-boundary such that Σ ⊂ ∂Ω′ is a Ck-regular Lipschitz

boundary manifold relative to Ω′. If the context is clear, we simply speak of boundary

manifolds.
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By their very definition, all C1-regular Lipschitz boundary manifolds are orientable.

In particular, non-orientable smooth manifolds with boundary such as the Möbius strip

are not boundary manifolds. On the other hand, spiral-type manifolds such as

Σ =
{
(

1

s+ 1
cos(s),

1

s+ 1
sin(s), t) : s > 0, 0 < t < 1

}
are equally seen to not qualify as boundary manifolds. However, they can be written as

countable union of boundary manifolds.

For future reference, mostly from Section 4 onwards, we now explain what we under-

stand by shrinking and enlarging boundary manifolds. In the setting considered here,

this requires two sorts of collar theorems (see Lee [53, Chapter 9] for more on this termi-

nology). The latter are linked to the Lipschitz deformability of Lipschitz domains (see

Ball and Zarnescu [6, §5], Chen et al. [18, §8], [19], Hofmann et al. [46]). The first

of these results will be applied to C1-regular Lipschitz boundary manifolds, and follows

from [53, Theorem 9.25]. Later on in §6, it helps us to formalize the following notion of

L 1-a.e. boundary manifold in the transversal direction:

Lemma 2.5 (Collar-type I). Let Ω′ ⊂ Rn be open and bounded with Lipschitz boundary

∂Ω′ (or of class Ck, k ∈ N). Then there exist both a neighborhood O of ∂Ω′ and a

bi-Lipschitz map Φ∂Ω′ : (−1, 1)× ∂Ω′ → O with the following properties:

(a) Φ∂Ω′(0, ∂Ω′) = ∂Ω′,

(b) Φ∂Ω′(t, ∂Ω′) ⊂ Ω′ for all 0 < t < 1,

(c) Φ∂Ω′(t, ∂Ω′) ⊂ Rn \ Ω′ for all −1 < t < 0, and

(d) Φ∂Ω′(t, ∂Ω′) is a Lipschitz manifold (or of class Ck) for each −1 < t < 1.

This lemma can be deduced from [6, 18, 46], and we briefly pause to discuss one

possible underlying construction. If the open and bounded set Ω′ has Lipschitz boundary

∂Ω′ oriented by the inner unit normal ν∂Ω′ , then [46, Proposition 2.3 and Eq. (2.23)ff.]

yields the existence of a globally transversal field X ∈ C∞(Rn;Rn) such that |X| = 1

on ∂Ω; this means that there exists κ > 0 such that ν∂Ω · X ≤ −κ H n−1-a.e. on

∂Ω. Thus, by continuity, 0 < ε ≤ |X| ≤ L < ∞ holds in an open neighborhood U

of ∂Ω. By normalization, we thus find h ∈ C∞(Rn;Rn) such that |h| = 1 in U and

ν∂Ω′ · h ≤ −κ̃ holds H n−1-a.e. on ∂Ω′ for some κ̃ > 0. Put Φ∂Ω′(t, x) := x − th(x).

In this situation, it is established in [46, Eq. (4.66)ff.] that there exists t0 ∈ (0, 1) such

that Φ∂Ω′ : (−t0, t0)×∂Ω′ → Rn is bi-Lipschitz onto its image. From here, the assertions

(a)–(c) follow. Moreover, [46, Proposition 4.19(i)] establishes that, for all −t0 < t < t0,

Φ∂Ω′({t} × ∂Ω′) arises as the boundary of a domain with Lipschitz boundary. This

yields (d) if ∂Ω′ is Lipschitz. If ∂Ω′ is of class Ck, then Φ∂Ω′({t} × ∂Ω′) still arises

as the boundary of a domain with Lipschitz boundary. Now, if −t0 < t < t0 and

y0 ∈ Φ∂Ω′({t} × ∂Ω′), we put x0 := Φ∂Ω′(t, ·)−1({y0}). Then there exists an isometric

coordinate system such that x0 is the origin and, in this new system, ∂Ω′ coincides with

the graph of a Ck-function f : Rn−1 → R close to the origin. In the new coordinate

system and expressing h accordingly, one then defines

F : (x′, s) 7→ (x′, f(x′))− sh(x′, f(x′)), (x′, s) ∈ Rn−1 × (−t0, t0).

As established in [46, Eq. (4.59)–(4.62)], a suitably small choice of t0 entails that

det(DF (0, 0)) ̸= 0; in fact, this is the easier case in [46] which does not require mol-

lification. By the inverse function theorem, F is locally invertible at x0 = (0, 0). Noting

that we may choose h to be of class C∞, this implies that its local inverse at zero is of

class Ck too. Thus, if |t| is sufficiently small, we find 0 < r, ε < 1 such that F maps

Zr,ε := B(n−1)
r (0) × (t − ε, t + ε) bijectively onto its image. But Wr,ε(y0) := F (Zr,ε) is

open, contains y0 = F (0, t) and satisfies F−1(Wr,ε(y0)∩Φ∂Ω′(t, ∂Ω′)) = B(n−1)
r (0)×{t}.

Since y0 was arbitrary, we conclude that Φ∂Ω′(t, ∂Ω′) is a Ck-manifold, and so (d) follows.

Based on Lemma 2.5, it is convenient to introduce the following notion:

Definition 2.6 (Transversal shifting). In the situation of Lemma 2.5, let Σ ⊂ Rn be a

C1-regular Lipschitz boundary manifold relative to Ω′. With Φ∂Ω′ as in Lemma 2.5, we
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define for −1 < t < 1 the transversally shifted manifold ΣΦ,t
Ω′ by

ΣΦ,t
Ω′ := Φ∂Ω′(t,Σ).(2.5)

For ∂Ω′ of class Ck and suitable choices of Φ∂Ω′ , Φ∂Ω′(t, ∂Ω′) can be shown to be the

boundary of a set with Ck-boundary, and the transversally shifted manifolds ΣΦ,t
Ω′ inherit

the property of being Ck-regular Lipschitz boundary manifolds (relative to Φ∂Ω′(t, ∂Ω′))

from that of Σ (relative to ∂Ω′).

For our future applications, it is sometimes necessary to employ a particular construc-

tion of the collar or deformation maps Φ∂Ω′ . The following refinement, discussed in parts

after Lemma 2.5, is due to Hofmann et al. [46, Proposition 4.19]; see also Ball & Zarnescu

[6, §5], Chen et al. [18, §8], Doktor [32] and Nečas [65] for related results.

Remark 2.7. If Ω′ ⊂ Rn is open and bounded with Lipschitz boundary, then, by [46,

Proposition 2.3] there exist both κ > 0 and a C1-vector field h : Rn → Rn such that

|h(x)| = 1 and h(x) · ν∂Ω′(x) ≤ −κ for H n−1-a.e. x ∈ ∂Ω′; recall that ν∂Ω′ is the inner

unit normal to ∂Ω′. Define Ω′
t := {x− th(x) : x ∈ Ω}. By [46, Prop. 4.19], there exists

t0 > 0 with the following properties:

(a) With Φ∂Ω′ : (−t0, t0)× ∂Ω′ → O ⊂ Rn given by Φ∂Ω′(t, x) := x− th(x), we have

|Φ∂Ω′(t, x)− x| → 0 as t↘ 0 uniformly in x ∈ ∂Ω′.(2.6)

(b) For each 0 < t < t0, Λt : ∂Ω ∋ x 7→ x − th(x) ∈ ∂Ωt is a bi-Lipschitz map, with

bi-Lipschitz constants being uniformly bounded in t.

(c) Coordinate representations. There exists a finite covering of ∂Ω′ by coordinate

cylinders Z which, for every 0 < t < t0, is also a covering of ∂Ω′
t by coordinate

cylinders. For each such cylinder, let ψZ , ψZ,t : UZ → R denote the Lipschitz

functions whose graphs parametrize (up to a rotation and a translation) Z ∩ ∂Ω
and Z ∩ ∂Ωt, respectively, where UZ ⊂ Rn−1 is open. Then ∥∇ψZ,t∥L∞(UZ) ≤
c∥∇ψZ∥L∞(UZ) for all 0 < t < t0 with a constant c > 0 independent of 0 < t < t0.

Moreover, we have

∇ψZ,t → ∇ψZ L n−1-a.e. in UZ

and, for every 1 ≤ q <∞, ∇ψZ,t → ∇ψZ strongly in Lq(UZ ;Rn−1).

(d) Approaching the boundary non-tangentially. There exists c > 0 such that

sup
x∈∂Ω′

|x− Λt(x)| ≤ ct for all 0 < t < t0.

(e) Convergence of the interior unit normals. Denoting by νt the interior unit normal

to ∂Ωt, there exists C > 0 such that

sup
x∈∂Ω′

|ν∂Ω′(x)− νt(Λt(x))| ≤ Ct for all 0 < t < t0.

Before we come to a collar-type theorem on manifolds, we record a result on the

Lebesgue points. The proof is the same as in [19, Lemma 2.1].

Lemma 2.8. Let Ω′ ⊂ R3 be open and bounded with Lipschitz boundary. Let F ∈
L1
loc(R3;R3). Then, for L 1-a.e. t ∈ (−1, 1), H 2-a.e. x0 ∈ Φ∂Ω′({t} × ∂Ω′) is a

Lebesgue point of F .

For future reference, we moreover record the following comparability result.

Lemma 2.9 (Geodesic/intrinsic versus extrinsic distances). Let Ω′ ⊂ Rn be an open and

bounded set with C1-boundary. Then the Euclidean distance and the geodesic distance on

∂Ω′ are mutually comparable. More precisely, setting

dg(x, y) := inf
{ˆ 1

0

|γ̇(t)|dt : γ : [0, 1] → ∂Ω′ is continuous and

piecewise C1 with γ(0) = x, γ(1) = y

}
, x, y ∈ ∂Ω′,

there exists a constant c > 1 such that

|x− y| ≤ dg(x, y) ≤ c|x− y| for all x, y ∈ ∂Ω′.
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Based on this lemma, we may in particular work with distances with respect to the

Euclidean or equivalently the intrinsic metric, but think of one choice as fixed throughout.

We now continue with the second type of collar theorems.

Lemma 2.10 (Collar-type II). Let Ω′ ⊂ Rn be open and bounded with boundary ∂Ω′ of

class C1, and let Σ ⊊ ∂Ω′ be a C1-regular Lipschitz boundary manifold relative to Ω′ and

with boundary ΓΣ. Then there exist both a relatively open neighborhood O of ΓΣ in ∂Ω′

and a bi-Lipschitz collar map ΨΣ : (−1, 1)× ΓΣ → O with the following properties:

(a) ΨΣ(0,ΓΣ) = ΓΣ,

(b) ΨΣ(t,ΓΣ) ⊂ int(Σ) for all 0 < t < 1,

(c) ΨΣ(t,ΓΣ) ⊂ ∂Ω′ \ Σ for all −1 < t < 0.

(d) ΨΣ(t,ΓΣ) is an (n− 2)-dimensional Lipschitz submanifold for each −1 < t < 1.

(e) If 0 < s < t < 1, then ΨΣ((0, s)× ΓΣ) ⊂ ΨΣ((0, t)× ΓΣ).

(f) There exists a constant θ ≥ 2 such that, for all 0 < s < t < 1,

t

θ
≤ dist(ΓΣ, x) ≤ θt for all x ∈ ΨΣ(t,ΓΣ),

t− s

θ
≤ dist(ΨΣ(s,ΓΣ), x) ≤ θ(t− s) for all x ∈ ΨΣ(t,ΓΣ),(2.7)

s

θ
≤ dist(ΓΣ, x) ≤ θt for all x ∈ ΨΣ((s, t),ΓΣ).

The proof of this lemma can be accomplished similarly as Lemma 2.5 by localization

and flattening. When there is no confusion about the particular manifold Σ and the

choice of ΨΣ, we simply write Ψ = ΨΣ.

Definition 2.11 (Tangential shrinking and enlarging). In the situation of Lemma 2.10,

define

Στ,tΩ′,ΨΣ
:=

{
Σ \ΨΣ((0, t]× ΓΣ)) for 0 < t < 1,

Σ ∪ΨΣ((t, 0]× ΓΣ) for −1 < t < 0,
(2.8)

and call Στ,tΩ′,ΨΣ
the tangentially shrunk manifold provided that 0 < t < 1, and the

tangentially enlarged manifold provided that −1 < t < 0. If the map ΨΣ is clear from

the context, we write Στ,tΩ′ for the sets from (2.8).

In the setting of the preceding definition, the tangentially shrunk or enlarged manifolds

are C1-regular Lipschitz boundary manifolds relative to Ω′ too. For notational brevity

and thinking of ΨΣ being fixed, we moreover put

ΓtΣ := ΨΣ(t,ΓΣ) for |t| < 1.(2.9)

With this convention, we define for − 1
2 < t < 1

2 and 0 < ε < 1
2

(ΓΣ)t,ε =
⋃

t−ε<s<t+ε
ΓsΣ, (ΓΣ)

+
t,ε =

⋃
t<s<t+ε

ΓsΣ, (ΓΣ)
−
t,ε =

⋃
t−ε<s<t

ΓsΣ.(2.10)

Based on our choice of t and ε, we always have −1 < t− ε < t+ ε < 1, so that the sets

from (2.10) are well-defined indeed.

2.4. Function spaces. We now collect the definitions and background results for func-

tion spaces as used in the main part of the paper. Here we focus on the spaces which

appear most frequently; in particular, we postpone the definition and properties of func-

tion spaces on manifolds to Appendix A, as they only enter selected sections.

2.4.1. Lipschitz and C1-spaces. In the main part, we are frequently concerned with ex-

tending maps from boundaries of sets to the interior. To state the first lemma, we note

that C1(∂Ω′) for an open and bounded set Ω′ with C1-boundary is defined as usual by

means of localization.

Lemma 2.12. Let Ω′ ⊂ Rn be open and bounded with C1-boundary.

(a) If f ∈ C1(∂Ω′), then, for each 0 < δ < 1, there exists fδ ∈ C1(Ω′) such that

(i) fδ|∂Ω′ = f ,
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(ii) fδ(x) = 0 whenever x ∈ Ω′ satisfies dist(x, ∂Ω′) > δ,

(iii) there exist both a constant c > 0 independent of f and 0 < δ < 1 so that

∥∇fδ∥L∞(Ω′) ≤ c
(
∥∇τf∥L∞(∂Ω′) +

1

δ
∥f∥L∞(∂Ω′)

)
in Ω′.

(b) If f ∈ Lip(∂Ω′), then there exists g ∈ Lipc(Rn) such that

(i) g|∂Ω′ = f ,

(ii) g|Rn\Ω′ ∈ C1
b(Rn \ Ω′) and g|Ω′ ∈ C1

b(Ω
′),

(iii) if ρδ is the δ-rescaled version of a standard mollifier, then there exists a

sequence (δj) ⊂ (0, 1) such that δj ↘ 0 and

∇τ (ρδj ∗ g) → ∇τf H n−1-a.e. on ∂Ω′ as j → ∞.

We note that (a) cannot be improved to g ∈ C1
c(Rn) in general. It is difficult to

trace the precise statement of Lemma 2.12 back to a specific reference, which is why a

self-contained proof is included in Appendix B for the reader’s convenience.

2.4.2. Extended divergence-measure fields. Let Ω ⊂ R3 be open. If F ∈ CM∞(Ω), then

div(curlF ) = 0 in D ′(Ω). Hence, curlF can be regarded as an extended divergence-

measure field in the terminology of [20]:

Definition 2.13 (Extended divergence-measure fields). Let Ω ⊂ Rn be open and bounded.

An extended divergence-measure field F ∈ DM ext(Ω) is a vector field F ∈ RMfin(Ω;Rn)
such that divF ∈ RMfin(Ω).

For our further purpose, we now document the process of assigning distributional

normal traces to extended divergence-measure fields and record some of their basic prop-

erties.

Definition 2.14 (Normal traces). Let Ω ⊂ Rn be open and bounded, F ∈ DM ext(Ω),

and let E ⋐ Ω be a Borel set. We then define the normal trace of F on ∂E by

⟨F · ν, φ⟩∂E := −
ˆ
E

∇φ · dF −
ˆ
E

φ d(divF ), φ ∈ C1
c(Ω).(2.11)

The preceding definition appears e.g. in [20, 24, 72]. We will require a generalization of

(2.11) to Lipschitz maps φ ∈ Lipc(Ω). This requires the measure ∇φ · F which, following

[72, 24], can be introduced as the unique signed Radon measure on Ω which satisfiesˆ
Ω

ψ d∇φ · F = lim
δ↘0

ˆ
Ω

ψ∇(ρδ ∗ φ) · dF for all ψ ∈ Cc(Ω).(2.12)

This pairing is instrumental in generalizing identity (2.11) to Lipschitz competitors:

Lemma 2.15 ([24, Corollary 2.9]). In the situation of Definition 2.13, the normal trace

functional (2.11) extends to a bounded linear functional on Lip(Ω) by setting

⟨F · ν, φ⟩∂E := −
ˆ
E

d∇φ · F −
ˆ
E

φ d(div(F )) for any φ ∈ Lip(Ω).(2.13)

The aforementioned references directly deal with Borel sets E, whereas we largely deal

with much more regular sets in the main part. We then only require an easier version:

Lemma 2.16. Let Ω ⊂ Rn be open and bounded, and let Ω′ ⋐ Ω be open. Moreover,

let F ∈ DM ext(Ω) and φ ∈ Lipc(Ω) be such that φ|Ω′ ∈ C1
b(Ω

′). Then ∇φ · F (Ω′) =

(∇φ · F )(Ω′) so that

⟨F · ν, φ⟩∂Ω′ = −
ˆ
Ω′

∇φ · dF −
ˆ
Ω′
φ d(divF ).(2.14)

Proof. Let (ψj) ⊂ C1
c(Ω

′; [0, 1]) be such that ψj → 1 pointwise in Ω′ as j → ∞. Since

∇φ · F is a signed measure, we obtain by dominated convergence in the first step:

∇φ · F (Ω′) = lim
j→∞

ˆ
Ω

ψj d∇φ · F (2.12)
= lim

j→∞
lim
i→∞

ˆ
Ω′
ψj∇(ρδi ∗ φ) · dF
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= lim
j→∞

lim
i→∞

ˆ
Ω′
ψj(ρδi ∗ ∇φ) · dF

(∗)
= lim

j→∞

ˆ
Ω′
ψj∇φ · dF (∗∗)

=

ˆ
Ω′

∇φ · dF .

Here we used at (∗) that ∇φ|Ω′ ∈ Cb(Ω
′;Rn) by (a), whereby ρδi ∗∇φ→ ∇φ everywhere

in Ω′ as i → ∞. In particular, for every j ∈ N, |ψj(ρδi ∗ ∇φ)| ≤ ∥∇φ∥L∞(Ω) and

ψj(ρδi ∗ ∇φ) → ψ∇φ everywhere in Ω′. Since ψj∇φ ∈ Cc(Ω
′;R3), the integral of ψj∇φ

with respect to the vectorial measure F is well-defined, and so (∗) follows by dominated

convergence. As to (∗∗), it suffices to realize that ψj∇φ → ∇φ everywhere in Ω′ as

j → ∞, whereby |ψj∇φ| ≤ |∇φ| yields (∗∗) again by dominated convergence. Now

(2.14) follows from (2.13), and the proof is complete. □

Moreover, we require the following two results on the local nature of the normal traces:

Lemma 2.17 (Locality, [24, Theorem 2.15]). Let Ω ⊂ Rn be open, and let E ⋐ Ω be

open. If φ ∈ Lipc(Ω) vanishes on ∂E, then ⟨F · ν, φ⟩∂E = 0.

Lemma 2.18 (Localisability of the normal trace, [24, Theorem 5.3]). Let Ω ⊂ Rn be

open, F ∈ DM ext(Ω), and let U, V ⋐ Ω. If A ⊂ Rn is open such that A ∩ U = A ∩ V ,

then

⟨F · ν, φ⟩∂U = ⟨F · ν, φ⟩∂V for all φ ∈ W1,∞
c (A).

Moreover, abbreviating d := dist(·, ∂U) and Uε := {x ∈ U : d(x) > ε}, the condition

lim inf
ε↘0

1

ε
|∇d · F |(U \ Uε) <∞(2.15)

implies that ⟨F · ν, ·⟩∂U can be represented by a Radon measure on ∂U and so can be

localized in the above sense.

Definition 2.19 (Intrinsic normal traces). Let Ω ⊂ Rn be open, and let U ⋐ Ω be an

open subset. For an extended divergence measure field F ∈ DM ext(Ω), define

NF ·ν,U (φ) := ⟨F · ν, φ⟩∂U for any φ ∈ Lip(∂U),(2.16)

where φ ∈ Lipc(Ω) satisfies φ|∂U = φ.

The functional (2.16) is well-defined, meaning that it does not depend on the specific

Lipschitz extension φ. Moreover, since U ⋐ Ω is open in the situation of the previous

definition, we conclude in view of (2.11) that we might specify to φ ∈ Lip(U) with

φ|∂U = φ; in (2.11), only the values of φ inside U matter. This observation implies:

Remark 2.20 (Open sets U with C1-boundaries). If, in the situation of Definition 2.19,

U ⋐ Ω is open with C1-boundary ∂U , then there is no need to invoke the extended pairing

(2.12). Namely, in this case, we may apply Lemma 2.12(b)(i)–(ii) to extend φ ∈ Lip(∂Ω)

to a function φ ∈ (Lip ∩ C1
b)(U); note that we do not claim φ ∈ C1(U) here. Since the

right-hand side of (2.16) is independent of the specific choice of the particular Lipschitz

extension, we may directly work with φ. For this choice, we see that ∇φ ∈ Cb(U ;Rn)
and

NF ·ν,U (φ) = −
ˆ
U

∇φ · dF −
ˆ
U

φ d(divF ).(2.17)

In particular, note that the first integral on the right-hand side of (2.17) is well-defined as

the integral of a bounded continuous function with respect to the finite Radon measure

F . While this will be the generic scenario from §5 onwards, this simple description only

works due to the openness and regularity assumption on U and ∂U , respectively.

2.5. Level set estimates. In the main part, we require estimates on the (n − 1)-

dimensional Hausdorff measure of the level sets of distance functions. The following

result is a special case of a more general assertion for asymmetric norms due to Cara-

ballo [17]; see also Kraft [49] for related estimates.
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Lemma 2.21 (H n−1-measure of level sets, [17, Theorem 6]). For every n ≥ 2, there

exists a constant c = c(n) > 0 with the following property: Let C ⊂ Rn be non-empty

and compact with H n−1(C) < ∞, and put d(x) := dist(x,C). Moreover, suppose that

there exist δ, θ > 0 such that

H n−1(C ∩ Bγ(x))

γn−1
≥ θ for all 0 < γ ≤ δ and all x ∈ C.(2.18)

Then

H n−1(d−1({r})) ≤ c

θ
sup

{
1,
(r
δ

)n−1}
H n−1(C) for L 1-a.e. 0 < r <∞.(2.19)

We note that, if Ω ⊂ Rn is open and bounded with Lipschitz boundary, then (2.18) is

automatically fulfilled for C = ∂Ω and suitable choices of δ, θ > 0.

3. The Trace Theorem for CM p-Fields

In this section, we introduce (distributional) tangential traces of C M p-fields. In §3.1,
we are concerned with elementary properties and various examples in the full exponent

regime 1 ≤ p ≤ ∞, which will be continued throughout the paper. In §3.2, we are

especially concerned with the case p = ∞, where stronger results are available and which

will be the basis for the results in §5–§6.

3.1. The tangential trace functional. We directly give the definition of the tangential

trace functional by duality.

Definition 3.1 (Tangential trace). Let Ω ⊂ R3 be open, let F ∈ CM p(Ω) for 1 ≤ p ≤ ∞,

and let U ⋐ Ω be open and bounded. Define the interior and exterior tangential traces of

F on ∂U as R3-valued distributions (F × ν)intU ∈ D ′(Ω;R3) and (F × ν)extU ∈ D ′(Ω;R3)

in Ω by

⟨(F × ν)intU , φ⟩∂U :=

ˆ
U

φ d(curlF )−
ˆ
U

F ×∇φ dx,

⟨(F × ν)extU , φ⟩∂U := −
ˆ
Ω\U

φ d(curlF ) +

ˆ
Ω\U

F ×∇φ dx
(3.1)

for any φ ∈ C∞
c (Ω).

For a C1-map F , the identities in (3.1) hold per definition, provided that we interpret

the pairings on the left-hand side of (3.1) as integrals of (F × ν∂U )φ with respect to H 2

on ∂U ; see formula (D.2) in Appendix D for more detail. Next, based on the convention

of Definition 3.1, we see that

⟨(F × ν)extU , φ⟩∂U = −⟨(F × ν)int
Ω\U , φ⟩∂(Ω\U) for all φ ∈ C∞

c (Ω).(3.2)

Now let 1 ≤ p ≤ ∞. In the situation of Definition 3.1, the estimate

|⟨(F × ν)intU , φ⟩∂U | ≤ ∥φ∥L∞(U)|curlF |(U) + ∥∇φ∥Lp′ (U)∥F ∥Lp(U)(3.3)

for φ ∈ C∞
c (Ω) entails that ⟨(F × ν)intU , · ⟩∂U is a well-defined R3-valued distribution

⟨(F × ν)intU , · ⟩∂U = ⟨((F × ν)intU,i)1≤i≤3, · ⟩∂U ∈ Lipc(Ω;R3)′.(3.4)

In a routine manner, we may therefore introduce for φ = (φ1, φ2, φ3) ∈ C∞
c (Ω;R3)

⟨(F × ν)intU ,φ⟩∂U :=
∑

1≤i≤3

⟨(F × ν)intU,i, φi⟩∂U

=

ˆ
U

φ · d(curlF )−
ˆ
U

F · curlφdx,

(3.5)

and the equivalence of (3.1) and (3.5) is directly seen by use of (3.4); see also formula

(D.4) in Appendix D. Since we consistently denote vector fields with bold letters, there

will be no confusion about the meaning of ⟨(F ×ν)intU , φ⟩∂U and ⟨(F ×ν)intU ,φ⟩∂U . Lastly,
(3.3)–(3.5) hold true for ⟨(F × ν)extU , · ⟩∂U with the obvious modifications. We now have
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Theorem 3.2 (Distributional Tangential Traces). In the situation of Definition 3.1, let

U ⋐ Ω be open and bounded. Then the following hold:

(a) C∞
c (Ω) ∋ φ 7→ ⟨(F × ν)intU , φ⟩∂U is an R3-valued distribution supported on ∂U

of order at most one.

(b) C∞
c (Ω;R3) ∋ φ 7→ ⟨(F × ν)intU ,φ⟩∂Ω′ is a distribution supported on ∂U of order

at most one.

With the obvious modifications, the analogous assertions hold true for ⟨(F × ν)extU , ·⟩∂U .

For the proof of Theorem 3.2 and subsequent results, we require a smooth approxima-

tion result. It can be established along the same lines as [35, §5.2.2, Thm. 2], or directly

retrieved from [8, Thm. 2.8] by setting A = curl .

Lemma 3.3. Let Ω ⊂ R3 be open and bounded, and let F ∈ C M p(Ω) for 1 ≤ p ≤ ∞.

Then there exist sequences (Fj) ⊂ C∞
c (Ω;R3) and (F̃j) ⊂ C M p(Ω) ∩ C∞(Ω;R3) such

that the following hold:

(a) If 1 ≤ p < ∞, then Fj → F strongly in Lp(Ω;R3) and (curlFj)L 3 ∗
⇀ curlF in

RMfin(Ω;R3). Moreover, F̃j → F C M p-strictly, meaning that

dps(F̃j ,F ) := ∥F̃j − F ∥Lp(Ω) +
∣∣|curl F̃j |(Ω)− |curlF |(Ω)

∣∣ j→∞−→ 0.

(b) If p = ∞, then Fj
∗
⇀ F in the weak*-sense on C M∞(Ω), meaning that

Fj
∗
⇀ F in L∞(Ω;R3), (curlFj)L

3 ∗
⇀ curlF in RMfin(Ω;R3).

Moreover, Fj → F strongly in Lqloc(Ω;R3) for any 1 ≤ q <∞.

In both cases, Fj(x), F̃j(x) → F ∗(x) for every Lebesgue point x of F .

Proof of Theorem 3.2. We divide the proof into two steps correspondingly:

For (a), let W ⋐ Ω be open with W ∩ ∂U = ∅, and let φ ∈ D(Ω) be such that

spt(φ) ⊂ W . Since dist(spt(φ), ∂W ) > 0, there exists an open set W ′ with smooth

boundary such that spt(φ) ⋐ W ′ ⋐ W , |curlF |(∂(U ∩ W ′)) = 0, and ∂(U ∩ W ′) is

smooth.

By Lemma 3.3, we may choose a sequence (Fj) ⊂ D(Ω;R3) such that Fj → F strongly

in L1
loc(Ω;R3) and (curlFj)L 3 ∗

⇀ curlF locally in RM(Ω;R3). By the properties of W ′,

we see that (curlFj)L 3 (U ∩W ′)
∗
⇀ curlF (U ∩W ′) in RMfin(U ∩W ′). Sinceˆ

U

curl (φG) dx =

ˆ
U∩W ′

curl (φG) dx =

ˆ
∂(U∩W ′)

φG× ν∂(U∩W ′) dH 2 = 0(3.6)

for all G ∈ C1(Ω;R3) (see (D.1) in Appendix D), it follows that

0
(3.6)
= lim

j→∞

ˆ
U

curl (φFj) dx

= lim
j→∞

(ˆ
U∩W ′

φ curlFj dx−
ˆ
U∩W ′

Fj ×∇φ dx
)

=

ˆ
U∩W ′

φ d(curlF )−
ˆ
U∩W ′

F ×∇φ dx = ⟨(F × ν)intU , φ⟩∂U .

By arbitrariness of the open setW ⋐ Ω withW∩∂U = ∅ and φ ∈ D(Ω) with spt(φ) ⊂W ,

this yields the assertion on the support. Since the statement on the order of ⟨(F ×
ν)intU , ·⟩∂U being at most one is a direct consequence of (3.3), this implies (a). For (b),

this assertion directly follows from (a) as in the smooth case; see also (D.4) in Appendix

D. This completes the proof. □

Remark 3.4. In view of the methods employed for the closely related divergence-

measure fields (see [18, 20, 25, 71]), one can also establish product rule-type theorems

for φF , e.g. where F ∈ C M∞(Ω) and φ ∈ (BV∩L∞)(Ω). To keep our exposition

at a reasonable length and since we do not need this in the sequel, we will defer such

results to future work. Moreover, since we are mostly concerned with subsets U ⊂ Ω
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with Lipschitz, C1- or C2-boundary, this also applies to potentially more irregular sets

U .

We next illustrate the preceding theorem with several examples. Specifically, Examples

3.5–3.7 deal with the cases for 1 ≤ p < ∞, and display different phenomena in various

exponent regimes. As a key point, if 1 ≤ p < ∞, the tangential traces from Definition

3.1 can merely be distributions that cannot be represented by L1
loc-fields. This differs

from p = ∞, which is the subject of Example 3.8 and the following Subsection 3.2.

Example 3.5 (Exponents 1 ≤ p < 3
2 ). Let Ω = B2(0) and U := B+

1 (0) := {(x′, x3) ∈
B1(0) : x3 > 0}, where we abbreviate x′ = (x1, x2) as usual. We consider the vector

field

F (x) = − 1

4π

x

|x|3
for x ∈ Ω,(3.7)

so that F ∈ Lp(Ω;R3) for any 1 ≤ p < 3
2 . Since F = ∇Φ with the fundamental solution

Φ of the negative Laplacian (−∆), it follows that curlF = 0 in Ω. Hence, F ∈ C M p(Ω)

for all 1 ≤ p < 3
2 . We now claim that, for all φ ∈ D(Ω), there holds

⟨(F × ν)intU , φ⟩∂U = − 1

4π
P.V.

ˆ
B

(2)
1 (0)×{0}

(Qx′, 0)

|x′|3
φ(x′, 0) dH 2(x′),

:= − lim
ε↘0

1

4π

ˆ
(B

(2)
1 (0)\B(2)

ε (0))×{0}

(Qx′, 0)

|x′|3
φ(x′, 0) dH 2(x′),

(3.8)

where Qx′ := Q(x1, x2) = (x2,−x1). To see (3.8), let φ ∈ D(Ω) be arbitrary. For

0 < ε < 1
2 , because of curlF = 0, we have

⟨(F × ν)intU , φ⟩∂U = − 1

4π

ˆ
U\Bε(0)

∇φ(x)× x

|x|3
dx− 1

4π

ˆ
U∩Bε(0)

∇φ(x)× x

|x|3
dx︸ ︷︷ ︸

→0 as ε↘0

ε↘0−→ − 1

4π
lim
ε↘0

ˆ
(B

(2)
1 (0)×{0})\Bε(0)

φ(x′, 0)
(Qx′, 0)

|x′|3
dH 2(x′),

where the last line is a consequence of the integration-by-parts formula for the curl (see

formula (D.2) in Appendix D), andˆ
∂U∩{x3>0}

φ(x)
x× x

|x|4
dH 2(x) =

ˆ
∂Bε(0)∩U

φ(x)
x× x

|x|4
dH 2(x) = 0.

Thus, (3.8) follows. Moreover, x′ 7→ Qx′/|x′|3 does not belong to L1
loc(∂U∩{x3 = 0};R3)

and so cannot represent the density of a Radon measure which is absolutely continuous

with respect to H 2 on ∂U . Note that

|F (x)× ν(x)| =
∣∣∣ 1

4π

(−x2, x1, 0)
|x|3

∣∣∣ = 1

4π

1

|x̃|2
, x̃ := (x1, x2) ̸= (0, 0),

and the singularity is non-integrable close to zero in two dimensions. In particular, we

deduce that ⟨(F × ν)intU , ·⟩∂U does not give rise to a distribution of order zero.

Example 3.6 (Exponents 1 ≤ p < 2). Define a vector field F : R3 \ {0} → R3 by

F (x1, x2, x3) :=
1

2π

(
− x2
x21 + x22

,
x1

x21 + x22
, x3

)
, x = (x1, x2, x3) ̸= 0.(3.9)

We claim that

curlF = e3H
1 Re3 ∈ RM(R3;R3) in D ′(R3;R3).(3.10)

To see (3.10), let φ = (φ1, φ2, φ3) ∈ D ′(R3;R3). We record thatˆ
R3

F · curlφdx =
1

2π

ˆ ∞

−∞

ˆ
R2

( −x2
x21 + x22

)(
∂2φ3(x)− ∂3φ2(x)

)
d(x1, x2) dx3

+
1

2π

ˆ ∞

−∞

ˆ
R2

( x1
x21 + x22

)(
∂3φ1(x)− ∂1φ3(x)

)
d(x1, x2) dx3
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= − 1

2π

ˆ ∞

−∞

ˆ
R2

( x2
x21 + x22

∂2φ3(x) +
x1

x21 + x22
∂1φ3(x)

)
d(x1, x2) dx3

=: − 1

2π

ˆ ∞

−∞
I(x3) dx3,

where we used that several integrals vanish due to an integration by parts. We abbreviate

B′
ε := B(2)

ε (0) and compute for ε > 0 and any x3 ∈ R:

I(x3) =
(ˆ

B′
ε

+

ˆ
R2\B′

ε

) x1
x21 + x22

∂1φ3(x) +
x2

x21 + x22
∂2φ3(x) d(x1, x2) =: II(1)ε + II(2)ε .

Writing x′ = (x1, x2), we then have

|II(1)ε | ≤ c∥∇φ∥L∞(R3)

ˆ
B′

ε

dx′

|x′|
≤ c∥∇φ∥L∞(R3) ε→ 0 as ε↘ 0.(3.11)

Integrating by parts yields

II(2)ε = −
ˆ
∂B′

ε

φ3(x
′, x)

|x′|
dH 1(x′) = −2π

 
∂B′

ε

φ3(x
′, x3) dx

′ → −2πφ3(0, x3)(3.12)

as ε↘ 0. By dominated convergence, a combination of (3.11)–(3.12) yieldsˆ
R3

(curlF ) ·φdx
(D.3)
=

ˆ
R3

F · curlφdx =

ˆ ∞

−∞
φ3(0, x3) dx3 = ⟨e3H 1 Re3,φ⟩,

and this completes the proof of (3.10). Considering F given by (3.9) on Ω := B
(2)
2 (0)×

(−2, 2) and setting Ω′ := B
(2)
1 (0)× (0, 1), we obtain that, for any φ ∈ C1

c(Ω;R3),

⟨(F × ν)intΩ′ ,φ⟩∂Ω′ =
1

2π

ˆ
∂Ω′

G(x) ·φ(x) dH 2(x),

where

G(x) = 1
B

(2)
1 (0)×{0}(x)

(x′, 0)

|(x′, 0)|2
− 1

B
(2)
1 (0)×{1}(x)

(x′, 0)

|(x′, 0)|2
+H(x),

and H : ∂B
(2)
1 (0)× (0, 1) → R3 is smooth. Hence, the tangential trace can be represented

by an Lq(∂Ω′;R3)-map for 1 ≤ q < 2. If we let Ω′ = {(x1, x2, x3) : (x1, x3) ∈ B
(2)
1 (0), 0 <

x2 < 1} instead, an argument as in Example 3.5 shows that the distributional tangential

trace cannot be represented by an L1
loc-field. Yet, F ∈ CM p(Ω) for all 1 ≤ p < 2.

Example 3.7 (1 < p <∞). Let Ω ⊂ R3 be open and bounded, and let Ω′ ⋐ Ω be open

and bounded with Lipschitz boundary. The space Wcurl,p(Ω′) as defined in (1.2)2 admits

a bounded, linear, and surjective tangential trace operator trpτ : Wcurl ,p(Ω′) → X p
∂Ω′ ; see

also Appendix C. For F ∈ Wcurl ,p(Ω), we then have

⟨(F × ν)intΩ′ ,φ⟩∂Ω′ = ⟨trpτ (F |Ω′),φ⟩ for any φ ∈ C1
c(Ω;R3).

Since X p
∂Ω′ ̸⊂ L1

loc(∂Ω
′;R3), the results from Examples 3.5–3.6 cannot be improved to

tangential traces in L1
loc even if 2 < p <∞.

Example 3.8 (p = ∞). Assume that vector fields u,v ∈ (BV∩L∞)(B2(0);R3). For

x = (x1, x2, x3) ∈ B2(0), consider

F (x) :=

{
u(x) if x ∈ B+

2 (0) := {x ∈ B2(0) : x3 > 0},
v(x) if x ∈ B−

2 (0) := {x ∈ B2(0) : x3 < 0}.

Denote by tr+, tr− the classical BV-trace operators on ∂B+
2 (0) or ∂B−

2 (0). Based on

formula (D.2) in Appendix D, we have

curlF =curlu B+
2 (0) + curlv B−

2 (0)

+ (tr−(v2)− tr+(u2), tr
+(u1)− tr−(v1), 0)H

2 (B
(2)
2 (0)× {0})

(3.13)

as an identity in D ′(B2(0);R3). Let Ω′ := B+
1 (0). Definition 3.1 implies that ⟨(F ×

ν)intΩ′ , ·⟩∂Ω′ can be represented by the L1-function tr+(u) × ν∂B+
2 (0). On the other hand,
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with t̃r : BV(B+
2 (0)\B

+
1 (0);R3) → L1(∂(B+

2 (0)\B
+
1 (0));R3) denoting the usual boundary

trace operator on BV, ⟨(F × ν)extΩ′ , ·⟩∂Ω′ can be represented as

(tr−(v)× e3)|∂B+
1 (0)∩{x3=0} − t̃r(u)× x

|x|

∣∣∣∣
(∂B+

1 (0))∩{x3>0}
along ∂B+

2 (0).

These results persist for u,v ∈ BV(B2(0);R3), but this is only due to the fact that the

full traces of BV-maps belong to L1 along the respective boundaries in this case.

3.2. The trace theorem for C M∞-fields. Throughout this subsection, let Ω ⊂ R3

be open and bounded, and let Ω′ ⋐ Ω be open with Lipschitz boundary. In §3.1, we
have seen that the distributional tangential traces cannot, in general, be represented by

measures supported on ∂Ω′ provided that 1 ≤ p < ∞; see Examples 3.5–3.7. We now

establish that, if p = ∞, such a singular behaviour of the tangential traces cannot occur.

In particular, the tangential traces of C M∞-fields along ∂Ω′ can always be represented

by L∞(∂Ω′;T∂Ω′)-fields:

Theorem 3.9 (Tangential Traces for C M∞-Fields). Let Ω ⊂ R3 be open and bounded,

and let Ω′ ⋐ Ω be open with Lipschitz boundary. If F ∈ CM∞(Ω), then the following

hold:

(a) Representation as L∞-functions: The interior and exterior tangential traces from

Definition 3.1 can be represented as R3-valued L∞-functions on ∂Ω′. That is,

there exist (F × ν∂Ω′)int∂Ω′ , (F × ν∂Ω′)ext∂Ω′ ∈ L∞(∂Ω′;R3) such thatˆ
∂Ω′

φ(F × ν∂Ω′)int∂Ω′ dH 2 = ⟨(F × ν)intΩ′ , φ⟩∂Ω′ ,

ˆ
∂Ω′

φ(F × ν∂Ω′)ext∂Ω′ dH 2 = ⟨(F × ν)extΩ′ , φ⟩∂Ω′

(3.14)

hold for every φ ∈ C1
c(Ω).

(b) Tangential character: For H 2-a.e. x ∈ ∂Ω′, then

(F × ν∂Ω′)int∂Ω′(x) ∈ T∂Ω′(x) and (F × ν∂Ω′)ext∂Ω′(x) ∈ T∂Ω′(x).

(c) Vectorial version of (3.14): If φ ∈ C1
c(Ω;R3), thenˆ

∂Ω′
(F × ν∂Ω′)int∂Ω′ ·φ dH 2 =

ˆ
Ω′
φ · d(curlF )−

ˆ
Ω′
(curlφ) · F dx

ˆ
∂Ω′

(F × ν∂Ω′)ext∂Ω′ ·φ dH 2 = −
ˆ
Ω\Ω′

φ · d(curlF ) +

ˆ
Ω\Ω′

(curlφ) · F dx.
(3.15)

We wish to point out that, compared with analogous results for divergence measure

fields (e.g. [19]), the previous theorem departs at (b). This is, in fact, a crucial property

which we will frequently use in §5–§6, and which does not have an analogue in the theory

of DM∞-fields; for the latter, the normal traces are scalar-valued throughout.

Proof of Theorem 3.9. We focus our proof on the case of interior traces, since it is anal-

ogous to the case of exterior traces.

For (a), our reasoning is inspired by that in Chen-Frid [19]. Since we require the

detailed proof for (b) and (c), we carry out the full argument. Let Φ∂Ω′ : [0, 1)× ∂Ω′ →
O ⋐ Ω be the collar map from Lemma 2.5, where we may assume that it satisfies the

properties listed in Remark 2.7. We put

(Ω′)Φ,t := Ω′ \ Φ∂Ω′([0, t]× ∂Ω′) for 0 < t < 1.

Given F ∈ C M∞(Ω), we choose a sequence (Fj) ⊂ D(Ω;R3) as in Lemma 3.3(b). By

formula (D.2) in Appendix D,ˆ
∂(Ω′)Φ,t

φ(Fj × ν∂(Ω′)Φ,t) dH 2 =

ˆ
(Ω′)Φ,t

φ curlFj dx−
ˆ
(Ω′)Φ,t

Fj ×∇φ dx(3.16)

holds for all j ∈ N, all 0 < t < 1, and any φ ∈ C∞
c (Ω). By Lemma 2.8 in conjunction with

Lemma 3.3, there exists a set I1 ⊂ (0, 1) with L 1((0, 1) \ I1) = 0 such that, for every t ∈
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I1, Fj → F ∗ pointwise H 2-a.e. on ∂(Ω′)Φ,t together with ∥F ∗∥L∞(∂(Ω′)Φ,t) ≤ ∥F ∥L∞(Ω)

for all t ∈ I1. This yields the convergence of the first term in (3.16). On the other hand,

there exists a set I2 ⊂ (0, 1) with L 1((0, 1) \ I2) = 0 such that |curlF |(∂(Ω′)Φ,t) = 0 for

all t ∈ I2. Hence, for each t ∈ I2, the second term in (3.16) converges to the integral of

φ over (Ω′)Φ,t with respect to the R3-valued measure curlF . Since Fj → F strongly in

L1
loc(Ω;R3), we may send j → ∞ in (3.16) to obtainˆ

∂(Ω′)Φ,t

φ(F ∗ × ν∂(Ω′)Φ,t) dH 2 =

ˆ
(Ω′)Φ,t

φ d(curlF )−
ˆ
(Ω′)Φ,t

F ×∇φ dx(3.17)

whenever t ∈ I := I1 ∩ I2. Since curlF is a finite Radon measure and 1(Ω′)Φ,tφ→ 1Ω′φ

pointwise everywhere in Ω′ as t ↘ 0, Lebesgue’s theorem on dominated convergence

applied to the single components yields that the right-hand side of (3.17) converges to

the right-hand side of (3.14)1 as t↘ 0 with t ∈ I. Now, for t ∈ I, we define the measure

µt on B(∂Ω′) via push-forward by

µt := Φ∂Ω′(t, ·)−1
#

(
(F ∗ × ν∂(Ω′)Φ,t)H 2 ∂(Ω′)Φ,t

)
.(3.18)

By Lemma 2.5 and because of F ∈ L∞(Ω;R3), we see that sup0<t< 1
2
|µt|(∂Ω′) < ∞.

By the Banach-Alaoglu-Bourbaki theorem, for any sequence (ti) ⊂ I with ti ↘ 0, there

exist both a subsequence t = (tik) ⊂ (ti) and µ
t ∈ RMfin(∂Ω

′;R3) such that µtik
∗
⇀ µt

in RMfin(∂Ω
′;R3) as k → ∞. By the convergences established after (3.17), we have

⟨(F × ν)intΩ′ , φ⟩∂Ω′

(3.19)

= lim
k→∞

ˆ
∂(Ω′)

Φ,tik

(φ− φ ◦ Φ∂Ω′(tik , ·)−1)(F ∗ × ν
∂(Ω′)

Φ,tik
) dH 2 + lim

k→∞

ˆ
∂Ω′

φ dµtik

=: I1 + I2
(∗)
= I2 =

ˆ
∂Ω′

φ dµt.

For (∗), note that I1 = 0, which can be seen by |F ∗ × ν∂(Ω′)Φ,t(x)| ≤ ∥F ∥L∞(Ω) for H 2-

a.e. x ∈ ∂(Ω′)Φ,t, (2.6), and Lebesgue’s theorem on dominated convergence. Since the

restrictions of C∞
c (Ω)-functions to ∂Ω′ are dense in (C(∂Ω′), ∥ · ∥C(∂Ω′)), (3.19) implies

that µ := µt is independent of t and µt
∗
⇀ µ in RM(∂Ω′;R3) as t↘ 0 with t ∈ I.

Now let A ⊂ ∂Ω′ be compact with H 2(A) = 0. For ε > 0, we find a finite covering

(Bi)
i0
i=1 by non-degenerate open balls such that A ⊂

⋃i0
i=1 Bi and

∑i0
i=1 r(Bi)

2 < ε. Let

φ ∈ C(∂Ω′; [−1, 1]). Recalling that |F ∗| ≤ ∥F ∥L∞(Ω) on ∂(Ω
′)Φ,t for t ∈ I, we have∣∣∣∣ˆ

A

φ dµ

∣∣∣∣ (3.19)

≤ lim
t↘0
t∈I

ˆ
Φ∂Ω′ (t,∂Ω′∩

⋃i0
i=1 Bi)

|F ∗ × ν∂(Ω′)Φ,t | dH 2

≤ ∥F ∗∥L∞(Ω) sup
0<t< 1

2

H 2(Φ∂Ω′(t, ∂Ω′ ∩
i0⋃
i=1

Bi))

≤ c∥F ∗∥L∞(Ω)

(
sup

0<t< 1
2

Lip(Φ∂Ω′(t, ·))
)
ε.

We then pass to the supremum over all such φ. As a consequence of Lemma 2.5, the

Lipschitz constants of Φ∂Ω′(t, ·) are bounded in 0 < t < 1
2 . Writing µ = (µ1, µ2, µ3), we

may send ε ↘ 0 in the resulting inequality to see that |µi|(A) = 0 for i ∈ {1, 2, 3}, and
so |µ|(A) = 0. By the Radon property of µ, it follows that µ is absolutely continuous

for H 2 ∂Ω′: µ≪ H 2 ∂Ω′. Because ∂Ω′ is σ-finite with respect to H 2, the Radon-

Nikodým theorem implies the existence of a density

(F × ν∂Ω′)int∂Ω′ :=
dµ

dH 2
,

whereby µ = (F×ν∂Ω′)int∂Ω′H 2 ∂Ω′. We finally prove that (F×ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′;R3).

To this end, let x0 ∈ ∂Ω′ be a H 2-Lebesgue point of (F × ν∂Ω′)int∂Ω′ . We then obtain
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that, with ax0,r := H 2(Br(x0) ∩ ∂Ω′),∣∣((F × ν∂Ω′)int∂Ω′)∗(x0)
∣∣ = lim

r↘0

∣∣∣∣∣
 
Br(x0)∩∂Ω′

(F × ν∂Ω′)int∂Ω′ dH 2

∣∣∣∣∣
(3.19)

≤ lim
r↘0

lim
t↘0
t∈I

1

ax0,r

ˆ
Φ∂Ω′ (t,Br(x0)∩∂Ω′)

|F ∗ × ν∂(Ω′)Φ,t | dH 2

≤ ∥F ∗∥L∞(Ω) lim
r↘0

lim
t↘0
t∈I

H 2(Φ∂Ω′(t,Br(x0) ∩ ∂Ω′))

ax0,r
.

Since the Lipschitz constants of Φ∂Ω′(t, ·) are bounded in 0 < t < 1
2 , (a) follows.

For (b), we choose a covering of ∂Ω′ by the coordinate cylinders Z and associated

coordinate maps ψZ as in Remark 2.7(c); we may assume Z to be open. Up to a rotation

and translation, we may assume that Z ∩ ∂Ω′ can be written as graph(ψZ) ∩ Z, where
ψZ : U → R is a Lipschitz function and U ⊂ R2 is open. By Remark 2.7(c), we may write

Z ∩ ∂(Ω′)Φ,t = Z ∩ graph(ψZ,t) for all 0 < t < t′ ≪ 1, where ψZ,t : U → R is a Lipschitz

function such that ∇ψZ,t → ∇ψZ L 2-a.e. in U and strongly in Lq(U ;R2) for every

1 ≤ q < ∞ as t ↘ 0. Now let x′0 ∈ U be a differentiability point of ψZ and Lebesgue

point of ∇ψZ ; by the Rademacher and the Lebesgue differentiation theorems, L 2-a.e.

x′0 ∈ U will do. We consider x0 := (x′0, ψZ(x
′
0)). If r > 0 is sufficiently small, then

Br(x0) ∩ ∂Ω′ ⊂ Z. By Remark 2.7(d) and diminishing t′ if necessary, we may assume

that Φ∂Ω′({t} × (Br(x0) ∩ ∂Ω′)) ⊂ Z for all 0 < t < t′.

With I as in the proof of (a), let (tk) ⊂ I ∩ (0, t′) be such that tk ↘ 0. We then see

that, with ax0,r := H 2(Br(x0) ∩ ∂Ω′) and Urk := {x′ ∈ U : (x′, ψZ,tk(x
′)) ∈ Φ∂Ω′({tk} ×

(Br(x0) ∩ ∂Ω′))},∣∣∣∣ dµ

dH 2
(x0) · ν∂Ω′(x0)

∣∣∣∣
= lim
r↘0

∣∣∣∣∣
 
Br(x0)∩∂Ω′

(F × ν∂Ω′)int∂Ω′(x) dH 2(x) · ν∂Ω′(x0)

∣∣∣∣∣
(3.18)ff.

= lim
r↘0

lim
k→∞

∣∣∣∣∣ 1

ax0,r

ˆ
Φ∂Ω′ (tk,Br(x0)∩∂Ω′)

F ∗(x)× ν∂(Ω′)Φ,tk (x) dH 2(x) · ν∂Ω′(x0)

∣∣∣∣∣
= lim
r↘0

lim
k→∞

∣∣∣∣∣ 1

ax0,r

ˆ
Φ∂Ω′ (tk,Br(x0)∩∂Ω′)

F ∗(x) · (ν∂(Ω′)Φ,tk (x)× ν∂Ω′(x0)) dH 2(x)

∣∣∣∣∣
= lim
r↘0

lim
k→∞

∣∣∣∣∣ 1

ax0,r

ˆ
Ur

k

F ∗(x′, ψZ,tk(x
′)) · (ν∂(Ω′)Φ,tk (x

′, ψZ,tk(x
′))× ν∂Ω′(x0))×

×
√
1 + |∇ψZ,tk(x′)|2 dL 2(x′)

∣∣∣∣ =: I.

Here we have used that, in the second line, the weak*-limit µ of µtk is independent of

the specific choice of (tk) ⊂ I with tk ↘ 0 (as established in the first part of the proof)

and, in the third line, the rule (a× b) · c = a · (b× c) for a,b, c ∈ R3.

In order to estimate I, we note that, for all a, b, a′, b′ ∈ R,
|(a, b,−1)× (a′, b′,−1)| = |(b′ − b, a− a′, ab′ − a′b)|

≤ c(1 + |a|+ |b|)(|a− a′|+ |b− b′|)

≤ c
√
1 + |a|2 + |b|2(|a− a′|+ |b− b′|).

(3.20)

We define

U ′ :=

∞⋃
k=1

{
x′ ∈ U : x′ is not a differentiability point of ψZ,tk

}
,

whereby L 2(U \U ′) = 0 by Rademacher’s theorem. In particular, every x′ ∈ U \U ′ is a

differentiability point of every ψZ,tk . For elements x = (x′, ψZ,tk(x
′)) with x′ ∈ Urk \U ′,
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we compute

|ν∂(Ω′)Φ,tk (x)× ν∂Ω′(x0)|
(3.20)

≤ c
|∇ψZ,tk(x′)−∇ψZ(x′0)|√

1 + |∇ψZ(x′0)|2

≤ c
|∇ψZ,tk(x′)−∇ψZ(x′)|√

1 + |∇ψZ(x′0)|2
+ c

|∇ψZ(x′)−∇ψZ(x′0)|√
1 + |∇ψZ(x′0)|2

=: J1 + J2.

We deal with the single terms J1 and J2 in I, separately.

On the J1-integral. By Remark 2.7(c), we see that ∥∇ψZ,tk∥L∞(U) ≤ c∥∇ψZ∥L∞(U) ≤
C for all k ∈ N, and ∇ψZ,tk → ∇ψZ in L1(U ;R2) as k → ∞. We conclude by use of

F ∈ L∞(Ω;R3) and (3.20) that

lim
r↘0

lim
k→∞

∣∣∣∣∣ 1

ax0,r

ˆ
Ur

k

F ∗(x′, ψZ,tk(x
′)) · J1(x′)

√
1 + |∇ψZ,tk(x′)|2 dL 2(x′)

∣∣∣∣∣
≤ c

(
1 + ∥∇ψZ∥L∞(U)

)
∥F ∥L∞(Ω) lim

r↘0

1

ax0,r
lim
k→∞

ˆ
U

|∇ψZ,tk(x′)−∇ψZ(x′)| dL 2(x′)︸ ︷︷ ︸
=0

= 0.

On the J2-integral. Again, we recall that ∥∇ψZ,tk∥L∞(U) ≤ c∥∇ψZ∥L∞(U) ≤ C for

all k ∈ N. Denote Ur∞ := {x′ ∈ U : (x′, ψZ(x
′)) ∈ Br(x0) ∩ ∂Ω′}, so that 1Ur

k
→ 1Ur

∞

L 2-a.e. in U . For all sufficiently small r > 0, G : Ur∞ ∋ x′ 7→ (x′, ψZ(x
′)) ∈ Br(x0)∩∂Ω′

has bi-Lipschitz constant independent of r > 0, whereby there exists c > 1 with

1

c
L 2(Ur∞) ≤ ax0,r ≤ cL 2(Ur∞) for all sufficiently small 0 < r < 1.

Hence, Lebesgue’s theorem on dominated convergence and (3.20) imply that

lim
r↘0

lim
k→∞

∣∣∣∣∣ 1

ax0,r

ˆ
Ur

k

F ∗(x′, ψZ,tk(x
′)) · J2(x′)

√
1 + |∇ψZ,tk(x′)|2 dL 2(x′)

∣∣∣∣∣
≤ c

(
1 + ∥∇ψZ∥L∞(U)

)
∥F ∥L∞(Ω) lim

r↘0

L 2(Ur∞)

ax0,r︸ ︷︷ ︸
≤c

 
Ur

∞

|∇ψZ(x′0)−∇ψZ(x′)| dL 2(x′)

≤ c(1 + ∥∇ψZ∥L∞(U))∥F ∥L∞(Ω) lim
r↘0

 
Ur

∞

|∇ψZ(x′0)−∇ψZ(x′)| dL 2(x′)︸ ︷︷ ︸
(∗)

= 0.

To see that (∗) = 0, note that the Lipschitz property of G implies that there exists a

constant 0 < θ < 1 such that Bθr(x
′
0) ⊂ Ur∞ ⊂ Br(x

′
0) holds for all sufficiently small

r > 0; e.g., we may take θ = (1 + Lip(ψZ)
2)−

1
2 . Therefore, we have

(∗) ≤ θn lim
r↘0

1

L 2(Ur∞)

 
Br(x′

0)

|∇ψZ(x′0)−∇ψZ(x′)| dL 2(x′) = 0,

since x′0 is both a differentiability point of ψZ and a Lebesgue point of ∇ψZ . Then

(∗) = 0. In total, I = 0, and so (b) follows.

Finally, (c) is a direct consequence of (a) and (b); see also (D.4) in Appendix D in the

smooth case. This completes the proof. □

We point out that the functions (F × ν∂Ω′)int∂Ω′ and (F × ν∂Ω′)ext∂Ω′ only make sense

as a whole, since the full trace of F ∈ C M∞(Ω) might not exist. Moreover, based on

our conventions, we have e.g. for F ∈ C1
b(Ω;R3) (in which case the traces along ∂Ω′ are

unambiguously defined), the relation (F × ν∂Ω′)int∂Ω′ = (F × ν∂Ω′)ext∂Ω′ = F × ν∂Ω′ along

∂Ω′. For our applications in Section 5, we record a consequence of Theorem 3.9(c) which

will be accessible by Lemma 2.12 later on.

Corollary 3.10. In the situation of Theorem 3.9, let Ω′ have C1-boundary and let φ ∈
Lipc(Ω

′) be such that
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(a) φ|Ω′ ∈ C1
b(Ω

′), φ|Ω\Ω′ ∈ C1
b(Ω \ Ω′),

(b) there exists a sequence (δi) ⊂ (0, 1) with δi ↘ 0 such that, for H 2-a.e. x ∈ ∂Ω′,

∇τ (ρδi ∗ φ)(x) → ∇τφ(x) as i→ ∞,

where ρδ ∈ C∞
c (B1(0); [0, 1]) is the δ-rescaled version of an arbitrary but fixed

standard mollifier.

Then the following identity holds:ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇τφ dH 2 = (∇φ · curlF )(Ω′) =

ˆ
Ω′

∇φ · d(curlF ),(3.21)

and an analogous formula holds for (F × ν∂Ω′)ext∂Ω′ with the direct modifications.

Proof. By dominated convergence and since φ|Ω′ ∈ C1
b(Ω

′), we have
ˆ
Ω′

∇φ · d(curlF ) = lim
i→∞

ˆ
Ω′

∇(ρδi ∗ φ) · d(curlF ),(3.22)

and ρδi ∗ φ belongs to C∞
c (Ω) for all sufficiently large i ∈ N. Hence, recalling that

curl (∇(ρδi ∗ φ)) = 0, we obtain

lim
i→∞

ˆ
Ω′

∇(ρδi ∗ φ) · d(curlF )
(3.15)1= lim

i→∞

ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇(ρδi ∗ φ) dH 2

Thm. 3.9(b)
= lim

i→∞

ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇τ (ρδi ∗ φ) dH 2

(b)
=

ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇τφ dH 2.

(3.23)

Again, we note that |∇τ (ρδi∗φ)| ≤ ∥∇φ∥L∞(Ω), so that the ultimate equality follows from

(b) and dominated convergence; recall that (F × ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′;T∂Ω′). Combining

(3.22) with (3.23) yields (3.21). This completes the proof. □

As a routine consequence of Theorem 3.9 (see e.g. [35, Chpt. 5.4] in the full gradient

case), we collect a gluing result.

Corollary 3.11 (Gluing). Let Ω ⊂ R3 be open and bounded, and let Ω′ ⋐ Ω be open with

Lipschitz boundary. If F1 ∈ C M∞(Ω′) and F2 ∈ C M∞(Ω \ Ω′), then the glued map

F (x) :=

{
F1(x) if x ∈ Ω′,

F2(x) if x ∈ Ω \ Ω′,

belongs to C M∞(Ω) together with

|curlF |(Ω) =|curlF1|(Ω′) + |curlF2|(Ω \ Ω′)

+

ˆ
∂Ω′

|(F × ν∂Ω)
int
∂Ω′ − (F × ν∂Ω)

ext
∂Ω′ | dH 2.

Finally, we record a consequence of the above results that might be of independent

interest. Namely, we may use Theorem 3.9 to assign interior tangential traces in L∞ to

the gradients of Lipschitz functions; note that this is impossible for general L∞-fields.

Previous results [5, 10, 11, 70, 74] in Wcurl ,p for 1 < p < ∞, as recalled for the reader’s

convenience in Appendix C, only allow for such an assignment in negative Sobolev spaces.

Corollary 3.12 (Gradients of Lipschitz Maps). Let Ω ⊂ R3 be open and bounded, and

let Ω′ ⋐ Ω be open with Lipschitz boundary. Then there exists a bounded linear operator

trτ,∂Ω′ : ∇Lip(Ω) := {∇u : u ∈ Lip(Ω)} → L∞(∂Ω′;T∂Ω′)

such that trτ,∂Ω′(∇u)(x) = ∇u(x) × ν∂Ω′(x) holds for H 2-a.e. x ∈ ∂Ω′ and every

u ∈ C1
b(Ω), where ∇Lip(Ω) is endowed with the L∞-norm.
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Proof. We note that, if u ∈ Lip(Ω), then∇u ∈ L∞(Ω;R3) and curl (∇u) = 0 in D ′(Ω;R3).

In particular, ∥∇u∥CM∞(Ω) = ∥∇u∥L∞(Ω) holds for all u ∈ Lip(Ω), where ∥F ∥CM∞(Ω) :=

∥F ∥L∞(Ω) + |curlF |(Ω). The assignment C M∞(Ω) ∋ F 7→ (F × ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′) as

in Theorem 3.9 is linear, and (F × ν∂Ω′)int∂Ω′ = (F × ν∂Ω′)ext∂Ω′ H 2-a.e. on ∂Ω′ provided

that |curlF |(∂Ω′) = 0. For u ∈ Lip(Ω), we define

trτ,∂Ω′(∇u) := (∇u× ν∂Ω′)int∂Ω′(= (∇u× ν∂Ω′)ext∂Ω′),

Then trτ,∂Ω′ is clearly well-defined, linear, and bounded, and has the requisite property

on C1
b(Ω). This completes the proof. □

4. Transversal and Tangential Maximal Functions

In this intermediate section, we single out two weak-(1,1)-type estimates for certain

transversal and tangential maximal operators. Most importantly, they will allow us

to identify the manifolds where the Stokes theorem for C M p-fields is available. In

particular, in §5–§6, the use of tangential or transversal maximal functions will lead to

different sorts of Stokes theorems; Figure 4 below displays the effects which are captured

by the corresponding maximal functions.

In what follows, let Ω ⊂ Rn be open and bounded, let Ω′ ⋐ Ω be open with C1-

boundary, and let Σ ⊂ ∂Ω′ be a C1-regular Lipschitz boundary manifold relative to Ω′.

Potentially redefining Φ∂Ω′ from Lemma 2.5, it is no loss of generality to assume that

Φ∂Ω′((−1, 1)× ∂Ω′) ⋐ Ω. For |t| < 1
2 and 0 < ε < 1

4 , we then define

(ΣΦ,t
Ω′ )ε := Φ∂Ω′((t− ε, t+ ε)× Σ)),

(ΣΦ,t
Ω′ )

+
ε := Φ∂Ω′((t, t+ ε)× Σ),

(ΣΦ,t
Ω′ )

−
ε := Φ∂Ω′((t− ε, t)× Σ).

(4.1)

Definition 4.1 (Transversal Maximal Functions). In the above situation, let µ ∈ RM(Ω)

or µ ∈ RM(Ω;R3). We define the maximal function in transversal direction by

MΦ
Σ,∂Ω′µ(t) := sup

0<ε< 1
4

1

ε

ˆ
(ΣΦ,t

Ω′ )ε

d|µ| for |t| < 1
2 ,(4.2)

and the lower and upper maximal functions in transversal direction by

MΦ,±
Σ,∂Ω′µ(t) := sup

0<ε< 1
4

1

ε

ˆ
(ΣΦ,t

Ω′ )±ε

d|µ| for |t| < 1
2 .(4.3)

From this definition, it is immediate that, for all µ ∈ RM(Ω) or µ ∈ RM(Ω;R3),

MΦ,±
Σ,∂Ω′µ(t) ≤ MΦ

Σ,∂Ω′µ(t) for all |t| < 1

2
.(4.4)

For our later purposes, we also need tangential maximal functions. To this end, we let

ΨΣ : (−1, 1) × ΓΣ → O(⊂ ∂Ω′) be the bi-Lipschitz map provided by Lemma 2.10 and

denote, for −1 < t < 1, ΓtΣ := Ψ({t} × ΓΣ). Moreover, we put for |t| < 1
2 and 0 < ε < 1

4

(ΓtΣ)ε := ΨΣ((t− ε, t+ ε)× ΓΣ),

(ΓtΣ)
+
ε := ΨΣ((t, t+ ε)× ΓΣ),

(ΓtΣ)
−
ε := ΨΣ((t− ε, t)× ΓΣ).

(4.5)

Definition 4.2 (Tangential Maximal Functions). In the above situation, let µ ∈ RM(Ω)

or µ ∈ RMfin(Ω;R3). We then define the maximal function in tangential direction by

MΨ
Σ,∂Ω′µ(t) := sup

0<ε< 1
4

1

ε

ˆ
(Γt

Σ)ε

d|µ| for |t| < 1
2 ,(4.6)

and the lower and upper maximal functions in tangential direction by

MΨ,±
Σ,∂Ω′µ(t) := sup

0<ε< 1
4

1

ε

ˆ
(Γt

Σ)±ε

d|µ| for |t| < 1
2 .(4.7)

The next proposition gives the key auxiliary tool for the following sections:
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Proposition 4.3 (Hardy-Littlewood-Type Inequalities). Let µ ∈ RM(Ω).

(a) In the setting of Definition 4.1, for all λ > 0

L 1({t ∈ (−1
2 ,

1
2 ) : MΦ(,±)

Σ,∂Ω′µ(t) > λ}) ≤ 10

λ
|µ|(Φ∂Ω′((−1, 1)× ∂Ω′))(4.8)

holds for all λ > 0. In particular, the following holds:

MΦ(,±)
Σ,∂Ω′µ(t) <∞ for L 1-a.e. |t| < 1

2
.(4.9)

(b) In the setting of Definition 4.2, for all λ > 0,

L 1({t ∈ (−1
2 ,

1
2 ) : MΨ(,±)

Σ,∂Ω′µ(t) > λ}) ≤ 10

λ
|µ|(ΨΣ((−1, 1)× ΓΣ))(4.10)

holds for all λ > 0. In particular, the following holds:

MΨ(,±)
Σ,∂Ω′µ(t) <∞ for L 1-a.e. |t| < 1

2
.(4.11)

Proof. We focus on assertion (a) for MΦ
Σ,∂Ω′ , since the remaining assertions can be

established by analogous means. The proof is a variation of the classical weak-(1, 1)-

property of the Hardy-Littlewood maximal operator: Let µ ∈ RM(Ω) or µ ∈ RM(Ω;R3),

and denote the set on the left-hand side of (4.8) by Oλ. We then choose 0 < ε(t) < 1
4

for each t ∈ Oλ such that |µ|((ΣΦ,t
Ω′ )ε(t)) > λε(t). By the Vitali covering lemma (see

e.g. [35, Thm. 1.24]), there exists a sequence (tj) ⊂ (− 1
2 ,

1
2 ) such that the intervals

Ij := (tj − ε(tj), tj + ε(tj)) are pairwise disjoint and satisfy Oλ ⊂
⋃
j∈N 5Ij , where 5Ij :=

(tj−5ε(tj), tj+5ε(tj)). By Lemma 2.5, the map Φ∂Ω′ is injective on (−1, 1)×∂Ω′, whereby

the sets (Σ
Φ,tj
Ω′ )ε(tj)(⊂ Φ∂Ω′((−1, 1)× ∂Ω′)) are also pairwise disjoint. In consequence,

L 1(Oλ) ≤ 10

∞∑
j=1

ε(tj) ≤
10

λ

∞∑
j=1

|µ|((ΣΦ,tj
Ω′ )ε(tj)) ≤

10

λ
|µ|(Φ∂Ω′((−1, 1)× ∂Ω′)).

Hence, (4.8) follows, and (4.9) then is a direct consequence thereof. □

The following simple observation will be used in §6.

Lemma 4.4. In the setting of Definition 4.1, suppose that t ∈ (− 1
2 ,

1
2 ) is such that

MΦ
∂Ω′,∂Ω′µ(t) <∞. Then |µ|(Φ∂Ω′({t} × ∂Ω′)) = 0.

Proof. Suppose that µ ∈ RM(Ω) or µ ∈ RM(Ω;R3) is such that |µ|(Φ∂Ω′({t}×∂Ω′)) > 0.

Since Φ∂Ω′({t} × ∂Ω′) ⊂ Φ∂Ω′((t− ε, t+ ε))× ∂Ω′) for all ε > 0, we conclude

MΦ
∂Ω′,∂Ω′µ(t) ≥ lim inf

ε↘0

1

ε
|µ|(Φ∂Ω′({t} × ∂Ω′)) = ∞.

This completes the proof. □

5. The Stokes Theorem for C M∞-Fields and Tangential Variations

The classical Stokes theorem asserts that, if Σ ⊂ R3 is a smooth 2-dimensional mani-

fold oriented by νΣ : int(Σ) → S2 and with boundary ΓΣ, we haveˆ
Σ

curl(F ) · νΣ dH 2 = −
ˆ
ΓΣ

F · τΓΣ
dH 1 for all F ∈ C1(R3;R3).(5.1)

Here, τΣ is the tangential field to ΓΣ, in turn being determined by Σ and νΣ; the minus

sign in (5.1) is due to our choice of orientation. As one of the main results of the present

paper, the aim of this section is to generalize the Stokes formula (5.1) to C M∞-fields;

see Theorem 5.10 below. To this end, we fix the general setting in §5.1 and then proceed

to the Stokes theorem with respect to tangential variations in §5.2. In §5.3, we are

concerned with the consistency of Theorem 5.10 in view of (5.1) for smooth maps and,

in §5.4, we discuss several examples and establish the optimality of the Stokes theorem,

Theorem 5.10.

The notion of tangential variations refers to varying a given manifold Σ inside a larger

boundary manifold, and corresponds to studying the light green manifolds displayed in



26 G.-Q. CHEN, F. GMEINEDER, AND M. TORRES

Σ

τ

MΨ
Σ,∂Ω′

MΦ
Σ,∂Ω′

• p

(−νΣ(p))
∂Ω′

Figure 4. The geometric situation in §5–§6. The boundary manifolds

in tangential direction as indicated in light green correspond to the tan-

gentially varied manifolds as studied in §5; see Theorem 5.10. The

boundary manifolds in transversal direction as indicated in light blue

correspond to the setting of §6; see Theorem 6.7. These variations are

governed by MΨ
Σ,∂Ω′ (green) and MΦ

Σ,∂Ω′ (blue).

Figure 4. In contrast to this, transversal variations correspond to the manifolds indicated

by light blue in Figure 4, and will be the main focus of §6.

5.1. Setting and Basic Facts. Throughout, let Ω ⊂ R3 be open and bounded. More-

over, let Σ be a C1-regular Lipschitz boundary manifold relative to some Ω′ ⋐ Ω with

C1-boundary, the latter being oriented by the inner unit normal ν∂Ω′ : ∂Ω′ → S2; we

define νΣ := ν∂Ω′ |Σ.
For the following, we fix a collar map ΨΣ : (−1, 1) × ΓΣ → O as in Lemma 2.10 and

adopt the notation introduced afterwards. For 0 ≤ t < 1
2 and 0 < δ < 1

4 , we define

interior height functions ψt,δ,Σ : ∂Ω′ → [0, 1] by

ψt,δ,Σ(x) :=


0 if x ∈ ∂Ω′ \ Στ,t,
1
δ (s− t) if x ∈ ΓsΣ(:= ΨΣ({s} × ΓΣ)) for t < s < t+ δ,

1 if x ∈ Σ \ΨΣ((t, t+ δ)× ΓΣ),

(5.2)

where we have set Στ,t := Στ,tΩ′ for brevity. This definition primarily concerns the case

where Σ ⊊ ∂Ω′. If Σ = ∂Ω′, then ΓΣ = ∅, and ψt,δ,Σ ≡ 1 globally on ∂Ω′ in this case.

The interior height functions will serve as localizers in the Stokes functionals below.

For our future applications, we require the uniform Lipschitz bounds on the ψt,δ,Σ’s as

follows:

Lemma 5.1 (Lipschitz bounds). For each 0 ≤ t < 1
2 and each 0 < δ < 1

4 , ψt,δ,Σ ∈
Lipc(∂Ω

′; [0, 1]). More precisely, there exists a constant c = c(Σ,ΨΣ) > 0 such that

∥∇τψt,δ,Σ∥L∞(∂Ω′) ≤
c

δ
for all 0 ≤ t < 1

2 and 0 < δ < 1
4 .(5.3)

Proof. Throughout, it is useful to keep in mind that, in the present geometric setting, it

does not matter whether we derive the Lipschitz bounds for the geodesic or the ambient

Euclidean metric; see Lemma 2.9. We record from Lemma 2.10(f) that there exists a

constant θ = θ(Σ,ΨΣ) ≥ 2 with

s′ − s

θ
≤ dist(Γs

′

Σ ,Γ
s
Σ) ≤ θ(s′ − s) for all t ≤ s < s′ ≤ t+ δ.(5.4)

There are now four non-trivial cases:
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Ω′

Στ,tΩ′

ΓtΣ

•

•

•
x

•

Figure 5. Lipschitz bounds on ψt,δ,Σ. Different from the geometrically

flat case, the constant c′ > 0 in (5.5) cannot be chosen to equal 1.

(i) Suppose that ψt,δ,Σ(x) = 0 and that y ∈ ΓsΣ for some t < s < t + δ. For every

z ∈ ΓtΣ, it follows that

dist(y,ΓtΣ) ≤ |y − z| ≤ |y − x|+ |x− z|,

and infimising the previous inequality over z ∈ ΓtΣ yields

dist(y,ΓtΣ) ≤ |x− y|+ dist(x,ΓtΣ) = |x− y|+ c′ dist(x,Στ,t) ≤ c|x− y|.(5.5)

Different from the geometrically flat case, it might happen that the constant from

(5.5) satisfies c′ > 1; see Figure 5. We then conclude that

|ψt,δ,Σ(x)− ψt,δ,Σ(y)| =
s− t

δ

(5.4)

≤ θ

δ
dist(ΓtΣ,Γ

s
Σ) ≤

θ

δ
dist(y,ΓtΣ)

(5.5)

≤ c θ

δ
|x− y|.(5.6)

(ii) If t < s < s′ < t+ δ, x ∈ ΓsΣ and y ∈ Γs
′

Σ , then we estimate

|ψt,δ,Σ(x)− ψt,δ,Σ(y)| =
s′ − s

δ

(5.4)

≤ θ

δ
dist(ΓsΣ,Γ

s′

Σ ) ≤
θ

δ
|x− y|.(5.7)

(iii) If ψt,δ,Σ(x) = 0 and ψt,δ,Σ(y) = 1, then we have

δ
(5.4)

≤ θ dist(ΓtΣ,Γ
t+δ
Σ ) ≤ c′ θ dist(Στ,t+δ, ∂Ω′ \ Στ,t) ≤ c θ |x− y|,(5.8)

and therefore

|ψt,δ,Σ(x)− ψt,δ,Σ(y)| = 1
(5.8)

≤ c θ

δ
|x− y|.(5.9)

(iv) If t < s < t+ δ, x ∈ ΓsΣ and ψt,δ,Σ(y) = 1, then

|ψt,δ,Σ(x)− ψt,δ,Σ(y)| =
t+ δ − s

δ

(5.4)

≤ θ

δ
dist(Γt+δΣ ,ΓsΣ)

≤ c′ θ

δ
dist(Στ,t+δ, x) ≤ c θ

δ
|x− y|.

(5.10)

Summarizing, (5.6)–(5.10) imply that ψt,δ,Σ is Lipschitz with Lipschitz constant at most

L = c θ
δ , and then (5.3) follows from Lemma 8.5 in Appendix A.1. This completes the

proof. □

5.2. The Stokes theorem for the tangential variations. We are now ready to ap-

proach the Stokes theorem with respect to the tangential variations. Without further

mention, we adopt the geometric setting displayed in the previous subsection.

Our strategy is as follows: In Definition 5.2, we introduce interior and exterior Stokes

functionals; their definition is motivated by the left-hand side of (5.1) when being applied

to φF with φ ∈ D(Ω) and Σ being replaced by Στ,t. This, in turn, is reduced to the

(weak) interior and exterior traces of the extended divergence measure field curlF ∈
DM ext(Ω) along ∂Ω′, and consequently must be localized to Στ,t. It is here where

the interior height functions ψt,δ,Σ from (5.2) enter. The localization procedure and, in

particular, getting a definition independent of δ, forces us to subsequently send δ ↘ 0.

As we show in Lemma 5.5 and Proposition 5.7, this is feasible for L 1-a.e. t ∈ [0, 12 ), in
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turn determining the good manifolds Στ,t where the Stokes functionals are well-defined

indeed. Since, by construction, the manifolds Στ,t are obtained by varying Σ tangentially

in ∂Ω′, we speak of tangential variations.

The (strong) Stokes theorem (Theorem 5.10) with respect to the tangential variations

then asserts that, for L 1-a.e. Στ,t with t ∈ [0, 12 ), the Stokes functionals are distributions

of order zero, and so can be represented by Radon measures. The latter will be shown

to be supported on ΓtΣ, and this will be the analogue of the right-hand side of (5.1).

Specifying to test functions φ ∈ D(Ω) with φ ≡ 1 in a neighborhood of Σ will eventually

give us the requisite generalization of (5.1), which means the weak or vorticity flux

formulation of the Stokes theorem. In view of this program, we begin with the following

definition.

Definition 5.2 (Stokes Functionals). In the above situation, let F ∈ CM∞(Ω). Given

0 ≤ t < 1
2 and 0 < δ < 1

4 , let the interior height function ψt,δ,Σ be defined as in (5.2).

(a) Based on the normal trace for extended divergence measure fields from Definition

2.14, we define〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω′

:= lim
δ↘0

⟨(curlF ) · ν, ψt,δ,Σφ⟩∂Ω′〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω\Ω′

:= lim
δ↘0

⟨(curlF ) · ν, ψt,δ,Σφ⟩∂(Ω\Ω′),
(5.11)

for φ ∈ C1
c(Ω), provided that these limits exist, where ψt,δ,Σ ∈ Lipc(Ω) is an

arbitrary Lipschitz extension of ψt,δ,Σ : ∂Ω′ → [0, 1].

(b) If the limits from (5.11) exist, we define the interior and exterior Stokes func-

tionals along Στ,t by

Sint
Στ,t(φ) :=

〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω′

+

ˆ
Στ,t

(F × ν∂Ω′)int∂Ω′ · ∇τφ dH 2

Sext
Στ,t(φ) :=

〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω\Ω′

+

ˆ
Σ

∇τφ · (F × ν∂(Ω\Ω′))
ext
T,Ω′ dH 2.

(5.12)

We see later in §5.3 that this definition is natural and that it is consistent with the

classical Stokes formula (5.1) for sufficiently smooth maps F . Before we proceed, we

note that ψt,δ,Σ : ∂Ω′ → [0, 1] is Lipschitz by Lemma 5.1, and therefore ψt,δ,Σ exists by

the classical McShane or Kirszbraun extension theorems. In the situation considered

here, however, it will be convenient to work with the lifting provided by Lemma 2.12(b).

For completeness, we note that the expressions as declared in (5.11) are well-defined,

provided that they exist.

Remark 5.3 (Well-definedness). In the situation of the previous definition, curlF ∈
DM ext(Ω), and so the pairings occuring on the right-hand side of (5.11) have a clear

meaning. Moreover, if ψ,ψ′ ∈ Lipc(Ω) are such that ψ = ψ′ on ∂Ω′, then ⟨(curlF ) ·
ν, ψ⟩∂Ω′ = ⟨(curlF ) · ν, ψ′⟩∂Ω′ by Lemma 2.17 (recall that Ω′ is open).

In the following, we give criteria for the limits in (5.11) and (5.12) to exist, respectively.

To this end, we begin with an easier case:

Lemma 5.4. In the situation of Definition 5.2, suppose that ⟨(curlF ) · ν, ·⟩∂Ω′ can be

represented by a finite Radon measure µ(curlF )·ν ∈ RMfin(∂Ω
′). Then〈

(curlF ) · νΣτ,t , φ
〉
Στ,t,Ω′

=

ˆ
Στ,t

φ dµ(curlF )·ν(5.13)

holds for all φ ∈ C1
c(Ω) and all 0 ≤ t < 1

2 .

Proof. Since µ(curlF )·ν ∈ RM(∂Ω′), spt(ψt,δ,Σ) ⊂ Σ, and ψt,δ,Σ|Γt
Σ
= 0, we have〈

(curlF ) · ν, ψt,δ,Σφ
〉
∂Ω′ =

ˆ
∂Ω′

ψt,δ,Σφ dµ(curlF )·ν =

ˆ
Στ,t

ψt,δ,Σφ dµ(curlF )·ν(5.14)
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for all φ ∈ C1
c(Ω). Moreover, |ψt,δ,Σ| ≤ 1 for every 0 < δ < 1

4 and ψt,δ,Σ → 1 everywhere in

the relatively open set Στ,t as δ ↘ 0. By Lebesgue’s theorem on dominated convergence,

we pass to the limit δ ↘ 0 in (5.14) and obtain (5.13). This completes the proof. □

In general, we cannot expect (curlF ) ·ν to be represented by a measure on Σ. To deal

with this general case (see Proposition 5.7 below), we record a preparatory lemma:

Lemma 5.5. Let Ω′ ⋐ Ω be open and bounded with C1-boundary, and let Σ be a C1-

regular Lipschitz boundary manifold relative to Ω′. Let v ∈ C1(∂Ω′;T∂Ω′). Then the

limit

ℓvt (φ) := lim
δ↘0

ˆ
Στ,t

φv · ∇τψt,δ,Σ dH 2 exists and is finite(5.15)

for every 0 ≤ t < 1
2 and every φ ∈ C1(∂Ω′). Moreover, for every ε > 0, there exists

0 < δ′ < 1
4 such that 0 < δ < δ′ implies that∣∣∣∣ℓvt (φ)− ˆ

Στ,t

φv · ∇τψt,δ,Σ dH 2

∣∣∣∣ < ε∥φ∥C1(∂Ω′)∥v∥C1(∂Ω′)(5.16)

holds for all 0 ≤ t < 1
2 and all φ ∈ C1(∂Ω′).

Proof. First, let 0 < δ < 1
4 be arbitrary. By the smooth integration-by-parts formula

from (2.3), we haveˆ
Γs
Σ

φv · νΓs
Σ
dH 1 = −

ˆ
Στ,s

φ divτ (v) dH 2 −
ˆ
Στ,s

∇τφ · v dH 2(5.17)

for all t ≤ s < t+ δ. We apply the coarea formula from Lemma 2.3 to g = φv · ∇τψt.δ,Σ

|∇τψt,δ,Σ|
and f = ψt,δ,Σ, whereby JΣ

1 f = |∇τψδ,t,Σ|. By the very definition of ψt,δ,Σ, this gives usˆ
ΨΣ((t,t+δ)×ΓΣ)

φv · ∇τψt,δ,Σ dH 2 =

ˆ
ΨΣ((t,t+δ)×ΓΣ)

g JΣ
1 f dH 2

=

ˆ 1

0

ˆ
Σ∩f−1({ϑ})

g dH 1 dϑ =

ˆ 1

0

ˆ
Γt+ϑδ
Σ

φv · νΓt+ϑδ
Σ

dH 1 dϑ

(5.17)
= −

ˆ 1

0

ˆ
Στ,t+ϑδ

φ divτ (v) dH 2 dϑ−
ˆ 1

0

ˆ
Στ,t+ϑδ

∇τφ · v dH 2 dϑ.

(5.18)

In view of (5.17), which also holds for s = t, we thus conclude∣∣∣∣∣
ˆ
ΨΣ((t,t+δ)×ΓΣ)

φv · ∇τψt,δ,Σ dH 2 −
ˆ
Γt
Σ

φv · νΓt
Σ
dH 1

∣∣∣∣∣
≤

∣∣∣∣ˆ 1

0

(ˆ
Στ,t+ϑδ

φ divτ (v) dH 2 −
ˆ
Στ,t

φ divτ (v) dH 2
)
dϑ

∣∣∣∣
+

∣∣∣∣ˆ 1

0

( ˆ
Στ,t+ϑδ

∇τφ · v dH 2 −
ˆ
Στ,t

∇τφ · v dH 2
)
dϑ

∣∣∣∣
≤ 2H 2(Στ,t \ Στ,t+δ) ∥φ∥C1(∂Ω′)∥v∥C1(∂Ω′).

(5.19)

To complete the proof, we recall that ΨΣ : [− 3
4 ,

3
4 ]×ΓΣ → Ψ([− 3

4 ,
3
4 ]×ΓΣ) is bi-Lipschitz,

and L := max{Lip(ΨΣ),Lip(Ψ
−1
Σ )} <∞. Since Στ,t \Στ,t+δ = Ψ((t, t+δ]×ΓΣ), we have

H 2(Στ,t \ Στ,t+δ) ≤ LH 2((t, t+ δ]× ΓΣ) = LδH 1(ΓΣ).(5.20)

Given ε > 0, we may choose δ′ = min{ε, 1}/(2LH 1(ΓΣ) + 4), whence (5.19) and (5.20)

combine to (5.15) and (5.16). The proof is complete. □

Remark 5.6. It is important to note that the previous proof does not carry over to

general L1-functions v. However, it does extend to the case where v ∈ L∞(∂Ω′;T∂Ω′)

is such that divτ (v) can be represented by a finite Radon measure. This will be a

by-product of the proof of Theorem 6.7 in §6.
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Even though the generic case of this section is for L∞-fields, we directly state the

next proposition for L1-fields, since this will play an important role in Section 7. In view

of our applications below, it is important to note that we may choose the set I as it

appears in Proposition 5.7 independently of the particular function φ ∈ C1(∂Ω′).

Proposition 5.7 (Tangential limits on manifolds). Let Ω′ ⋐ Ω be open and bounded

with C1-boundary, and let Σ be a C1-regular Lipschitz boundary manifold relative to Ω′.

Moreover, let v ∈ L1(∂Ω′;T∂Ω′). Then there exists a set I ⊂ I := [0, 12 ) such that

L 1(I \ I ) = 0, I ⊂ {t ∈ I : MΨ,+
Σ,∂Ω′v(t) <∞}, and, for every t ∈ I , the limit

ℓvt (φ) := lim
δ↘0

ˆ
Στ,t

φv · ∇τψt,δ,Σ dH 2 exists and is finite(5.21)

for every φ ∈ C1(∂Ω′) together with the estimate

|ℓvt (φ)| ≤ c (MΨ,+
Σ,∂Ω′v(t))∥φ∥C(Σ),(5.22)

where c > 0 is independent of φ, v, and t.

Proof. We begin with some preliminary remarks; for this, let φ ∈ C1
c(∂Ω

′) be arbitrary

with 0 < ∥φ∥C1(∂Ω′) ≤ 1. We record from Lemma 5.1 that there exists a constant

c1 = c1(Σ,ΨΣ) > 0 such that

∥∇τψt,δ,Σ∥L∞(Σ) ≤
c1

δ
for all t ∈ I and all 0 < δ < 1

4 .(5.23)

This implies that, with the tangential maximal operator MΨ,+
Σ,∂Ω′ from Definition 4.2,

ˆ
Στ,t

|φu · ∇τψt,δ,Σ| dH 2 ≤ c1∥φ∥C(∂Ω′)MΨ,+
Σ,∂Ω′u(t) ≤ c1MΨ,+

Σ,∂Ω′u(t)(5.24)

holds for all u ∈ L1(∂Ω′;T∂Ω′), all t ∈ I, and all 0 < δ < 1
4 . Finally, by the weak-(1, 1)-

inequality from Proposition 4.3(b), there exists c2 > 0 such that, for all u ∈ L1(∂Ω′;T∂Ω′)

and all λ > 0,

L 1({t ∈ I : MΨ,+
Σ,∂Ω′u(t) > λ}) ≤ c2

λ
∥u∥L1(∂Ω′).(5.25)

We now embark on the main part of the proof, and first establish (5.21). To this end,

we define

vδ(t) :=

ˆ
Στ,t

φv · ∇τψt,δ,Σ dH 2 for t ∈ I and 0 < δ < 1
4 ,

whereby vδ : I → R is continuous; recall that v ∈ L1(∂Ω′;T∂Ω′) and, by (5.23), ∇τψδ,t,Σ ∈
L∞(∂Ω′;T∂Ω′).

We now prove that

L 1(N ) := L 1({t ∈ I : lim
δ↘0

vδ(t) does not exist}) = 0.(5.26)

To this end, we define the tangential oscillation for some given 0 < δ′ < 1
4 by

tOscδ′v(t) := sup
0<δ<δ′

vδ(t)− inf
0<δ<δ′

vδ(t) for t ∈ I,

so that tOscδ′ : I → [0,∞] is L 1-measurable. Let λ > 0, and put ε := λ
2 . We then

choose wλ ∈ C1
c(∂Ω

′;T∂Ω′) such that

∥v −wλ∥L1(∂Ω′) <
λε

4c1c2
.(5.27)

Since ∂Ω′ is of class C1, the existence of such a field wλ can be established by flattening

∂Ω′, routine mollification, and patching the mollified pieces together by use of a partition

of unity. Since wλ ∈ C1
c(∂Ω

′;T∂Ω′), Lemma 5.5 implies that the limit:

lt := lim
δ↘0

ˆ
Στ,t

φwλ · ∇τψt,δ,Σ dH 2(5.28)
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exists uniformly in t ∈ I. In consequence, there exists 0 < δ′ < 1
4 such that∣∣∣∣lt − ˆ

Στ,t

φwλ · ∇τψt,δ,Σ dH 2

∣∣∣∣ < ε

4
for all 0 < δ < δ′ and all t ∈ I.(5.29)

Hence, if 0 < δ1, δ2 < δ′, then∣∣∣∣ˆ
Στ,t

φwλ · ∇τψt,δ1,Σ dH 2 −
ˆ
Στ,t

φwλ · ∇τψt,δ2,Σ dH 2

∣∣∣∣ < ε

2
,(5.30)

and so in particular tOscδ′wλ(t) < ε for all t ∈ I. Therefore,

tOscδ′v(t) ≤ tOscδ′(v −wλ)(t) + tOscδ′wλ(t) ≤ tOscδ′(v −wλ)(t) + ε.

Hence, if tOscδ′v(t) > λ, we recall ε = λ
2 to conclude that

λ

2
< tOscδ′(v −wλ)(t) ≤ 2 sup

0<δ<δ′

ˆ
Στ,t

|φ(v −wλ) · ∇τψt,δ,Σ| dH 2

(5.24)

≤ 2c1 MΨ,+
Σ,∂Ω′(v −wλ)(t).

In particular, we have{
t ∈ I : tOscδ′v(t) > λ

}
⊂

{
t ∈ I : MΨ,+

Σ,∂Ω′(v −wλ)(t) >
λ

4c1

}
=: Jλ,(5.31)

and Jλ is independent of the specific choice of φ. We then see that

L 1(Jλ)
(5.25)

≤ 4c1c2
λ

∥v −wλ∥L1(∂Ω′)

(5.27)
< ε =

λ

2
.(5.32)

Next, we define

J1 :=

∞⋂
N=1

∞⋃
j=N

J2−j , J2 := {t ∈ I : MΨ,+
Σ,∂Ω′v(t) = ∞}, J := J1 ∪ J2,

whereby J1,J2, and J are obviously independent of the specific choice of φ. We have

L 1(J1) ≤ lim
N→∞

L 1(

∞⋃
j=N

J2−j )
(5.32)

≤ lim
N→∞

∞∑
j=N

2−j−1 = 0,

and Proposition 4.3 yields that L 1(J2) = 0. Hence, L 1(J ) = 0, and we set I :=

I \J . To conclude the proof, we apply (5.32) to λ = 2−j for j ∈ N, obtaining a sequence

(δj) ⊂ (0, 14 ) such that

L 1({t ∈ I : tOscδjv(t) > 2−j}) < 2−j−1 for all j ∈ N.(5.33)

By definition of N (see (5.26)), we then arrive at

N ⊂
{
t ∈ I : lim sup

δ↘0
vδ(t)− lim inf

δ↘0
vδ(t) > 0

}
⊂

∞⋃
j=N

{
t ∈ I : lim sup

δ↘0
vδ(t)− lim inf

δ↘0
vδ(t) > 2−j

}
⊂

∞⋃
j=N

{
t ∈ I : tOscδjv(t) > 2−j

} (5.31)
⊂

∞⋃
j=N

J2−j for all N ∈ N.

In consequence, N ⊂ J1, so that L 1(N ) = 0, and (5.26) follows. In particular,

if t ∈ I = (I \ J1) ∩ (I \ J2), then we have (5.21). For such t, (5.22) is a direct

consequence of (5.24). This completes the proof provided that 0 < ∥φ∥C1(∂Ω) ≤ 1. For

general non-trivial φ ∈ C1(∂Ω), it suffices to observe that, if t ∈ I , then the first part

of the proof yields that

ℓvt (φ) = ∥φ∥C1(∂Ω) lim
δ↘0

ˆ
Στ,t

( φ

∥φ∥C1(∂Ω)

)
v · ∇τψt,δ,Σ dH 2 exists and is finite,

and the bound (5.22) follows as in (5.24). This completes the proof. □
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Remark 5.8 (On the existence of the limit (5.21)). Below, we will apply Proposition

5.7 to the particular choices v = (F × ν∂Ω′)int∂Ω′ and v = (F × ν∂Ω′)ext∂Ω′ . Connecting

with Remark 5.6, we will prove in §6 that (5.21) exists for every t ∈ I if the tangential

distributional divergence satisfies divτ (v) ∈ RMfin(∂Ω
′). In the terminology of Section 6

below, this corresponds to v being a tangential divergence measure field. This can only

be established for a.e. manifold in transversal direction, see Theorem 6.7; in the context

of Proposition 5.7 and Theorem 5.10, the underlying boundary ∂Ω′ is a priori fixed and

Σ is only allowed to vary inside ∂Ω, so in tangential but not in transversal direction.

For the proof of the Stokes theorem (Theorem 5.10), we isolate an auxiliary lemma as

follows:

Lemma 5.9. Let 0 ≤ t < 1
2 . Then there exists a constant c = c(Σ, t) > 0 and a threshold

number r′ > 0 such that

lim sup
δ↘0

H 2(ΨΣ((t, t+ δ)× ΓΣ) ∩ Br(x0))

H 2(ΨΣ((t, t+ δ)× ΓΣ))
≤ c r(5.34)

for all x0 ∈ ΓtΣ and all 0 < r < r′.

Proof. In the present situation, there existN ∈ N and finitely many open sets U1, · · · , UN ⊂
R3 and Ũ1, · · · , ŨN ⊂ R3 such that all of the following hold:

(i) For each k ∈ {1, · · · , N}, Uk ⊂ Ũk.

(ii) ΓtΣ ⊂
⋃N
k=1 U

k ⊂
⋃N
k=1 Ũ

k.

(iii) For each k ∈ {1, · · · , N}, there exist 0 < εk < 1 and a bi-Lipschitz C1-diffeomorphism

fk : (−1 − εk, 1 + εk)
2 → Ṽk := ∂Ω′ ∩ Ũk, whose restriction fk : (−1, 1)2 →

Vk := ∂Ω′ ∩ Uk is equally a bi-Lipschitz C1-diffeomorphism. In particular,

Lk := max{Lip(fk),Lip(f−1
k )} <∞, and denote L := max{L1, · · · ,LN}.

(iv) For each k ∈ {1, · · · , N}, there exists a Lipschitz function gk : (−1−εk, 1+εk) →
(−θ, θ) for some θ = θk ∈ (0, 1) such that

graph(gk) = f−1
k (ΓtΣ ∩ Ũk), graph(gk|(−1,1)) = f−1

k (ΓtΣ ∩ Uk)

together with

{(s, s′) : |s| < 1, gk(s) < s′ < 1} = f−1
k (Σ ∩ Uk),

{(s, s′) : |s| < 1 + εk, gk(s) < s′ < 1} = f−1
k (Σ ∩ Ũk),

{(s, s′) : |s| < 1, −1 < s′ < gk(s)} = f−1
k ((∂Ω′ \ Σ) ∩ Uk),

{(s, s′) : |s| < 1 + εk, −1 < s′ < gk(s)} = f−1
k ((∂Ω′ \ Σ) ∩ Ũk).

These properties are a direct consequence of Definition 2.4.

We note that there exist δ0 > 0 and r0 > 0 such that both ΨΣ([t, t+δ0]×ΓΣ) and ΓtΣ+

Br0(0) are contained in
⋃N
k=1 U

k. The set A := ΨΣ([t, t+δ0]×ΓΣ)∪((ΓtΣ+Br0(0))∩∂Ω′)

is compact, whereby its Lebesgue number d > 0 with respect to the covering U1, · · · , UN
is well-defined; in particular, whenever A ⊂ A satisfies diam(A) < d, then there exists

k = k(A) ∈ {1, · · · , N} such that A ⊂ Uk. Diminishing d if necessary, it is no loss of

generality to assume that d < r0
10 . We put

r′ :=
1

1000
min

{
δ0, d,

ε1
L
, · · · , εN

L

}
(5.35)

and let 0 < r < r′.

Now let x0 ∈ ΓtΣ be arbitrary. The set Bd/3(x0) ∩ ∂Ω′ has diameter at most 2
3d and,

because of d < r0
10 , is contained in ΓtΣ + Br0(0); in particular, Bd/3(x0) ∩ ∂Ω′ ⊂ Vk for

some k ∈ {1, · · · , N} and Br(x0)∩ ∂Ω′ is relatively compact in Vk. We set (y0,1, y0,2) :=

y0 := f−1
k (x0) and observe that f−1

k (Br(x0) ∩ ∂Ω′) is relatively compact in (−1, 1)2. On

the other hand, we have

diam(f−1
k (Br(x0) ∩ ∂Ω′)) ≤ Lr

(5.35)
<

εk
1000

,



CURL-MEASURE FIELDS, THE STOKES THEOREM AND VORTICITY FLUXES 33

•

graph(gk)

y0

∼ δ

f−1
k (Br(x0) ∩ ∂Ω′)

LkrLkr

Z

−1− εk 1 + εk

Figure 6. On the proof of Lemma 5.9.

and so we may locate the open set f−1
k (Br(x0) ∩ ∂Ω) quantitatively as

f−1
k (Br(x0) ∩ ∂Ω) ⊂ (y0,1 − Lr, y0,1 + Lr)× (−1, 1)

=: Z ⊂ (−1− εk, 1 + εk)× (−1, 1).
(5.36)

By Lemma 2.10(f), there exists M1 > 0 such that

ΨΣ([t, t+ δ)× ΓΣ) ⊂
{
x ∈ Στ,t : dist(x,ΓtΣ) < M1δ

}
(5.37)

for all sufficiently small δ > 0. Thus, for all such δ > 0, we have

ΨΣ([t, t+ δ)× ΓΣ) ∩ Br(x0) ⊂ {x ∈ Στ,t : dist(x,ΓtΣ) < M1δ} ∩ Br(x0)

⊂ Bd/3(x0) ∩ ∂Ω′ ⊂ Vk,

so that

f−1
k (ΨΣ([t, t+ δ)× ΓΣ) ∩ Br(x0))

⊂ f−1
k ({x ∈ Στ,t ∩ Vk : dist(x,ΓtΣ) < M1δ}) ∩ f−1

k (Br(x0) ∩ ∂Ω′) =: A1
k ∩A2

k.
(5.38)

Since fk is bi-Lipschitz with bi-Lipschitz constant Lk ≤ L < ∞, then (iii), (5.36), and

(5.38) imply that there exists M2 > 0 depending only on L and M1 such that

A1
k ∩A2

k ⊂
{
y = (s, s′) : |s− y0,1| < Lr, s′ ≥ gk(s), dist(y, graph(gk)) < M2δ

}
=: Ak ⊂ (−1− εk, 1 + εk)

2

for all sufficiently small δ > 0; see Figure 6 for the geometric set-up.

To conclude the proof, we employ the coarea formula. The distance function y 7→
dist(y, graph(gk)) is Lipschitz, and so is classically differentiable at L 2-a.e. y ∈ Ak. At

each such point, its approximate gradient satisfies |∇dist(y, graph(gk))| = 1. Then

L 2(Ak) =

ˆ M2δ

0

H 1(Ak ∩ dist(·, graph(gk))−1({θ})) dθ

≤ c δH 1({(s, gk(s)) : |s− y0,1| < Lr}) ≤ cδr

(5.39)

by Lemma 2.21. In particular, in the ultimate inequality, the constant c > 0 is indepen-

dent of δ and r. Since fk is bi-Lipschitz with bi-Lipschitz constants Lk ≤ L < ∞, we

deduce from (5.38)–(5.39) that, with c > 0 still being independent of δ and r,

H 2(ΨΣ((t, t+ δ)× ΓΣ) ∩ Br(x0)) ≤ cδr.(5.40)

On the other hand, there exists c′ > 1 such that

1

c′
δH 1(ΓΣ) ≤ H 2(ΨΣ((t, t+ δ)× ΓΣ)) ≤ c′δH 1(ΓΣ) for all sufficiently δ > 0.

(5.41)

Combining (5.40) and (5.41) then yields (5.34), and the proof is complete. □
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We are now ready to state and prove the Stokes theorem for tangential variations. In

particular, we establish in which sense the previously introduced Stokes functionals are

well-defined on almost every manifold with respect to tangential variations. This cannot

be improved to every manifold, see Example 5.16 below.

Theorem 5.10 (Stokes Theorem for the Tangential Variations). Let F ∈ C M∞(Ω). In

the situation described in §5.1, for t ∈ I := [0, 12 ), consider the Stokes functionals Sint
Στ,t

and Sext
Στ,t as introduced in (5.12). Then there exist sets I1,I2 ⊂ I with L 1(I \ I1) =

L 1(I \ I2) = 0 such that the following hold:

(a) Measure representation: For every t ∈ I1, S
int
Στ,t is a well-defined distribution

of order zero on Ω with

spt(Sint
Στ,t) ⊂ ΓtΣ,(5.42)

and for every t ∈ I2, S
ext
Στ,t is a well-defined distribution of order zero on Ω with

spt(Sext
Στ,t) ⊂ ΓtΣ.

In consequence, for such t, there exist finite and signed Radon measures µτ,intΣ,t

and µτ,extΣ,t with

spt(µτ,intΣ,t ), spt(µτ,extΣ,t ) ⊂ ΓtΣ

such that, for all φ ∈ C1
c(Ω),

Sint
Στ,t(φ) =

ˆ
Ω

φ dµτ,intΣ,t , Sext
Στ,t(φ) =

ˆ
Ω

φ dµτ,extΣ,t .(5.43)

(b) H 1-absolute continuity: For all t ∈ I1 or t ∈ I2 as in (a),

µτ,intΣ,t ≪ H 1 ΓtΣ, µτ,extΣ,t ≪ H 1 ΓtΣ.

In particular, for t ∈ I1, there exists a density

dµτ,intΣ,t

dH 1
∈ L1(ΓtΣ) such that µτ,intΣ,t =

dµτ,intΣ,t

dH 1
H 1 ΓtΣ.(5.44)

The same holds true with the obvious modifications for t ∈ I2 and µτ,extΣ,t .

(c) Tangential character of µτ,intΣ,t and µτ,extΣ,t : For t ∈ I1, suppose that x0 ∈ ΓtΣ is a

continuity point of (F × ν∂Ω′)int∂Ω′ in the sense that there exists z0 ∈ R3 such that

a suitable L1(Σ)-representative G : Σ → R3 of (F × ν∂Ω)
int
∂Ω satisfies

lim
x→x0
x∈Σ

|G(x)− z0| → 0.(5.45)

In addition, if x0 is a weak H 1-Lebesgue point of νΓt
Σ
in the sense that

νΓt
Σ
(x0) = lim

r↘0

 
Br(x0)∩Γt

Σ

νΓt
Σ
dH 1,(5.46)

then

dµτ,intΣ,t

dH 1
(x0) = −z0 · νΓt

Σ
(x0).(5.47)

The same holds true with the obvious modifications for µτ,extΣ,t with t ∈ I2.

Proof. Throughout, we focus on the interior Stokes functionals (5.12)1, the results for

the exterior Stokes functionals follow by analogous means.

We start by rewriting (5.12)1, and fix t and δ for the time being. To this end, we

recall from Remark 5.3 that the limits in (5.11) are independent of the specific Lipschitz

extension ψ = ψt,δ,Σ of ψt,δ,Σ. In particular, we may specify to the Lipschitz extension

provided by Lemma 2.12(b). The latter implies the existence of some ψ ∈ Lipc(Ω) such

that ψ|∂Ω′ = ψt,δ,Σ on ∂Ω′, ψ|Ω′ ∈ C1
b(Ω

′), ψ|Ω\Ω′ ∈ C1
b(Ω\Ω′), and∇τ (ρε∗ψ) → ∇τψt,δ,Σ

H 2-a.e. on ∂Ω′, where ρε is the ε-rescaled version of a standard mollifier on R3. Given

φ ∈ C1
c(Ω), these properties clearly hold with the obvious modifications for ζ := ψφ.
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Since Ω′ ⋐ Ω is open and bounded with C1-boundary and curlF ∈ DM ext(Ω), all

assumptions of Lemma 2.16 and Corollary 3.10 are fulfilled. Recalling that div(curlF ) =

0 in D ′(Ω) and using the product rule for the tangential gradients, we arrive at

⟨(curlF ) · ν, ζ⟩∂Ω′
(2.14)
= −

ˆ
Ω′

∇ζ · d(curlF )

(3.21)
= −

ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇τζ dH 2

= −
ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ψt,δ,Σ∇τφ dH 2

−
ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · φ∇τψt,δ,Σ dH 2.

(5.48)

We recall from Theorem 3.9 that (F × ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′;T∂Ω′). By relative openness

of Στ,t in ∂Ω′, we see that ψt,δ,Σ → 1 everywhere in Στ,t as δ ↘ 0. We thus find that

−
ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ψt,δ,Σ∇τφ dH 2 → −
ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · ∇τφ dH 2(5.49)

by dominated convergence. In view of definition (5.12)1 of the interior Stokes functionals,

we therefore obtain the following alternative representation:

Sint
Στ,t(φ) = − lim

δ↘0

ˆ
∂Ω′

(F × ν∂Ω′)int∂Ω′ · φ∇τψt,δ,Σ dH 2.(5.50)

Based on (5.50), we now embark on the actual proof.

For (a), by (5.50), we conclude that the well-definedness of the interior Stokes func-

tional is equivalent to the existence and finiteness of the limit on the right-hand side of

(5.50). By Theorem 3.9, v := (F × ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′, T∂Ω′). With this choice of v,

Proposition 5.7 yields a set I ⊂ I = [0, 12 ) with L 1(I \ I ) = 0 such that the limit on

the right-hand side of (5.50) exists for all t ∈ I and all φ ∈ C1
c(Ω). In consequence, for

t ∈ I ,

Sint
Στ,t

(5.50)
= −ℓvt : C1

c(Ω) ∋ φ 7→ −ℓvt (φ) ∈ R with ℓvt (φ) as in (5.21)

is well-defined and linear. Moreover, (5.22) implies that there exists a constant c > 0

independent of F and c(t) > 0 such that

|Sint
Στ,t(φ)| ≤ c (MΨ,+

Σ,∂Ω′v(t))∥φ∥C(Σ) ≤ c(t) ∥φ∥C(Σ) for all φ ∈ C1
c(Ω).(5.51)

Since C1
c(Ω) is dense in C0(Ω) with respect to ∥ · ∥C(Ω), estimate (5.51) entails that Sint

Στ,t

extends to a (non-relabeled) bounded linear functionalSint
Στ,t : C0(Ω) → R, which inherits

bound (5.51). Hence, the Riesz representation theorem provides us with a measure

µτ,intΣ,t ∈ RMfin(Ω) such that

Sint
Στ,t(φ) =

ˆ
Ω

φ dµτ,intΣ,t for all φ ∈ C0(Ω),(5.52)

which is (5.43).

Next, we observe that, if φ ∈ C1
c(Ω) is such that spt(φ) ∩ ΓtΣ = ∅, the closedness

of ΓtΣ implies that d := dist(spt(φ),ΓtΣ) > 0. By the support properties of the interior

height functions ψt,δ,Σ (see (5.2)), it is clear that there exists δ0 = δ0(φ) > 0 such that

0 < δ < δ0 implies that the integral on the right-hand side of (5.50) vanishes. Hence,

necessarily, spt(µτ,intΣ,t ) ⊂ ΓtΣ. Summarising, we have established (a).

For (b), let t ∈ I , and let ε > 0 be arbitrary. Moreover, let A ⊂ ΓtΣ be a H 1-

measurable set with H 1(A) < ε. Then there exists δ0 > 0 such that, for every 0 < δ′ <

δ0, there exists a countable collection (Bj) = (Brj (xj)) of open balls such that

2rj < δ′ for all j ∈ N, A ⊂
∞⋃
j=1

Bj ,

∞∑
j=1

rj < 2ε.(5.53)
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Moreover, without loss of generality, we assume that each Bj is centered at an element

of A and that, diminishing δ0 > 0 if necessary, Bj ⋐ Ω holds for all j ∈ N and δ0 < 2r′

with the threshold number r′ from Lemma 5.9. In particular, 0 < rj < r′ for all j ∈ N.
Because µτ,intΣ,t ∈ RMfin(Ω) and each Bj is open, for each j ∈ N, there exists φj ∈

C1
c(Bj) such that ∥φj∥L∞(Bj) ≤ 1 and

|µτ,intΣ,t |(Bj) ≤
∣∣∣∣ˆ

Bj

φj dµ
τ,int
Σ,t

∣∣∣∣+ ε

2j
.(5.54)

Now, since each Bj is open, spt(µ
τ,int
Σ,t ) ⊂ ΓtΣ, and spt(φj) ⊂ Bj for every j ∈ N, we have

|µτ,intΣ,t |(A)
(5.53)

≤
∞∑
j=1

|µτ,intΣ,t |(Bj)

(5.54)

≤
∞∑
j=1

(∣∣∣∣ ˆ
Bj

φj dµ
τ,int
Σ,t

∣∣∣∣+ ε

2j

)
=

∞∑
j=1

(∣∣∣∣ˆ
Γt
Σ

φj dµ
τ,int
Σ,t

∣∣∣∣+ ε

2j

)
.

(5.55)

Let j ∈ N be arbitrary. We recall that, by (5.3), there exists c = c(Σ,ΨΣ) > 0 such that

|∇τψt,δ,Σ| ≤ c
δ holds for all sufficiently small δ > 0. Moreover, since ΨΣ : (−1, 1)×ΓΣ →

O ⊂ ∂Ω′ is bi-Lipschitz, there exists a constant c = c(Σ,ΨΣ) > 1 such that

δ

c
≤ H 2(ΨΣ((t, t+ δ)× ΓΣ)) ≤ cδ for all sufficiently small δ > 0.(5.56)

By definition of the measure µτ,intΣ,t , we may employ Lemma 5.9 to obtain∣∣∣∣ˆ
Γt
Σ

φj dµ
τ,int
Σ,t

∣∣∣∣ (5.50)
= lim

δ↘0

∣∣∣∣ˆ
Στ,t

φj(F × ν∂Ω′)int∂Ω′ · ∇τψt,δ,Σ dH 2

∣∣∣∣
≤ c ∥(F × ν∂Ω′)int∂Ω′∥L∞(Σ) lim sup

δ↘0

(1
δ

ˆ
ΨΣ((t,t+δ)×ΓΣ)

|φj | dH 2
)

(5.56), spt(φj)⊂Bj

≤ c ∥(F × ν∂Ω′)int∂Ω′∥L∞(Σ) lim sup
δ↘0

H 2(ΨΣ((t, t+ δ)× ΓΣ) ∩ Bj)

H 2(ΨΣ((t, t+ δ)× ΓΣ))

Lem. 5.9, rj < r′

≤ c ∥(F × ν∂Ω′)int∂Ω′∥L∞(Σ) rj =: C rj ,

where C > 0 clearly is independent of j ∈ N. In conjunction with (5.55), we thus obtain

|µτ,intΣ,t |(A) ≤
∞∑
j=1

(
Crj +

ε

2j

) (5.53)

≤ c ε.(5.57)

Sending ε ↘ 0, we obtain that |µτ,intΣ,t |(A) = 0 whenever H 1(A) = 0. Both µτ,intΣ,t and

H 1 ΓtΣ are finite measures on ΓtΣ, so that µτ,intΣ,t ≪ H 1 ΓtΣ yields (5.44) by use of the

Radon-Nikodým theorem. Hence, (b) follows.

For (c), by what we have established above, density (5.44) exists at H 1-a.e. x0 ∈ ΓtΣ.

For an arbitrary ε > 0, (5.45) implies that there exists r0 > 0 such that

|G(x)− z0| < ε for all x ∈ Σ with |x− x0| < r0.(5.58)

We proceed to compute the density (5.44). To this end, let r > 0 be sufficiently small.

Then we choose a sequence (φ̃j) ⊂ C1
c(Br(x0); [0, 1]) such that |φ̃j | ≤ 1 and φ̃j → 1

everywhere in Br(x0). In particular, because spt(µτ,intΣ,t ) ⊂ ΓtΣ, there exists j(r) ∈ N such

that ∣∣∣∣µτ,intΣ,t (Br(x0) ∩ ΓtΣ)−
ˆ
Br(x0)

φ̃j(r) dµ
τ,int
Σ,t

∣∣∣∣ < r2,∣∣∣∣ ˆ
Γt
Σ∩Br(x0)

νΓt
Σ
dH 1 −

ˆ
Γt
Σ

φ̃j(r)νΓt
Σ
dH 1

∣∣∣∣ < r2.

(5.59)
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This is possible by the dominated convergence theorem; note that νΓt
Σ
∈ L∞(ΓtΣ;R3).

We then define φr := φ̃j(r). By (5.59), for each sufficiently small r > 0, there exist θr ∈ R
and Θr ∈ R3 such that

µτ,intΣ,t (ΓtΣ ∩ Br(x0)) =

ˆ
Br(x0)

φr dµ
τ,int
Σ,t + θr,

ˆ
Γt
Σ∩Br(x0)

νΓt
Σ
dH 1 =

ˆ
Γt
Σ

φrνΓt
Σ
dH 1 +Θr,

lim sup
r↘0

|θr|
r2

≤ 1, lim sup
r↘0

|Θr|
r2

≤ 1.

(5.60)

We compute

dµτ,intΣ,t

dH 1
(x0) = lim

r↘0

µτ,intΣ,t (Br(x0) ∩ ΓtΣ)

H 1(Br(x0) ∩ ΓtΣ)

(5.60)1= lim
r↘0

1

H 1(Br(x0) ∩ ΓtΣ)

ˆ
Br(x0)

φr dµ
τ,int
Σ,t + lim

r↘0

θr
H 1(Br(x0) ∩ ΓtΣ)

(5.50), (5.52)
= − lim

r↘0

1

H 1(Br(x0) ∩ ΓtΣ)

(
lim
δ↘0

ˆ
Στ,t

φr
(
(F × ν∂Ω′)int∂Ω′ − z0

)
· ∇τψt,δ,Σ dH 2

)
− lim
r↘0

1

H 1(Br(x0) ∩ ΓtΣ)

(
lim
δ↘0

ˆ
Στ,t

φr∇τψt,δ,Σ dH 2
)
· z0

+ lim
r↘0

θr
H 1(Br(x0) ∩ ΓtΣ)

=: I + II + III.

To estimate these terms separately, we note that ΓtΣ is also the boundary of a Lipschitz

boundary manifold relative to Ω′. Hence, there exists a constant c > 1 such that

r

c
≤ H 1(Br(x0) ∩ ΓtΣ) ≤ cr for all sufficiently small r > 0.(5.61)

For I, let ε > 0 be arbitrary. Because of the Lipschitz bound (5.3), (5.58), and (5.61),

|I|
(5.3),(5.61)

≤ lim sup
r↘0

(
lim sup
δ↘0

c

rδ

ˆ
Br(x0)∩ΨΣ((t,t+δ)×ΓΣ)

|G− z0| dH 2
)

(5.58)
< ε lim sup

r↘0

(
lim sup
δ↘0

c

rδ
H 2(Br(x0) ∩ΨΣ((t, t+ δ)× ΓΣ))

)
(5.56)

≤ c ε lim sup
r↘0

1

r

(
lim sup
δ↘0

H 2(Br(x0) ∩ΨΣ((t, t+ δ)× ΓΣ))

H 2(ΨΣ((t, t+ δ)× ΓΣ))

)
(5.34)

≤ c ε,

(5.62)

where c > 0 is clearly independent of ε. We may therefore send ε ↘ 0 to conclude that

I = 0.

For II, an analogous argument as in the proof of Lemma 5.5, based on the coarea

formula on manifolds, yields that

lim
δ↘0

ˆ
Στ,t

φr∇τψt,δ,Σ dH 2 =

ˆ
Γt
Σ

φrνΓt
Σ
dH 1.

Hence, we arrive at

II = −
(
lim
r↘0

 
Γt
Σ∩Br(x0)

νΓt
Σ
dH 1

)
· z0 +

(
lim
r↘0

Θr
H 1(Br(x0) ∩ ΓtΣ)︸ ︷︷ ︸

(∗)

)
· z0

(5.46)
= −νΓt

Σ
(x0) · z0.

(5.63)

Here, (∗) = 0 can be seen as a consequence of (5.61) and the second part of (5.60)3.

For III, the bounds from (5.61) in conjunction with the first part of (5.60)3 directly

yield that III = 0.
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Gathering the above identities, it follows that

dµτ,intΣ,t

dH 1
(x0) = II

(5.63)
= −νΓt

Σ
(x0) · z0.

This is (5.47), and the proof is complete. □

Remark 5.11 (On Theorem 5.10). The existence (or well-definedness) of the Stokes

functionals Sint
Στ,t and Sint

Στ,t depends strongly on F , and hereafter t ∈ I. Moreover,

Theorem 5.10(c) underlines in which (weak) sense the density of µτ,intΣ,t can be understood

to be tangential to ΓtΣ inside Σ. To explain this, assume that we may write (F ×
ν∂Ω′)int∂Ω′ = H× ν∂Ω′ with some H ∈ L∞(∂Ω′;R3) such that, for simplicity, x0 ∈ ΓtΣ is a

continuity point for H. In the situation of Theorem 5.10(c), (5.47) gives us

dµτ,intΣ,t

dH 1
(x0) = −(H(x0)× ν∂Ω′(x0)) · νΓt

Σ
(x0)

= −H(x0) · (ν∂Ω′(x0)× νΓt
Σ
(x0)) = −H(x0) · τΓt

Σ
(x0),

(5.64)

where the tangential field τΓt
Σ
: ΓtΣ → S2 carries the orientation as depicted in Figure 7.

We point out that it is not clear to us how to prove (5.47) if we only assume x0 to be

a strong Lebesgue point of (F × ν∂Ω′)int∂Ω′ with respect to H 2, meaning that

lim
r↘0

 
Br(x0)∩∂Ω′

|(F × ν∂Ω′)int∂Ω′ − z0| dH 2 = 0.(5.65)

The key obstruction in proving (5.47) is the order of limits in (5.62), and the low regularity

of (F × ν∂Ω′)int∂Ω′ does not seem to give us access to (5.65), e.g. by use of the coarea

formula.

Based on Theorem 5.10, we now give a version of the Stokes in the classical vorticity

flux-circulation version.

Corollary 5.12 (Stokes in the Vorticity Flux Formulation). In the situation of Theorem

5.10, let (i) t ∈ I1 or (ii) t ∈ I2. We define the total interior and exterior vorticity

fluxes through Στ,t by[
(curlF ) · νΣτ,t

]
int
Στ,t :=

〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω′

,[
(curlF ) · νΣτ,t

]
ext
Στ,t :=

〈
(curlF ) · νΣτ,t , φ

〉
Στ,t,Ω\Ω′

,
(5.66)

where, in each case, φ ∈ C1
c(Ω) is such that φ = 1 in an open neighborhood of Στ,t.

These definitions are independent of the specific choice of φ with this property, and we

have the Stokes theorem in the vorticity flux formulation:[
(curlF ) · νΣτ,t

]
int
Στ,t = µτ,intΣ,t (ΓtΣ) =

ˆ
Γt
Σ

dµτ,intΣ,t

dH 1
dH 1 if t ∈ I1,

[
(curlF ) · νΣτ,t

]
ext
Στ,t = µτ,extΣ,t (ΓtΣ) =

ˆ
Γt
Σ

dµτ,extΣ,t

dH 1
dH 1 if t ∈ I2.

Proof. Based on (5.50), it is clear that the quantities from (5.66) are independent of the

specific function φ ∈ C1
c(Ω) as long as φ = 1 in an open neighborhood U of Στ,t. Since

the supports of µτ,intΣ,t , µ
τ,int
Σ,t are contained in ΓtΣ ⊂ U in each of the cases, the remaining

assertions then are immediate from Theorem 5.10; see (5.43). The proof is complete. □

5.3. Consistency and remarks on Definition 5.2. In this intermediate subsection,

we establish that Theorem 5.10 lets us retrieve the classical Stokes formula (5.1). As a

key point, this will also explain why Definition 5.2 is natural. We begin with

Proposition 5.13 (Consistency). Retaining the geometric setting displayed in §5.1, let
F ∈ C1(Ω;R3). Then Theorem 5.10 implies thatˆ

Σ

curl (φF )|Σ · ν∂Ω′ dH 2 = −
ˆ
ΓΣ

φF · τΓΣ
dH 1 for all φ ∈ C1

c(Ω).(5.67)
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τΓt
Σ
(x0)

ν∂Ω′(x0)

νΓt
Σ
(x0)

Στ,t ΓtΣ
•

Figure 7. Figure 3, continued: On orientations in the Stokes theorem,

continuing with the setting displayed in Figure 4.

Proof. In the present situation, let φ ∈ C1
c(Ω), and let (ψδ) ⊂ C1

c(∂Ω; [0, 1]) be a sequence

such that, for each δ, ψδ = 0 on ∂Ω′ \ Σ and ψδ = 1 on Στ,δ. Since ψ0,δ,Σ ∈ W1,∞
0 (Σ),

we have ψδ − ψ0,δ,Σ ∈ W1,∞
0 (Σ \Στ,δ). Since F (x)× ν∂Ω′(x) ∈ T∂Ω′(x) for any x ∈ ∂Ω′,

integrating by parts gives us∣∣∣∣∣
ˆ
Σ\Στ,δ

φ∇τ (ψδ − ψ0,δ,Σ) · (F × ν∂Ω′) dH 2

∣∣∣∣∣
=

∣∣∣∣∣∣∣
ˆ
Σ\Στ,δ

(ψδ − ψ0,δ,Σ)︸ ︷︷ ︸
|·|≤2

divτ (φ(F × ν∂Ω′))︸ ︷︷ ︸
|·|≤C′<∞

dH 2

∣∣∣∣∣∣∣ ≤ CH 2(Σ \ Στ,δ) δ↘0−→ 0,

(5.68)

where we have used that φ ∈ C1
c(Ω) and F ∈ C1(Ω;R3). The dominated convergence

theorem and the classical product rule for curl then yieldˆ
Σ

curl (φF )|Σ · ν∂Ω′ dH 2

= lim
δ↘0

ˆ
∂Ω′

ψδcurl (φF )|Σ · ν∂Ω′ dH 2

= lim
δ↘0

(ˆ
∂Ω′

curl (ψδ(φF ))|Σ · ν∂Ω′ dH 2︸ ︷︷ ︸
=0 by the divergence theorem

−
ˆ
∂Ω′

(∇ψδ × (φF )) · ν∂Ω′ dH 2
)

= − lim
δ↘0

ˆ
∂Ω′

φ∇ψδ · (F × ν∂Ω′) dH 2

= − lim
δ↘0

ˆ
∂Ω′

φ∇τψδ · (F × ν∂Ω′) dH 2

(5.68)
= − lim

δ↘0

ˆ
∂Ω′

φ∇τψ0,δ,Σ · (F × ν∂Ω′)int∂Ω′ dH 2 (5.50)
= Sint

Στ,0(φ).

The ultimate limit exists as a consequence of Lemma 5.5 and our regularity assumptions

on F and φ; in particular, in the present C1-context, no tangential variations of Σ are

required. By Theorem 5.10 and Remark 5.11(see (5.64)), we moreover see that

Sint
Στ,0(φ) =

ˆ
Γ0
Σ

φ dµτ,intt,Σ = −
ˆ
Γ0
Σ

φF · τΓ0
Σ
dH 1 = −

ˆ
ΓΣ

φF · τΓΣ
dH 1.

This implies (5.67), and the proof is complete. □

Based on the preceding proof, we briefly comment on the specific choice of Definition

5.2. In order to obtain access to the lower smoothness context compared with (5.1) for

a C1-field F , one applies (5.1) to φF , where φ and F can be assumed smooth for the

time being. This leads to

−
ˆ
ΓΣ

φF · τΓΣ
dH 1 =

ˆ
Σ

(∇φ× F ) · ν∂Ω′ dH 2 +

ˆ
Σ

φ (curlF ) · ν∂Ω′ dH 2,(5.69)

which we may compactly write as −T1 = T2 + T3. Ultimately, it is T1 what we wish

to define in the non-smooth context considered here. Rewriting T2 by use of the cross

product rule (a × b) · c = a · (b × c), the trace theorem (Theorem 3.9) implies that T2
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can be meaningfully defined by employing (F × ν∂Ω′)int∂Ω′ ; as an L∞(∂Ω;T∂Ω′)-field, it is

straightforward to restrict the latter to Σ.

This is not so for term T3. Indeed, in order to make sense of the expression (curlF ) ·
ν∂Ω′ , we need to involve the normal trace of curlF along ∂Ω′. Since curlF ∈ DM ext(Ω),

this requires the normal traces of DM ext-fields from Definition 2.14. The latter, in turn,

are given by (2.11) and thus are objects which are defined globally on ∂Ω′. In view of

term T3, which only involves a boundary integral over Σ in the smooth case, they must

be localized to Σ. This is the key reason for the appearance of the localizing functions

ψt,δ,Σ. In essence, Proposition 5.7 asserts that such a localization procedure can be

meaningfully executed for L 1-a.e. t. In this regard, in view of the subsequent sections,

an elementary remark is in order.

Remark 5.14. For F ∈ C M∞(Ω), curlF ∈ RMfin(Ω;R3) can be restricted to the Borel

set ∂Ω′. Regarding T3, it is strictly wrong to interpret T3 as
ˆ
Σ

φν∂Ω′ · d(curlF ) ∂Ω′),(5.70)

which would allow for an ad-hoc generalization of T3 to the non-smooth context of

C M∞-fields. For instance, even if F ∈ C1
b(Ω;R3), then the measure curlF satisfies

curlF ≪ L 3 Ω. Since L 3(Σ) = 0, the expression from (5.70) will vanish throughout.

Instead, the correct interpretation of the right-hand side of (6.13) requires the normal

trace of measure curlF along Σ, and this is incorporated in Definition 5.2.

These considerations lead to the specific form of Definition 5.2. Finally, we note that

(5.50) and Proposition 5.13 suggest directly defining the Stokes functionals by (5.50).

This is also possible, but it then requires the link on the right-hand side of (5.50) with

the flux of curl through Σ. Our strategy proceeds the other way around, namely, starting

from the flux of curl as in Definition 5.2, we establish representation (5.50).

We conclude this subsection by discussing the standing of the localizers ψt,δ,Σ. First,

once t is fixed, it seems natural to employ intrinsic localizers that are based directly on

the collar map ΨΣτ,t , instead of ΨΣ. By this, we mean to replace ψt,δ,Σ in (5.11) by

ψ̃t,δ,Σ(x) :=


0 if x ∈ ∂Ω′ \ Στ,t,
s
δ if x ∈ ΓsΣτ,t(:= ΨΣτ,t({s} × ΓΣτ,t)) for 0 < s < δ,

1 if x ∈ Σ \ΨΣτ,t((0, δ)× ΓΣτ,t).

(5.71)

While this seems feasible at a first glance, it is unclear how this can lead to a useful

version of Theorem 5.10. Throughout the above proof, one is bound to employ the

comparability estimates of layers H 2(ΨΣ((t, t+ δ)×ΓΣ)) in terms of δ. These estimates

depend implicitly on the Lipschitz character of ΓΣ in ∂Ω′ and, when working with (5.2),

can be assumed to be uniform in the collar parameter t.

To the contrary, if we work with (5.71), such uniform estimates are not possible.

Namely, a priori, the collar maps ΨΣτ,t do not have to be linked with ΨΣ in any way. In

essence, for each t, ΨΣτ,t could follow a completely different mapping rule. In particular,

the bi-Lipschitz constants of ΨΣτ,t need not be comparable at all, rendering uniform

comparability estimates impossible. This can be circumvented by linking ΨΣτ,t ’s with

each other, thereby forcing them to follow a uniform mapping rule. In this case, however,

it is equally natural to work directly with the localizer family (5.2), which satisfies the

requisite uniformity by definition.

Finally, we address different localization families and single out the following remark.

Remark 5.15 (Smooth Σ and smooth localizers ψδ). Suppose that ∂Ω′ is sufficiently

smooth and Σ ⊂ ∂Ω′ is a Ck-boundary manifold (in the obvious sense) relative to Ω′ for

a potentially large k ∈ N. Then an adaptation of the arguments of Gilbarg-Trudinger

[39] for k ≥ 2 (see also Krantz-Parks [50] for k = 1 and ΓΣ being of positive reach in the

sense of Federer [36]) yields that the distance function x 7→ dist(x,ΓΣ) is of class C
k in
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1−1

Figure 8. Profile of the function η from Example 5.16.

U ∩ Σ, where U is an open neighborhood of ΓΣ. For sufficiently small δ > 0,

ψ̃t,δ,Σ(x) :=


0 if x ∈ ∂Ω′ \ Στ,t,
1
δ dist(x,Ψ({t} × ΓΣ)) if 0 ≤ dist(x,Ψ({t} × ΓΣ)) ≤ δ,

1 if dist(x,Ψ({t} × ΓΣ)) > δ,

can be employed as a localizing function and is of class Ck in a suitable intersection U ∩
Στ,t, where U is open and independent of δ. This additional differentiability offers some

simplifications in the above proofs, especially as to the C1-extensions to Ω′. However,

in the case of C1-regular Lipschitz boundary manifolds, the use of ψ̃t,δ,Σ does not come

with substantial simplifications compared with ψt,δ,Σ given by (5.2).

5.4. Examples. We conclude the overall section by discussing two examples which il-

lustrate Theorem 5.10. First, we establish that the key assertion of the Stokes theorem

(Theorem 5.10) only holds for L 1-a.e. t ∈ [0, 12 ), and thus requires a selection of good

tangential variations indeed.

Example 5.16 (Non-existence of limit (5.11)). We now give an example of a C M∞-field

for which limit (5.11) does not exist for t = 0. To this end, define annuli Ak ⊂ R2 for

k ∈ N by

Ak := B
(2)

1−2−k−1(0) \ B
(2)

1−2−k(0)

and set

η(x1, x2) :=

∞∑
k=1

(−1)k+1
1Ak

(x1, x2) for (x1, x2) ∈ R3.

We set Ω := B
(2)
2 (0) × (−2, 2) and let Ω′ ⋐ Ω ∩ {x3 > 0} have C1-boundary such that

Σ := B
(2)
1 (0)× {0} ⊂ ∂Ω′. We define

g(x1, x2, 0) :=
η(x1, x2)√
x21 + x22

(x2,−x1, 0) for (x1, x2, 0) ∈ Σ,(5.72)

whereby g ∈ L∞(Σ;R3).

Now note that the classical (interior) Sobolev trace operator trΣ : (W1,1 ∩L∞)(Ω;R3) →
L∞(Σ;R3) is surjective. To see this, we first recall that trΣ : W1,1(Ω;R3) → L1(Σ;R3)

is well-known to be surjective; see [38] or [63]. Moreover, by [35, Chapter 5.3, Theorem

2], we see that, for all h ∈ W1,1(Ω;R3),

trΣ(h)(x0) = lim
r↘0

 
Br(x0)

h dx for H 2-a.e. x0 ∈ Σ,

and this immediately implies that trΣ : (W1,1 ∩L∞)(Ω;R3) → L∞(Σ;R3) is a bounded

linear operator. On the other hand, the constructions given in [38, 63] directly yield

that, for any g ∈ L∞(Σ;R3), there exists h ∈ (W1,1 ∩L∞)(Ω;R3) such that trΣ(h) = g

H 2-a.e. on Σ. Hence, the claimed surjectivity follows.

In particular, with g as in (5.72), there exists F ∈ (W1,1 ∩L∞)(Ω;R3) such that

trΣ(F ) = g holds H 2-a.e. on Σ. As a consequence of Theorem 3.9, we record that

(F × ν∂Ω′)int∂Ω′ = (F × ν∂Ω′)ext∂Ω′ = trΣ(F )× ν∂Ω′ = g × ν∂Ω′ H 2-a.e. on Σ.(5.73)
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We fix the particular collar map

ΨΣ(t, x) := (1− t)x for 0 ≤ t < 1
2 , x = (x′, 0), and |x′| = 1,

which implies that ψ0,δ,Σ is given by

ψ0,δ,Σ(x
′, 0) =

1

δ

(
1− |x′|

)
if 0 ≤ dist(x′,ΓΣ) ≤ 1− δ.

In all other regions, its tangential gradient will be zero. Since ν∂Ω′(x) = (0, 0, 1) on Σ,

we may compute for H 2-a.e. x = (x1, x2, 0) ∈ Σ:

(F × ν∂Ω′)int∂Ω′(x) = − η(x1, x2)√
x21 + x22

(x1, x2, 0),

∇τψ0,δ,Σ(x) = −1

δ

1√
x21 + x22

(x1, x2, 0).

(5.74)

Now let φ ∈ C1
c(Ω) be such that φ ≡ 1 in an open neighborhood of ∂B

(2)
1 (0) × {0}.

Considering δ = 2−j for sufficiently large j ∈ N, we have

lim
j→∞

ˆ
(B

(2)
1 (0)\B(2)

1−2−j (0))×{0}
φ∇τψ0,2−j ,Σ · (F × ν∂Ω′)int∂Ω′ dH 2

(5.74)
= lim

j→∞
2j
ˆ
(B

(2)
1 (0)\B(2)

1−2−j (0))×{0}
η(x1, x2) dH 2

= lim
j→∞

2j
∞∑
k=j

(−1)k+1L 2(Ak) =: I.

(5.75)

The ultimate limit does not exist. To see this, we compute for j ∈ N:

2j
∞∑
k=j

(−1)k+1L 2(Ak) = −2jπ
( ∞∑
k=j

(−2)−k − 3

4

∞∑
k=j

(−4)−k
)

= π
(2(−1)−j+1

3
− 3(−1)j+12−j

5

)(5.76)

by use of the geometric series. Based on (5.76) and considering even and odd indices

j separately, it is clear that the limit I from (5.75) as j → ∞ does not exist. By the

proof of Theorem 5.10 (see (5.50)), it is however precisely the first limit in (5.75) that

is decisive for Sint
Στ,0(φ) to be well-defined. In conclusion, Sint

Στ,0(φ) is ill-defined in the

present situation. Yet, the tangential oscillation of η is bounded in sufficiently small

neighborhoods of ∂B(2)
r (0) × {0} for any 0 < r < 1, so that Sint

Στ,t(φ) exists and is

well-defined for all 0 < t < 1
2 .

Anticipating the terminology from §6, the function: (F × ν∂Ω′)int∂Ω′ from (5.74) is not

a divergence measure field, whereby Example 5.16 is also in line with the Stokes theorem

in the transversal direction, Theorem 6.7 below; see Example 6.12 for more detail.

Example 5.17 (Tangential jumps in higher smoothness scenarios). We adopt the setting

described in Section 5.1. Let F1 ∈ (W2,1 ∩L∞)(Ω′;R3) and F2 ∈ (W2,1 ∩L∞)(Ω \ Ω′),

and define the glued function F by

F :=

{
F1 in Ω′,

F2 in Ω \ Ω′.

Then F ∈ (BV∩L∞)(Ω;R3), whereby F ∈ C M∞(Ω). We note that there exist

bounded linear trace operators trin∂Ω′ : (W
2,1 ∩L∞)(Ω′;R3) → (W1,1 ∩L∞)(∂Ω′;R3) and

trex∂Ω′ : (W
2,1 ∩L∞)(Ω \ Ω′;R3) → (W1,1 ∩L∞)(∂Ω′;R3). On the manifold ∂Ω′, in turn,

there is a bounded linear trace operator trΓΣ
: (W1,1 ∩L∞)(∂Ω′;R3) → L∞(ΓΣ;R3).

Now, if v ∈ W1,1(∂Ω′;R3), we haveˆ
ΓΣ

trΓΣ
(v) · νΓΣ

dH 1 = lim
δ↘0

ˆ
Σ

φ∇τψt,δ,Σ · v dH 2.
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This identity can be established analogously to Lemma 5.5, now taking into account

the properties of the classical trace operator on W1,1 (see, e.g., [35, Chapter 5.3]) and

adapting it to the spaces on manifolds. Then

Sint
Στ,0(φ) = −

ˆ
ΓΣ

φ trΓΣ(tr∂Ω′(F1)× νΣ) · νΓΣ dH 1,

and analogously for Sext
Στ,0 and F2.

6. DM∞-Fields on Manifolds, Stokes Theorem, and Transversal

Variations

In §5, The manifold Σ and the set Ω′ ⋐ Ω with Σ ⋐ ∂Ω′ were thought of as fixed;

the Stokes theorem, Theorem 5.10, consequently made use of the tangential variations,

meaning that we vary Σ inside ∂Ω′. Suppose we allow Σ to vary transversally. In that

case, the key outcome of the present section is that the Stokes theorem is available on L 1-

a.e. such transversally varied manifolds without having to additionally vary tangentially.

This, in turn, is achieved by proving that, for F ∈ C M∞(Ω), the tangential traces

provided by Theorem 3.9 are tangential divergence measure fields on L 1-a.e. transver-

sally varied manifold. On such manifolds, the Stokes theorem turns out to be equivalent

to the Gauss–Green theorem for DM∞-fields on manifolds; see Theorem 6.7. This con-

nection is easily visible from the following simple example, which we take as a starting

point for this section:

Example 6.1. Let Ω = (−2, 2)2 × (−1, 1) and let Σ := (−1, 1)2 × {0}, which we view

as a subset of ∂Ω′, where Ω′ ⊂ Ω ∩ {x3 < 0} has C1-boundary. We put νΣ := ν∂Ω′ |Σ =

(0, 0,−1)⊤. If F ∈ C1(Ω;R3), then F × νΣ ∈ C1(Σ;R3) and satisfies

F × νΣ = (−F2,F1, 0)
⊤, (curlF ) · νΣ = ∂2F1 − ∂1F2 along Σ.(6.1)

As usual, we denote by τΓΣ : ΓΣ → S2 the unit tangential field to ΓΣ, where Σ inherits the

orientation from ∂Ω′; see Figure 7. In particular, for x ∈ ΓΣ, the vectors νΣ(x), νΓΣ(x),

and τΓΣ(x) satisfy, in this order, the right-hand rule and are mutually orthogonal. Letting

Q =

0 −1 0

1 0 0

0 0 0

 ,

we have in the present geometrically flat case that Qτ(x) = νΓΣ
(x) for every x ∈ ΓΣ

except at the edges of square Σ. At every such x, we have

(F (x)× νΣ(x)) · νΓΣ
(x) = F (x) · (νΣ(x)× νΓΣ

(x)) = F (x) · τΓΣ
(x).(6.2)

Thus, based on the classical Gauss–Green theorem in two dimensions, we conclude thatˆ
Σ

(curlF ) · νΣ dH 2 (6.1)
=

ˆ
Σ

divτ ((−F2,F1, 0)
⊤) dH 2 = −

ˆ
ΓΣ

(−F2,F1, 0)
⊤ · νΓΣ

dH 1

(6.1)
= −

ˆ
ΓΣ

(F × νΣ) · νΓΣ dH 1 (6.2)
= −

ˆ
ΓΣ

F · τΓΣ dH 1,

which is exactly the Stokes formula based on our convention on orientations. As a

consequence of this representation, the tangential trace of F |Σ along ΓΣ as required in

the Stokes formula is the normal trace of (F × νΣ)|Σ along ΓΣ.

6.1. DM∞-fields on manifolds. In view of our above discussion, we pause and in-

troduce DM∞-fields on oriented (n − 1)-dimensional C2-manifolds Σ ⊂ Rn with Σ =

int(Σ) first. To motivate their definition, we adopt the notation of Theorem 2.1. If

v ∈ C1
c(Σ;TΣ), then formula (2.4) yieldsˆ

Σ

φ divτ (v) dH n−1 = −
ˆ
Σ

∇τφ · v dH n−1 for all φ ∈ C1
c(Σ),(6.3)

and gives rise to the following definition:
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Definition 6.2 (DM∞-fields on submanifolds of Rn). Let Σ ⊂ Rn be an oriented,

(n − 1)-dimensional C2-manifold with Σ = int(Σ). We say that v ∈ L∞(Σ;TΣ) is

a bounded divergence measure field on Σ, in formulas v ∈ DM∞(Σ), if there exists

µ ∈ RMfin(Σ) such that

ˆ
Σ

φ dµ = −
ˆ
Σ

∇τφ · v dH n−1 for all φ ∈ C1
c(Σ).(6.4)

In this case, we write divτ (v) := µ.

Before we proceed to the Gauss–Green theorem, we make a remark that ultimately

turns out to be one of the main reasons for having singled out Theorem 3.9(b).

Remark 6.3. The defining condition (6.4) does not make sense for general fields v ∈
L∞(Σ;Rn), since in this case identity (6.3) does not hold true and so consistency might

be lost. This is due to the curvature term embodied by the Weingarten map HΣ in (2.2),

and only leads to (6.3) provided that v(x) ∈ TΣ(x) for H n−1-a.e. x ∈ Σ.

We do not aim for an extensive treatment of DM∞(Σ)-fields here. However, for our

future applications, we record the following elementary lemma.

Lemma 6.4. In the situation of Definition 6.2, let Σ also be compact.

(a) Let v ∈ L1(Σ;TΣ). If

m := sup
{ˆ

Σ

∇τφ · v dH n−1 : φ ∈ C1
c(Σ), ∥φ∥L∞(Σ) ≤ 1

}
<∞,(6.5)

then there exists µ ∈ RMfin(Σ) such that

ˆ
Σ

φ dµ = −
ˆ
Σ

∇τφ · v dH n−1 for all φ ∈ C1
c(Σ)(6.6)

and µ = divτ (v) together with |divτ (v)|(Σ) = m.

(b) If, moreover, v ∈ DM∞(Σ), then identity (6.6) holds for any Lipschitz function

φ ∈ Lip0(Σ) := {ψ ∈ Lip(Σ): ψ|ΓΣ = 0}.

Proof. For (a), by (6.5), the functional

G(φ) := −
ˆ
Σ

∇τφ · v dH n−1 for any φ ∈ C1
c(Σ),

is a bounded linear functional on (C1
c(Σ), ∥ · ∥C(Σ)). By routine localization and molli-

fication, C1
c(Σ) is seen to be dense in C0(Σ) with respect to ∥ · ∥C(Σ); note that, since

Σ is a C2-manifold, the C1-regularity of maps φ is not destroyed during the localization

process. Hence, G has a continuous extension G : C0(Σ) → R with ∥G∥C0(Σ)′ = m. By

the Riesz representation theorem, there exists a uniquely determined Radon measure

µ ∈ RMfin(Σ) such that

G(φ) =

ˆ
Σ

φ dµ for all φ ∈ C0(Σ).

Specifying to φ ∈ C1
c(Σ), we arrive at (6.6). The Riesz representation theorem in conjunc-

tion with the aforementioned density then yields |divτ (v)|(Σ) = m and thus completes

the proof of the first assertion.

For (b), let φ ∈ Lip0(Σ). As in the geometrically flat case, the present assumptions

allow us to find a sequence (φj) ⊂ C1
c(Σ) such that φj → φ strongly in L∞(Σ) and

∇τφj
∗
⇀ ∇τφ in L∞(Σ;TΣ). By (6.6), this immediately implies the underlying identity

for Lip0-functions. The proof is complete. □
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6.2. Tangential traces of C M∞-fields as DM∞-fields. We now introduce the Gauss–

Green functional for DM∞(Σ)-fields, allowing us to assign distributional traces to DM∞-

fields along ΓΣ. This leads to the announced variant of the Stokes theorem with respect

to the normal or transversal variations. We begin with

Definition 6.5 (Gauss–Green functional). In the situation of Definition 6.2, let v ∈
DM∞(Σ), and let U ⊂ Σ be a Borel set with U ⊂ Σ. We then define

⟨v · ν, φ⟩ΓU
:= −

ˆ
U

φ d divτ (v)−
ˆ
U

∇τφ · v dH n−1 for any φ ∈ C1
c(Σ).(6.7)

Moreover, if U = Σ, we put

⟨v · ν, φ⟩ΓΣ
:= −

ˆ
Σ

φ d divτ (v)−
ˆ
Σ

∇τφ · v dH n−1 for any φ ∈ C1(Σ),(6.8)

where C1(Σ) is the space of all functions φ ∈ C1(Σ) for which φ and ∇τφ can be con-

tinuously extended to Σ.

It is trivial to see that these functionals extend to non-relabelled functionals

⟨v · ν, ·⟩ΓU
, ⟨v · ν, ·⟩ΓΣ ∈ Lip(Σ)′.(6.9)

Lemma 6.6. In the situation of Definition 6.2, the following hold:

(a) Let v ∈ DM∞(Σ). Viewing (6.8) as an element of D ′(Ω), ⟨v · ν, ·⟩ΓΣ
is a

well-defined distribution of order at most one with spt(⟨v · ν, ·⟩ΓΣ
) ⊂ ΓΣ.

(b) Suppose that Ω′ ⊂ Rn be open and bounded with C2-boundary, and let Σ be a

C2-regular Lipschitz manifold relative to Ω′. Moreover, let v ∈ DM∞(Σ). Then

there exists a function (v · ν)ΓΣ
∈ L∞(ΓΣ) such that

⟨v · ν, φ⟩ΓΣ =

ˆ
ΓΣ

(v · ν)ΓΣ φ dH n−2 for all φ ∈ Lip(Σ).(6.10)

Proof. For (a), let φ ∈ C1
c(Ω) be such that spt(φ) ∩ ΓΣ = ∅. Since ΓΣ is closed,

dist(spt(φ),ΓΣ) > 0. In particular, φ|Σ ∈ C1
c(Σ), and thus the claim is immediate

from (6.4).

For (b), this follows in the same way as the corresponding statement established by

Chen-Frid [19, Theorem 2.2] for divergence-measure fields on open and bounded sets Ω ⊂
Rn with Lipschitz deformable boundary. We do not repeat the proof here, but comment

on three key points required for the argument of [19] to work: Since Σ is a C2-regular

Lipschitz manifold relative to Ω′, it automatically has Lipschitz deformable boundary ΓΣ

in ∂Ω′, the Lipschitz deformations being given by the collar maps ΨΣ : (0, 1)×ΓΣ → O ⊂
Σ. Secondly, the requisite integration-by-parts formula is available since v(x) ∈ TΣ(x)

for H n−1-a.e. x ∈ Σ; see also Remark 6.3. Finally, the adaptation of the proof of [19,

Thm. 2.2] gives us the validity of (6.10) for all φ ∈ C1(∂Ω′). For general φ ∈ Lip(Σ),

we denote by φ ∈ Lip(∂Ω′) an arbitrary but fixed Lipschitz extension of φ to ∂Ω′. By

localization and smooth approximation, we then find a sequence (φj) ⊂ C1(Ω) such that

φj → φ locally uniformly on ∂Ω′ and ∇τφj
∗
⇀ ∇τφ in L∞(∂Ω′;T∂Ω′). Since φ|ΓΣ is

independent of the extension, this allows us to pass to the limit j → ∞ in (6.10) for φj
and to obtain (6.10) also for general φ ∈ Lip(Σ). This completes the proof. □

We now establish that L 1-a.e. boundary manifold Σ in Ω ⊂ R3 satisfies the Stokes

theorem for C M∞(Ω)-fields.

Theorem 6.7 (Stokes Theorem for the Transversal Variations). Let Ω ⊂ R3 be open

and bounded, let Ω′ ⋐ Ω be open with boundary of class C2, and let Σ be a C2-regular

Lipschitz boundary manifold relative to Ω′. Recalling the collar map Φ∂Ω′ from Lemma

2.5, define

(∂Ω′)Φ,t := Φ∂Ω′({t} × ∂Ω′) and recall that ΣΦ,t
Ω′ := Φ∂Ω′({t} × Σ), |t| < 1

2
.

Then, for F ∈ C M∞(Ω), the following hold:
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(a) Divergence-measure field property: There exists a set Ĩ ⊂ I := (− 1
2 ,

1
2 ) with

L 1(I \ Ĩ ) = 0 such that the interior tangential traces from Theorem 3.9 along

(∂Ω′)Φ,t satisfy

(F × ν(∂Ω′)Φ,t)int(∂Ω′)Φ,t |ΣΦ,t

Ω′
∈ DM∞(ΣΦ,t

Ω′ ) for all t ∈ Ĩ ,(6.11)

together with the bound:

|divτ ((F × ν(∂Ω′)Φ,t)int(∂Ω′)Φ,t |ΣΦ,t

Ω′
)|(ΣΦ,t

Ω′ ) ≤ cMΦ,+
∂Ω′,∂Ω′(curlF )(t) for all t ∈ Ĩ ,

(6.12)

where constant c > 0 is independent of F and t. The same holds true for the

exterior tangential traces from Theorem 3.9 with a potentially different set Ĩ , if

we replace the right-hand side of (6.12) by cMΦ,−
Σ,Ω′(curlF )(t).

(b) Stokes property for the transversal variations: Based on Definition 5.2, define

Sint
ΣΦ,t

Ω′
:= Sint

(ΣΦ,t

Ω′ )τ,0
, Sext

ΣΦ,t

Ω′
:= Sext

(ΣΦ,t

Ω′ )τ,0
.

If t ∈ Ĩ and adopting the notation from Lemma 6.6(b), then the function

ft,Σ,Ω′ := −((F × ν(∂Ω′)Φ,t)int(∂Ω′)Φ,t |ΣΦ,t

Ω′
· ν)Γ

Σ
Φ,t
Ω′

∈ L∞(ΓΣΦ,t

Ω′
)

satisfies

Sint
ΣΦ,t

Ω′
(φ) =

ˆ
Γ
Σ
Φ,t
Ω′

ft,Σ,Ω′φ dH 1 for all φ ∈ C1
c(Ω).(6.13)

In particular, Sint
ΣΦ,t

Ω′
is a well-defined distribution of order zero.

The same holds true with the obvious modifications for the exterior Stokes functional.

Proof. Throughout, we focus on the interior Stokes functionals. We define

Ĩ :=
{
t ∈ I : MΦ,+

∂Ω′,∂Ω′(curlF )(t) <∞
}
.

Letting t ∈ Ĩ , we now divide the proof of (a) and (b) into three steps.

Step 1. Set-up. For notational brevity, we put Σ̃ := ΣΦ,t
Ω′ . Based on Lemma 2.5(d), Σ̃

still is a C2-regular Lipschitz boundary manifold relative to the open and bounded set

Ω̃′ := Φ∂Ω′((t, t0)× ∂Ω′) for an arbitrary but fixed t < t0 < 1. By Lemma 2.5, ∂Ω̃′ is of

class C∞. In view of (a) and (b), we aim to apply Lemma 6.4; hence, we let φ ∈ C1
c(Σ̃)

be arbitrary with ∥φ∥L∞(Σ̃) ≤ 1. We define φ ∈ C1
c(∂Ω̃

′) to be the trivial extension of φ

to ∂Ω̃′. Let δ0 > 0 be so small such that

dist(Φ∂Ω′({t0} × ∂Ω′), {x ∈ Ω̃′ : dist(x,Φ∂Ω′({t} × ∂Ω′))) < δ0}) > 0.(6.14)

Now let 0 < δ < δ0. As a consequence of Lemma 2.12(a), there exists a function

φδ ∈ C1(Φ∂Ω′([t, t0]× ∂Ω′)) such that

φδ = φ on Φ∂Ω′({t} × ∂Ω′),{
x ∈ Ω̃′ : φδ(x) ̸= 0

}
⋐

{
x ∈ Ω̃′ : dist(x,Φ∂Ω′({t} × ∂Ω′)) < δ

}
=: Uδ,

|∇φδ| ≤ c
(
∥∇τφ∥L∞(Σ̃) +

1

δ
∥φ∥L∞(Σ̃)

)
in Ω̃′,

(6.15)

where constant c > 0 neither depends on φ nor δ; for the right-hand side of (6.15)3, note

that φ vanishes outside Σ̃. From (6.14) and (6.15)2, we conclude that φδ vanishes in an

open neighborhood of Φ∂Ω′({t0} × ∂Ω′).

Step 2. Proof of (a). We aim to apply Theorem 3.9(b)–(c) to Ω̃′ as underlying

set. In particular, whenever ψ ∈ C2(Φ∂Ω′([t, t0] × ∂Ω′)) vanishes in a neighborhood of

Φ({t0} × ∂Ω), we may employ the relation: curl (∇ψ) = 0 to findˆ
Φ∂Ω′ ({t}×∂Ω′)

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τψ dH 2 (3.15)

=

ˆ
Φ∂Ω′ ((t,t0)×∂Ω′)

∇ψ · d(curlF ).(6.16)
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Now let ψ ∈ C1(Φ∂Ω′([t, t0] × ∂Ω′)) be such that ψ vanishes in a neighborhood of

Φ∂Ω′({t0}×∂Ω′). In order to apply (6.16) to φδ, let ψ ∈ C1
c(Ω) be an extension of ψ; such

a function exists by the very definition of C1(Φ∂Ω′([t, t0]× ∂Ω′)) and Φ∂Ω′((t, t0)× ∂Ω′)

being relatively compact in Ω. Mollifying ψ yields a sequence (ψε) ⊂ C∞
c (Ω) such that

ψε → ψ and ∇ψε → ∇ψ uniformly in Ω as ε ↘ 0. Applying (6.16) to ψε, we recall

(F × ν∂Ω̃′)
int
∂Ω̃′ ∈ L∞(∂Ω̃′;R3) and thus may pass to the limit ε ↘ 0 by the dominated

convergence theorem. In consequence, we may apply (6.16) to ψ = φδ.

Since φ vanishes outside Σ̃, we thus obtain∣∣∣∣ˆ
Σ̃

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2

∣∣∣∣(6.17)

φδ|∂Ω̃′=φ
=

∣∣∣∣ˆ
Φ∂Ω′ ({t}×∂Ω′)

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφδ dH 2

∣∣∣∣
(6.16)

≤
∣∣∣∣ˆ

Φ∂Ω′ ((t,t0)×∂Ω′)

∇φδ · d(curlF )

∣∣∣∣
(6.15)

≤ c
(
∥∇τφ∥L∞(Σ̃)|curlF |(Uδ) +

1

δ
∥φ∥L∞(Σ̃)|curlF |(Uδ)

)
,

where Uδ is as in (6.15)2. Estimate (6.17) holds for all sufficiently small δ > 0. Since

Uδ → ∅ as δ ↘ 0, we may send δ ↘ 0 in (6.17) to find by use of ∥φ∥L∞(Σ̃) ≤ 1 that∣∣∣∣ˆ
Σ̃

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2

∣∣∣∣ ≤ c lim sup
δ↘0

|curlF |(Uδ)
δ

.(6.18)

By Lemma 2.5 and Remark 2.7, we may assume that there exists a constant θ ≥ 1 such

that Uδ ⊂ Φ∂Ω′((t, t+ θδ)× ∂Ω′) holds for all sufficiently small δ > 0. Then

| divτ ((F × ν∂Ω̃′)
int
∂Ω̃′)|(Σ̃)

Lem. 6.4
= sup

φ∈C1
c(Σ̃)

|φ|≤1

∣∣∣∣ˆ
Σ̃

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2

∣∣∣∣
(6.18)

≤ c lim sup
δ↘0

|curlF |(Uδ))
δ

≤ c lim sup
δ↘0

|curlF |(Φ∂Ω′((t, t+ θδ)× ∂Ω′)

δ

≤ cMΦ,+
∂Ω′,∂Ω′(curlF )(t).

(6.19)

Since t ∈ Ĩ , the ultimate expression is finite and L 1(I \ Ĩ ) = 0 by Proposition 4.3. In

particular, divτ ((F × ν∂Ω̃′)
int
∂Ω̃′ |Σ̃) ∈ RMfin(Σ̃) and, since (F × ν∂Ω̃′)

int
∂Ω̃′ |Σ̃ ∈ L∞(Σ̃;TΣ̃)

by Theorem 3.9, (F ×ν∂Ω̃′)
int
∂Ω̃′ |Σ̃ ∈ DM∞(Σ̃). This yields (6.11), while (6.12) is a direct

consequence of (6.19). Hence, (a) follows.

Step 3. Proof of (b). We first note that the right-hand side (6.13) has a clear meaning:

Indeed, since MΦ,+
∂Ω′,∂Ω′(curlF )(t) < ∞, the boundary regularity criterion (2.15) from

Lemma 2.18 is satisfied, so that ⟨(curlF ) · ν, ·⟩∂Ω̃′ can be represented by a finite Radon

measure µ(curlF )·ν∂Ω̃′ on ∂Ω̃
′. Now let ψ0,δ,Σ̃ be as in (5.2). Based on (5.50), we conclude

that

Sint
Σ̃

(φ) = − lim
δ↘0

ˆ
∂Ω̃′

φ(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τψ0,δ,Σ̃ dH 2

= lim
δ↘0

(ˆ
Σ̃

ψ0,δ,Σ̃(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2

−
ˆ
Σ̃

∇τ (ψ0,δ,Σ̃φ) · (F × ν∂Ω̃′)
int
∂Ω̃′ dH 2

)
=

ˆ
Σ̃

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2 + lim

δ↘0

ˆ
Σ̃

ψ0,δ,Σ̃φ d(divτ (F × ν∂Ω̃′)
int
∂Ω̃′)

=: II.

(6.20)
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In the ultimate step, we have used the dominated convergence theorem for the first

term, whereas the second one is dealt with by (ψ0,δ,Σ̃φ) ∈ Lipc(Σ̃) and (F × ν∂Ω̃′)
int
∂Ω̃′ ∈

DM∞(Σ̃); note that the underlying integration by parts is justified by Lemma 6.6(b).

Since divτ ((F × ν∂Ω̃′)
int
∂Ω̃′) ∈ RMfin(Σ̃) and Σ̃ is relatively open, then the dominated

convergence theorem yields

II =

ˆ
Σ̃

(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇τφ dH 2 +

ˆ
Σ̃

φ d(divτ (F × ν∂Ω̃′)
int
∂Ω̃′)

= −⟨(F × ν∂Ω̃′)
int
∂Ω̃′ |Σ̃ · ν, φ⟩ΓΣ̃

,

(6.21)

where we have used the very definition of the Gauss–Green functional from Definition

6.5. By (a) and Lemma 6.6(b), we obtain (6.13) and so the full statement of (b). This

completes the proof. □

Remark 6.8 (Further Localizations). With slightly more refined estimates that take into

the account the geometry of Φ∂Ω′((t, t0) × ∂Ω′), it is possible to improve (6.12) to only

have the term cMΦ,+
Σ,∂Ω′(curlF )(t), instead of cMΦ,+

∂Ω′,∂Ω′(curlF )(t), on its right-hand

side. However, we do not need this improvement in the sequel.

Remark 6.9. In stating the above results, we stick to the notation ΣΦ,t
Ω′ . This is so

because we partially work on the full boundaries (∂Ω′)Φ,t, which arise from ∂Ω′ by

transversal shifting and depend on Ω′. On the contrary, in §5, we only work on Σ and

with 0 ≤ t < 1
2 . For such t, we have Στ,tΩ′ ⊂ Σ, whereby it is convenient to simply write

Στ,t instead of Στ,tΩ′ in the context of §5. Moreover, note that, if the two-sided maximal

operator satisfies Mn
∂Ω′,∂Ω′(curlF )(t) < ∞, Lemma 4.4 yields |curlF |((∂Ω′)Φ,t) = 0.

This is still the case on a subset of full L 1-measure in I. In particular, for such t, the

Stokes theorem on the respective transversally shifted boundary manifolds is available

for both the interior and exterior Stokes functionals.

As a consequence of the proof of Theorem 6.7, we do not have to vary tangentially when

t is such that MΦ,+
∂Ω′,∂Ω′(curlF )(t) <∞. In view of our discussion in §5.3 (see (5.71)ff.),

there is no need to work with localizers adapted to Σ and the specific collar map ΨΣ

when aiming to introduce Stokes functionals as in Definition 5.2. On transversally shifted

manifolds ΣΦ,t
Ω′ with MΦ,+

∂Ω′,∂Ω′(curlF )(t) < ∞, we may therefore directly state a Stokes

theorem for relatively open subsets as follows.

Corollary 6.10 (Low Regularity). Let Ω ⊂ R3 be open and bounded, and let Ω′ ⋐ Ω

be open with boundary of class C2. Moreover, let F ∈ C M∞(Ω), and let t ∈ (− 1
2 ,

1
2 ) be

such that

(i) MΦ,+
∂Ω′,∂Ω′(curlF )(t) <∞ or (ii) MΦ,−

∂Ω′,∂Ω′(curlF )(t) <∞.

Let E ⊂ (∂Ω′)Φ,t be relatively open. Finally, for all sufficiently small δ > 0, suppose

that ψδ : (∂Ω
′)Φ,t → [0, 1] be a Lipschitz function such that ψδ = 0 on (∂Ω′)Φ,t \ E and

ψδ → 1 pointwisely on E as δ ↘ 0. We define interior and exterior Stokes functionals

on E for φ ∈ C1
c(Ω) by

Sint
E (φ) := lim

δ↘0
⟨(curlF ) · ν, ψδφ⟩(∂Ω′)Φ,t +

ˆ
E

(F × ν∂Ω′)int∂Ω′ · ∇τφ dH 2

in case (i), and

Sext
E (φ) := lim

δ↘0
⟨(curlF ) · ν, ψδφ⟩(∂Ω′)Φ,t +

ˆ
E

(F × ν∂Ω′)ext∂Ω′ · ∇τφ dH 2

in case (ii). Then, in each of cases (i)–(ii),

(a) the functionals Sint
E and Sext

E is independent of the specific choice of the sequence

(ψδ) with the above properties.
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(b) the functionals Sint
E and Sext

E are distributions of order at most one supported

on ΓE := E \ int(E). More precisely, we have the representations:

Sint
E (φ) = −⟨(F × ν∂Ω̃′)

int
∂Ω̃′ |E · ν, φ⟩ΓE

,

Sext
E (φ) = −⟨(F × ν∂Ω̃′)

ext
∂Ω̃′ |E · ν, φ⟩ΓE

(6.22)

for all φ ∈ C1
c(Ω).

Proof. We focus on Sint
E , the proof for Sext

E being analogous. Let φ ∈ C1
c(Ω). As in the

derivation of (5.50), we have

Sint
E (φ) = − lim

δ↘0

ˆ
∂Ω̃′

φ(F × ν∂Ω̃′)
int
∂Ω̃′ · ∇ψδ dH 2.

Based on this observation, we can follow the proof of Theorem 6.7. More precisely, in

(6.20)–(6.21), we replace Σ̃ by E and ψ0,δ,Σ̃ by ψδ. Based on Definition 6.5 and (6.9),

this yields (6.22), from where both (a) and (b) follow at once. The proof is complete. □

Remark 6.11. While Theorem 6.7 and Corollary 6.10 have a parallel structure, the

outcomes differ in the regularity of the Stokes functionals. The Lipschitz regularity of

the boundaries in the context of Theorem 6.7 yields the L∞-representability of the Stokes

functionals. In the situation of general relatively open sets E as considered in Corollary

6.10, the validity of the Stokes theorem happens at the cost of the Stokes functionals

potentially being non-regular distributions on ΓE .

6.3. Examples. We conclude the overall section with two examples.

Example 6.12 (Example 5.16, continued). We compute the tangential distributional

divergence of the function (F ×ν∂Ω′)int∂Ω′ from (5.74), which we directly view as a function

on R2:

divτ ((F × ν∂Ω′)int∂Ω′) = 2

∞∑
k=1

(−1)k+1H 1 ∂B1−2−k in D ′(R2),

and so tr(F )× ν /∈ DM∞(R2) follows from

|divτ ((F × ν∂Ω′)int∂Ω′)|(R2) = 4π

∞∑
k=1

(1− 2−k) = ∞.

In particular, Theorem 6.7 is not applicable here, whereas Theorem 5.10 is indeed.

Example 6.13. The boundary regularity criterion MΦ,t
∂Ω′,∂Ω′(curlF ) < ∞ is automati-

cally satisfied for any choice of t, provided that e.g. curlF ∈ L∞(Ω;R3). In this sense,

Theorem 6.7 and Corollary 6.10 provide unconditional Stokes theorems without manifold

selection for Wcurl ,∞-fields.

7. The Stokes Theorem for C M p-Fields, 1 ≤ p <∞

As a hybrid of the methods developed in the previous two sections, we now establish

a (tangential) Stokes theorem in the spirit of Theorem 5.10 for a large subclass of C M p-

fields, 1 ≤ p < ∞. This requires localizing certain distributions, namely divergences

of L1
loc-fields, to certain closed sets; see §7.1. In the intermediate subsection §7.2, we

introduce a boundary pairing and prove, as the C M p-substitute of Theorem 3.9(b), in

which sense the distributional tangential traces are tangential. This leads to a general

version of the Stokes theorem (see §7.3), and eventually fills the remaining gaps from

Table 1; see §7.4.
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7.1. Localization elements of divτ (L
1
loc). Let Ω ⊂ Rn be open and bounded, and let

Ω′ ⋐ Ω be open with C2-boundary. Moreover, let Σ ⋐ ∂Ω′ be a C2-regular Lipschitz

boundary manifold relative to Ω′, with boundary ΓΣ ⊂ ∂Ω′; in particular, Σ is relatively

open in ∂Ω′. Temporarily assuming that ∂Ω′ is even smooth and S ∈ D ′(∂Ω′), S can be

localized to Σ by restricting it to an element S|Σ ∈ D ′(Σ) via

⟨S|Σ, φ⟩D′(Σ)×D(Σ) := ⟨S, φ⟩D′(∂Ω′)×D(∂Ω′) for φ ∈ D(Σ).(7.1)

For our future purposes, we require a restriction of S to an element of C∞(Σ)′, and this

is what we mean by localizing to closed sets.

In the case of C2-regular Lipschitz boundary manifolds, D(∂Ω′) is not well-defined,

but it is clear that the task of localizing elements of Lip(∂Ω′)′ comes with similar issues.

To this end, we consider the subspace

divτ (L
1
loc(∂Ω

′;T∂Ω′)) :=
{
divτ (G) : G ∈ L1

loc(∂Ω
′;T∂Ω′)

}
,(7.2)

where divτ denotes the tangential distributional divergence. Since ∂Ω′ is compact, we

could equivalently admit G ∈ L1(∂Ω′;T∂Ω′) in (7.2) and end up with the same space.

We explicitly record that the duality pairing is given by

⟨divτ (G), ϑ⟩Σ = −
ˆ
Σ

G · ∇τϑ dx(7.3)

whenever G ∈ L1
loc(∂Ω

′;T∂Ω′) and ϑ ∈ Lipc(Σ). In this context, the C2-regularity of

∂Ω′ implies the consistency of (7.3) with the classical integration by parts-formula from

Theorem 2.1ff. for sufficiently smooth maps. Moreover, note that (7.3) extends to the

case where Σ = ∂Ω′ and ϑ ∈ Lip(∂Ω′), in which case Γ∂Ω′ = ∅.
We now recall the collar map ΨΣ : (−1, 1)×ΓΣ → O from Lemma 2.10. For 0 < δ < 1

4

and 0 ≤ t < 1
2 , we define interior height functions as in (5.2), and proceed to display

the definition of the boundary pairing as required for our Stokes theorem, Theorem 7.14,

below.

Definition 7.1 (Boundary Pairing ⟨⟨·, ·⟩⟩ΓΣ
). In the situation described above, let G ∈

L1(∂Ω′;T∂Ω′). For 0 ≤ t < 1
2 , define

⟨⟨G · νΓt
Σ
, ψ⟩⟩Γt

Σ
:= lim

δ↘0

ˆ
Σ

ψG · ∇τψt,δ,Σ dH n−1 for ψ ∈ Lip(Σ),(7.4)

provided that this limit exists for all ψ ∈ Lip(Σ). In this case, we say that ⟨⟨G · νΓt
Σ
, ·⟩⟩Γt

Σ

exists.

If G and ψ are sufficiently smooth, then Lemma 5.5 and its proof imply that

⟨⟨G · νΓt
Σ
, ψ⟩⟩Γt

Σ
=

ˆ
ΓΣτ,t

ψG · νΓΣτ,t dH n−2.

Hence, Definition 7.1 gives a generalization of the ultimate boundary integral to non-

smooth scenarios. We may then introduce the localization of certain elements of Lip(∂Ω′)′

as follows:

Definition 7.2 (Localization). In the above situation, suppose that S ∈ Lip(∂Ω′)′ sat-

isfies S = divτ (G) for some G ∈ L1(∂Ω′;T∂Ω′). Moreover, let 0 ≤ t < 1
2 be such that

⟨⟨G · νΓt
Σ
, ·⟩⟩Γt

Σ
exists. We then define

⟨S, ψ⟩Στ,t := −
ˆ
Στ,t

G · ∇τψ dH n−1 − ⟨⟨G · νΓt
Σ
, ψ⟩⟩Γt

Σ
for ψ ∈ Lip(Στ,t),(7.5)

and the mass of S on Στ,t by

[S]Στ,t := ⟨S,1Στ,t⟩Στ,t := − lim
δ↘0

ˆ
Σ

G · ∇τψt,δ,Σ dH n−1.(7.6)

We now confirm that (7.5) gives rise to a well-defined functional indeed.
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Lemma 7.3. In the above situation, let G, G̃ ∈ L1(∂Ω′;T∂Ω′) be such that

divτ (G) = divτ (G̃) as an identity in Lip(∂Ω′)′.(7.7)

If 0 ≤ t < 1
2 is such that both ⟨⟨G · νΓt

Σ
, ·⟩⟩Γt

Σ
and ⟨⟨G̃ · νΓt

Σ
, ·⟩⟩Γt

Σ
exist, then

⟨divτ (G), ·⟩Στ,t = ⟨divτ (G̃), ·⟩Στ,t on Lip(Στ,t)(7.8)

and, in particular,

[divτ (G)]Στ,t = [divτ (G̃)]Στ,t .(7.9)

Proof. Let ψ ∈ Lip(Στ,t) and denote by ψ ∈ Lip(∂Ω′) an arbitrary Lipschitz extension to

∂Ω′. Then ψt,δ,Σψ ∈ Lip(∂Ω′). Directly using Definition 7.2 and dominated convergence

in the first step, we find that

⟨divτ (G), ψ⟩Στ,t
Def
= − lim

δ↘0

(ˆ
Στ,t

ψt,δ,ΣG · ∇τψ dH n−1 +

ˆ
Στ,t

ψG · ∇τψt,δ,Σ dH n−1
)

= − lim
δ↘0

ˆ
Στ,t

G · ∇τ (ψt,δ,Σψ) dH n−1

= − lim
δ↘0

ˆ
∂Ω′

G · ∇τ (ψt,δ,Σψ) dH n−1

(7.3),(7.7)
= − lim

δ↘0

ˆ
∂Ω′

G̃ · ∇τ (ψt,δ,Σψ) dH n−1 = ⟨divτ (G̃), ψ⟩Στ,t ,

where the last equality can be seen by reading the first three lines backwards withG being

replaced by G̃. This is (7.8), from where (7.9) also follows. The proof is complete. □

Remark 7.4. In (7.8), we do not assert that ⟨⟨G · νΓt
Σ
, ·⟩⟩Γt

Σ
= ⟨⟨G̃ · νΓt

Σ
, ·⟩⟩Γt

Σ
, which can

easily seen to be wrong by putting G̃ = G+ g, where divτ (g) = 0. However, the above

proof yields that, if G, G̃ ∈ L1(∂Ω′;T∂Ω′) are such that divτ (G) = divτ (G̃) in Lip(∂Ω′)′

and 0 ≤ t < 1
2 , then ⟨⟨G · νΓt

Σ
, ·⟩⟩Γt

Σ
exists if and only if ⟨⟨G̃ · νΓt

Σ
, ·⟩⟩Γt

Σ
exists.

Remark 7.5 (Masses and Admissibility). In Definition 7.2, we have declared the mass

of an element S ∈ Lip(∂Ω′)′ which satisfies S = divτ (G) for some G ∈ L1(∂Ω′;T∂Ω′) in

the sense that

⟨S, ψ⟩ = −⟨G,∇τψ⟩ = −
ˆ
∂Ω′

G · ∇τψ dH 2 for all ψ ∈ Lip(∂Ω′).(7.10)

Now, if S ∈ C2(∂Ω′)′ satisfies, for some G ∈ L1(∂Ω′;T∂Ω′), the identity

⟨S, ψ⟩ = −
ˆ
∂Ω′

G · ∇τψ dH 2 for all ψ ∈ C2(∂Ω′),(7.11)

then S automatically gives rise to an element of S̃ ∈ Lip(∂Ω′)′: Given ψ ∈ Lip(∂Ω′), the

C2-regularity of ∂Ω′ allows us to choose a sequence (ψj) ⊂ C2(∂Ω′) such that ψj → ψ

strongly in (C(∂Ω′); ∥ · ∥sup) and ∇τψj
∗
⇀ ∇τψ in L∞(∂Ω′;T∂Ω′). We then define

⟨S̃, ψ⟩ := lim
j→∞

⟨S, ψj⟩
(7.11)
= − lim

j→∞

ˆ
∂Ω′

G · ∇τψj dH 2 G∈L1

= −
ˆ
∂Ω′

G · ∇τψ dH 2.

From here, it follows at once that S̃ is well-defined, meaning that it does not depend

on the specific choice of sequence (ψj). In the situation of Definition 7.2, we may also

introduce its mass on Στ,t by [S]Στ,t := [S̃]Στ,t for S ∈ C2(∂Ω′)′ with (7.11).

We now have

Proposition 7.6 (of Gauss–Green type). Let Ω ⊂ Rn be open and bounded, and let

Ω′ ⋐ Ω be open and bounded with C2-boundary. Moreover, let Σ be a C2-regular Lipschitz

boundary manifold relative to Ω′, and let G ∈ L1(∂Ω′;T∂Ω′). Then we have:

(a) There exists a subset I ⊂ I := [0, 12 ) with L 1(I \ I ) = 0 such that, for each

t ∈ I , ⟨⟨G · νΓt
Σ
, ·⟩⟩Γt

Σ
exists. In particular, for each t ∈ I , ⟨divτ (G), ·⟩Στ,t is

well-defined as an element of Lip(Στ,t)′.
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(b) For t ∈ I as in (a), the Gauss–Green formula holds:

⟨⟨G · νΓt
Σ
, ψ⟩⟩Γt

Σ
= −⟨divτ (G), ψ⟩Στ,t −

ˆ
Στ,t

G · ∇τψ dH n−1(7.12)

for all ψ ∈ Lip(Στ,t).

Proof. From the proofs of Lemma 5.5 and hence Proposition 5.7, it is clear that both

statements hold for Lipschitz functions φ (or ψ = φ|Σ, respectively) if we systematically

replace ∥ · ∥C1(Σ) by ∥ · ∥Lip(Σ). Based on this modification, assertion (a) follows from

the obvious n-dimensional variant of Proposition 5.7 with v = G and Definition 7.2.

For such t ∈ I , assertion (b) then is an immediate consequence of Definition 7.2. This

completes the proof. □

For our future applications, we explicitly record the following corollary.

Corollary 7.7. In the situation of Proposition 7.6, suppose that G ∈ L1(∂Ω′;T∂Ω′) has

an L1
loc-representative which is continuous in a relatively open neighborhood of ΓΣ in ∂Ω′.

Then there exists 0 < t0 <
1
4 such that conclusions (a)–(b) from Proposition 7.6 hold on

the entire interval I ′ := [0, t0).

Proof. As we noted in the preceding proof, Lemma 5.5 holds for Lipschitz functions φ

(or ψ = φ|Σ, respectively). However, the statement still requires the underlying vector

field v to be of class C1. We now prove that (5.15) holds for all v ∈ C(∂Ω′;T∂Ω′) and

all φ ∈ Lip(∂Ω′); yet, note that estimate (5.16) does not extend to merely continuous

fields v. Once this is achieved, we multiply G as in the present corollary with a Lipschitz

localizer (which in turn determines t0) so that G can indeed be assumed to be globally

continuous on ∂Ω′. We then conclude by setting v = G.

Hence, let v ∈ C(∂Ω′;T∂Ω′) and φ ∈ Lip(∂Ω′). Let ε > 0 be arbitrary. By the obvious

n-dimensional variant of Lemma 5.1 and (5.20), there exists a constant c > 0 such that

sup
0<δ< 1

4

ˆ
Στ,t

|∇τψt,δ,Σ| dH 2 ≤ c.(7.13)

By density (see Proposition 8.6 in Appendix A.2), we find vε ∈ C1(∂Ω′;T∂Ω′) such that

∥v − vε∥L∞(∂Ω′) < ε. Then

I :=

∣∣∣∣∣
ˆ
Γt
Σ

φv · νΓt
Σ
dH 1 −

ˆ
Στ,t

φv · ∇τψt,δ,Σ dH 2

∣∣∣∣∣
≤
ˆ
Γt
Σ

|φ| |v − vε| dH 1 +

ˆ
Στ,t

|φ| |v − vε| |∇τψt,δ,Σ| dH 2

+

∣∣∣∣∣
ˆ
Γt
Σ

φvε · νΓt
Σ
dH 1 −

ˆ
Στ,t

φvε · ∇τψt,δ,Σ dH 2

∣∣∣∣∣
≤ ε ∥φ∥L∞(∂Ω′)

(
H 1(ΓtΣ) + c

)
+

∣∣∣∣∣
ˆ
Γt
Σ

φvε · νΓt
Σ
dH 1 −

ˆ
Στ,t

φvε · ∇τψt,δ,Σ dH 2

∣∣∣∣∣ .
We then use the obvious n-dimensional variant of Lemma 5.5 with Lipschitz functions

φ to send δ ↘ 0 in the overall inequality, whereby the ultimate term vanishes. By

arbitrariness of ε > 0, we may send ε ↘ 0 to deduce that I = 0. This completes the

proof. □

7.2. The boundary pairing T and tangentiality. For the general Stokes theorem,

Theorem 7.14, it is useful to give an intrinsic pairing on the boundaries of subsets of Ω.

This allows us to clarify in which sense the distributions ⟨(F × ν)intΩ′ , ·⟩∂Ω′ and ⟨(F ×
ν)extΩ′ , ·⟩∂Ω′ are tangential to ∂Ω′; see Corollary 7.11. We begin with

Lemma 7.8 (Boundary Pairing). Let Ω ⊂ R3 be open and bounded, and let Ω′ ⋐ Ω be

open with C2-boundary. Moreover, let 1 ≤ p <∞ and F ∈ C M p(Ω). Define

T(F×ν)int
Ω′
(φ) := ⟨(F × ν)intΩ′ ,φ⟩∂Ω′ for φ ∈ Lip(∂Ω′;R3),(7.14)
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where φ ∈ Lipc(Ω;R3) is arbitrary with φ|∂Ω′ = φ on ∂Ω′. Then T(F×ν)int
Ω′

is a well-

defined bounded linear operator from Lip(∂Ω′;R3) to R. In particular, it is independent

of the specific choice of φ with the above properties. The same holds true with the natural

modifications for T(F×ν)ext
Ω′

.

Proof. Let φ1,φ2 ∈ Lipc(Ω;R3) be such that φ1 = φ2 on ∂Ω
′. Then ψ := (φ1−φ2)|Ω′ ∈

Lip0(Ω
′;R3). Since C∞

c (Ω′;R3) is weak*-dense in Lip0(Ω
′;R3), we find a sequence (ψj) ⊂

C∞
c (Ω′;R3) such that ψj → ψ strongly in C0(Ω

′;R3) and ∇ψj
∗
⇀ ∇ψ in L∞(Ω′;R3×3),

respectively. By Lemma 3.3(a), we may choose a sequence (Fk) ⊂ C∞
c (Ω;R3) such that

Fk → F strongly in L1(ω;R3) and (curlFk)L 3 ∗
⇀ curlF in RMfin(ω;R3) for any open

ω ⋐ Ω. We then obtain

⟨(F × ν)intΩ′ ,ψ⟩∂Ω′
(3.5)
= −

ˆ
Ω′
F · curlψ dx+

ˆ
Ω′
ψ · d(curlF )

= lim
j→∞

(
−
ˆ
Ω′
F · curlψj dx+

ˆ
Ω′
ψj · d(curlF )

)
= lim
j→∞

lim
k→∞

(
−
ˆ
Ω′
Fk · curlψj dx+

ˆ
Ω′
ψj · d(curlFk)

)
= lim
j→∞

lim
k→∞

ˆ
∂Ω′

(Fk × ν∂Ω′) ·ψj dx = 0,

where we have used the classical integration-by-parts formula for curl in the penultimate

step; see formula (D.4) in Appendix D. From here, the claim is immediate. □

Remark 7.9. Note that the right-hand side of (7.14), in turn defined via (3.5), only in-

corporates the values of φ ∈ Lipc(Ω;R3) on Ω′. Since any φ ∈ Lip(Ω′;R3) = Lip(Ω′;R3)

can be extended to an element of Lipc(Ω;R3), we have

T(F×ν)int
Ω′
(φ) = ⟨(F × ν)intΩ′ ,φ⟩∂Ω′ =

ˆ
Ω′
φ · d(curlF )−

ˆ
Ω′
F · curlφ dx(7.15)

for any φ ∈ Lip(∂Ω′;R3), where φ ∈ Lip(Ω′;R3) with φ|∂Ω = φ is arbitrary.

In an intermediate step, we give an explicit description of the distributional traces of

C M p-fields in terms of integrals. To this end, it is useful to work with the particular

collar map Φ∂Ω′ : (−1, 1) × ∂Ω′ → O ⊂ Ω described in Remark 2.7; here, ∂Ω′ is as in

Lemma 7.8. We then define

ψε,Ω′(x) :=


0 if x ∈ Ω \ Ω′,
s
ε if x ∈ Φ∂Ω′({s} × ∂Ω′) for 0 < s < ε,

1 if x ∈ Ω′ \ Φ∂Ω′((0, ε)× ∂Ω′),

(7.16)

and these height functions are the solid substitutes of those on manifolds from (5.2).

Lemma 7.10 (Representation of Tangential Traces). Let Ω ⊂ R3 be open and bounded,

and let Ω′ ⋐ Ω be open with C2-boundary. Then, for any F ∈ C M p(Ω) with 1 ≤ p <∞
and any ψ ∈ Lip(Ω′;R3),

⟨(F × ν)intΩ′ ,ψ⟩∂Ω′ = lim
ε↘0

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(F ×∇ψε,Ω′) ·ψ dx,(7.17)

where ψε,Ω′ are the height functions from (7.16). Thus, for all φ ∈ Lip(∂Ω′;R3) and any

φ ∈ Lip(Ω′;R3) with φ|∂Ω′ = φ,

T(F×ν)int
Ω′
(φ) = lim

ε↘0

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(F ×∇ψε,Ω′) ·φ dx.(7.18)

The same holds true with the natural modifications for T(F×ν)ext
Ω′

.

Proof. We begin with (7.17) and may conclude as in Lemma 5.1 that ψε,Ω′ is Lipschitz.

Based on Lemma 3.3(a), we first choose a sequence (Fj) ⊂ C∞
c (Ω;R3) such that

Fj → F strongly in L1(Ω;R3), (curlFj)L
3 ∗
⇀ curlF in RMfin(Ω;R3).(7.19)
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Now let ψ ∈ Lip(Ω′;R3) and let ε > 0 be sufficiently small. For s > 0, we abbreviate

Ω′
sε := Ω′ \ Φ∂Ω′((0, sε]× ∂Ω′) and define

Aε :=
{
s ∈ (0, 1) : |curl (F )|(Φ∂Ω′({sε} × ∂Ω′)) = 0

}
,

whereby L 1((0, 1) \Aε) = 0. Setting

Gj(x) :=

{(
Fj(x)×

∇ψε,Ω′ (x)

|∇ψε,Ω′ (x)|

)
·ψ(x) if ∇ψε,Ω′(x) ̸= 0,

0 otherwise,

we employ the usual coarea formula (see e.g. [35, §3.4.2, Theorem 1]) to obtainˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(F ×∇ψε,Ω′) ·ψ dx

(7.19)
= lim

j→∞

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(Fj ×∇ψε,Ω′) ·ψ dx

= lim
j→∞

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

Gj |∇ψε,Ω′ | dx

= lim
j→∞

ˆ 1

0

ˆ
Φ∂Ω′ ({sε}×∂Ω′)

Gj dH 2 ds

= lim
j→∞

ˆ 1

0

ˆ
Φ∂Ω′ ({sε}×∂Ω′)

(Fj × ν∂Ω′
sε
) ·ψ dH 2 ds

(D.4)
= lim

j→∞

ˆ
(0,1)∩Aε

ˆ
Ω′

sε

(curlFj) ·ψ − Fj · curlψ dx ds =: I.

By (7.19), the inner integral can be bounded, independently of j and ε. By the definition

of Aε, the dominated convergence theorem thus yields

I =

ˆ
(0,1)∩Aε

ˆ
Ω′

sε

ψ · d(curlF ) ds−
ˆ
(0,1)∩Aε

ˆ
Ω′

sε

F · curlψ dx ds

ε↘0−→
ˆ
Ω′
ψ · d(curlF )−

ˆ
Ω′
F · curlψ dx

(3.5)
= ⟨(F × ν)intΩ′ ,ψ⟩∂Ω′ .

This completes the proof. □

We now come to the final main result of this subsection.

Theorem 7.11 (Distributional Tangentiality). In the situation of Lemma 7.8, we have

T(F×ν)int
Ω′
(φ) = T(F×ν)int

Ω′
(φτ ) for all φ ∈ Lip(∂Ω′;R3),(7.20)

where φτ denotes the tangential component of φ as usual. In particular, we have

T(F×ν)int
Ω′
(∇φ) = T(F×ν)int

Ω′
(∇τφ) for all φ ∈ C2(∂Ω′).(7.21)

The same holds true with the natural modifications for T(F×ν)ext
Ω′

.

Proof. For (7.20), we may directly assume that φ ∈ Lipc(Ω;R3). Let 0 < ε < ε0 < 1

be sufficiently small. For notational convenience, we abbreviate Sε := Φ∂Ω′((0, ε)× ∂Ω′)

and, for 0 < t < ε0, put Ωt := Ω′ \Φ∂Ω′((0, t)× ∂Ω′), so that ∂Ωt := Φ∂Ω′({t}× ∂Ω′). In

what follows, we let Π2 : (0, 1)× ∂Ω′ → ∂Ω′ be the projection on the second component

and define T := Π2 ◦ Φ−1
∂Ω′ . We define

φ̃(x) := ρ(x)φτ (T (x)) = ρ(x)
(
φ(T (x))− (φ(T (x)) · ν∂Ω′(T (x)))ν∂Ω′(T (x))

)
(7.22)

for x ∈ Ω′, where ρ ∈ C∞(Ω′; [0, 1]) is such that ρ = 1 in S 1
2
and ρ = 0 in Ω′ \ S 3

4
.

We firstly claim that φ̃ : Ω′ → R3 is Lipschitz. To this end, we note that Φ−1
∂Ω′ : S 3

4
→

(0, 1)×∂Ω′ is Lipschitz and, since Π2 is the projection onto second component, Π2 is also

Lipschitz. Thus, T is Lipschitz, whose Lipschitz constant is denoted by LT . Analogously,

we denote the Lipschitz constants of φ and ρ by Lφ and Lρ. Finally, since ∂Ω
′ is compact
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and of class C2, the inner unit normal field ν∂Ω′ : ∂Ω′ → S2 is also Lipschitz, whose

Lipschitz constant is denoted by Lν . Now let x, y ∈ Ω′ \ S 3
4
. We estimate

|φ̃(x)− φ̃(y)|
≤ ρ(x)|φ(T (x))−φ(T (y))|+ |ρ(x)− ρ(y)| |φ(T (y))|
+ ρ(x)|(φ(T (x)) · ν∂Ω′(T (x)))ν∂Ω′(T (x))− (φ(T (y)) · ν∂Ω′(T (x)))ν∂Ω′(T (x))|
+ ρ(x)|(φ(T (y)) · ν∂Ω′(T (x)))ν∂Ω′(T (x))− (φ(T (y)) · ν∂Ω′(T (y)))ν∂Ω′(T (x))|
+ |ρ(x)− ρ(y)| |(φ(T (y)) · ν∂Ω′(T (y)))ν∂Ω′(T (x))|
+ ρ(y)|(φ(T (y)) · ν∂Ω′(T (y)))ν∂Ω′(T (x))− (φ(T (y)) · ν∂Ω′(T (y)))ν∂Ω′(T (y))|

≤ LφLT |x− y|+ Lρ∥φ∥L∞(∂Ω′)|x− y|+ LφLT |x− y|+ ∥φ∥L∞(∂Ω′)LνLT |x− y|
+ Lρ∥φ∥L∞(∂Ω′)|x− y|+ Lν∥φ∥L∞(∂Ω′)LT |x− y|

=: C(ρ,φ, T, ∂Ω′)|x− y|.

Whenever x ∈ ∂Ω′ and (xj) ⊂ Ω′ are such that xj → x, then

|φτ (T (xj))−φτ (x)| ≤ |φ(T (xj))−φ(x)| ≤ Lφ|T (xj)− x| → 0, j → ∞,

so that

φ̃(xj) = φτ (T (xj)) → φτ (x), j → ∞.

It follows that

φ̃(x) :=

{
φ̃(x) as defined by (7.22) if x ∈ Ω′,

φτ (x) if x ∈ ∂Ω′(7.23)

is a Lipschitz extension of φτ : ∂Ω
′ → T∂Ω′ . In particular, it is admissible in (7.17). We

now choose a sequence (Fj) ⊂ C∞
c (Ω;R3) such that Fj → F strongly in L1(Ω′;R3). In

consequence,ˆ
Sε

φ · (F ×∇ψε,Ω′) dx

=

ˆ
Sε

φ̃ · (F ×∇ψε,Ω′) dx+ lim
j→∞

ˆ
Sε

φ · (Fj ×∇ψε,Ω′)− φ̃ · (Fj ×∇ψε,Ω′) dx

=: Iε + IIε.

(7.24)

Since ε > 0 is assumed small, we may assume that ρ = 1 on Sε. For x ∈ ∂Ωt =

Φ∂Ω′({t} × ∂Ω′) with 0 < t ≤ ε, we let νt(x) be the inner unit normal to ∂Ωt at x and

φτ,t(x) := φ(x)− (φ(x) · νt(x))νt(x).

Setting III(x) := |φτ,t(x)− φ̃(x)|, we estimate

III(x) = |φ(x)− (φ(x) · νt(x))νt(x)− (φ(T (x))− (φ(T (x)) · ν∂Ω′(T (x)))ν∂Ω′(T (x)))|
≤ |φ(x)−φ(T (x))|+ |(φ(x) · νt(x))νt(x)− (φ(x) · ν∂Ω′(T (x)))νt(x)|
+ |(φ(x) · ν∂Ω′(T (x)))νt(x)− (φ(T (x)) · ν∂Ω′(T (x)))νt(x)|
+ |(φ(T (x)) · ν∂Ω′(T (x)))νt(x)− (φ(T (x)) · ν∂Ω′(T (x)))ν∂Ω′(T (x))|

≤ Lφ|x− T (x)|+ ∥φ∥L∞(∂Ω′)|νt(x)− ν∂Ω′(T (x))|+ Lφ|x− T (x)|
+ ∥φ∥L∞(∂Ω′)|νt(x)− ν∂Ω′(T (x))|.

As we mentioned prior to Lemma 7.10, we work with collar maps Φ∂Ω′ which satisfy the

properties listed in Remark 2.7. In particular, by Remark 2.7(d)–(e), we have

sup
y∈∂Ω′

|y − Φ∂Ω′(t, y)| ≤ ct for all 0 < t < t0,

sup
y∈∂Ω′

|ν∂Ω′(y)− νt(Φ∂Ω′(t, y))| ≤ Ct for all 0 < t < t0,
(7.25)

where t0 > 0 is suitably small and c, C > 0 are constants independent of 0 < t < t0. For

fixed 0 < t < t0, Φ∂Ω′(t, ·) : ∂Ω′ → ∂Ωt is bijective. Hence, there exists a unique y ∈ ∂Ω′
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such that x = Φ∂Ω′(t, y) and so y = Π2 ◦ Φ−1
∂Ω′(x) = T (x). In consequence, (7.25) gives

us both

|x− T (x)| ≤ ct and |νt(x)− ν∂Ω′(T (x))| ≤ Ct.

Going back to the estimation of III, we thus find that there exists a constant C =

C(φ, T,Φ∂Ω′) > 0 such that

III(x) ≤ Ct for all 0 < t < min{ε, t0}.(7.26)

By the definition of ψε,Ω′ , there exists a constant C > 0 such that |∇ψε,Ω′ | ≤ C
ε for all

sufficiently small ε > 0; see (7.16). Now note that, for all 0 < t < ε,ˆ
∂Ωt

φ · (Fj ×∇ψε,Ω′) dH 2 =

ˆ
∂Ωt

φτ,t · (Fj × ν∂Ωt
)|∇ψε,Ω′ | dH 2,

since (Fj × ν∂Ωt
)⊥ ν∂Ωt

holds H 2-a.e. on ∂Ωt in the smooth context. The usual coarea

formula implies that, for all 0 < ε < min{t0, 14},

|IIε| ≤ lim
j→∞

ˆ 1

0

ˆ
Φ∂Ω′ ({tε}×∂Ω′)∩{|∇ψε,Ω′ |̸=0}

III(x)

∣∣∣∣Fj(x)× ∇ψε,Ω′(x)

|∇ψε,Ω′(x)|

∣∣∣∣dH 2(x) dt

≤ lim
j→∞

1

ε

ˆ ε

0

ˆ
Φ∂Ω′ ({t}×∂Ω′)

III(x) |Fj(x)| dH 2(x) dt

(7.26)

≤ C lim
j→∞

ˆ
Sε

|Fj | dx ≤
ˆ
Sε

|F |dx ε↘0→ 0.

(7.27)

We thus conclude by Lemma 7.10 that

⟨(F × ν)intΩ′ ,φ⟩∂Ω′ = lim
ε↘0

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(F ×∇ψε,Ω′) ·φ dx

(7.24), (7.27)
= lim

ε↘0

ˆ
Φ∂Ω′ ((0,ε)×∂Ω′)

(F ×∇ψε,Ω′) · φ̃ dx = ⟨(F × ν)intΩ′ , φ̃⟩∂Ω′ .

In view of Lemma 7.8 and (7.23)ff., we conclude the validity of (7.20). Since (7.21) is a

direct consequence of (7.20), this completes the proof. □

7.3. The general Stokes theorem. We now come to the Stokes theorem for a large

subclass of C M p-fields to be defined next, and so let Ω′ ⋐ Ω be open with C2-boundary.

We denote by Lip2(∂Ω
′) the space of all Lipschitz continuous functions φ : ∂Ω′ → R

for which their weak tangential gradients ∇τφ belong to Lip(∂Ω′;T∂Ω′). For S ∈
Lip(∂Ω′;T∂Ω′)′ and φ ∈ Lip2(∂Ω

′), divτ (S) is defined by

⟨divτ (S), φ⟩ = −⟨S,∇τφ⟩.(7.28)

Note that we require φ ∈ Lip2(∂Ω
′) here, as otherwise the right-hand side of (7.28) is

ill-defined. Moreover, if G ∈ L1(∂Ω′;T∂Ω′), then divτ (G) belongs to Lip(∂Ω′)′, and we

understand the statement divτ (S) ∈ divτ (L
1(∂Ω′;T∂Ω′)) as the equality:

⟨divτ (S), φ⟩ = ⟨divτ (G), φ⟩ for all φ ∈ Lip2(∂Ω
′)(7.29)

with a suitable G ∈ L1(∂Ω′;T∂Ω′). If ∂Ω′ is of class C∞, then one can give a uniform

approach to the regularity of test maps in (7.28)–(7.29); see Remark 7.16 below.

Definition 7.12 (The Classes C M p,int
1,∂Ω′ and C M p,ext

1,∂Ω′). Let Ω ⊂ R3 be open and

bounded, let Ω′ ⋐ Ω be open with C2-boundary, and let Σ be a C2-regular Lipschitz

boundary manifold relative to Ω′. For 1 ≤ p ≤ ∞, define

C M p,int
1,∂Ω′(Ω) :=

{
F ∈ C M p(Ω) : divτ (T(F×ν)int

Ω′
) ∈ divτ (L

1(∂Ω′;T∂Ω′))
}
,(7.30)

where T(F×ν)int
Ω′

is as in Definition 7.8, and the defining condition in (7.30) is understood

in the sense of (7.29). The space C M p,ext
1,∂Ω′(Ω) is defined analogously:

C M p,ext
1,∂Ω′(Ω) :=

{
F ∈ C M p(Ω) : divτ (T(F×ν)ext

Ω′
) ∈ divτ (L

1(∂Ω′;T∂Ω′))
}
,(7.31)
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Finally, define

C M p,int
1 (Ω) :=

⋂
Ω′⋐Ω open with C2-boundary

C M p,int
1,∂Ω′(Ω).(7.32)

The space C M p,ext
1 (Ω) is defined by analogous means.

In other words, F ∈ C M p(Ω) belongs to C M p,int
1,∂Ω′(Ω) if and only if there exist

G ∈ L1(∂Ω′;T∂Ω′) and H ∈ Lip(∂Ω′)′ such that T(F×ν)int
Ω′

= G + H and divτ (H) = 0.

Based on this consideration, it is convenient to introduce an equivalence relation ’∼’ on

L1(∂Ω′;T∂Ω′) via

G1 ∼ G2 ⇐⇒ divτ (G1 −G2) = 0,(7.33)

and to write G/∼ for the corresponding equivalence class. As we will see in Theorems

7.14 and 7.18 below, the flexibility in switching between different representatives turn

out important, since the Stokes theorem in the vorticity flux formulation only hinges on

equivalence classes rather than the specific representatives. This comes to the following

effect: Even if T(F×ν)int
Ω′

is not representable by an L1(∂Ω′;T∂Ω′)-field, whereby we cannot

directly introduce the Stokes functionals as in (5.12), it still might happen that

divτ (T(F×ν)int
Ω′
) = divτ (G) for some G ∈ L1(∂Ω′;T∂Ω′).(7.34)

In this case, we may perform a localization procedure analogous to that of §5.2, now re-

lying on Definition 7.2ff.. Even though the fully analogous Stokes functionals as in (5.12)

do depend on the specific choice of G, this is not so for the masses of the distributions

from (7.34). It is this observation that lets us obtain unconditional Stokes theorems in

the vorticity flux formulation for Wcurl ,p-fields in Theorem 7.18; see also Remark 7.15

below. For our future purposes, we record the following observation:

Remark 7.13 (p = ∞ versus 1 ≤ p <∞). In the situation of Definition 7.12, if p = ∞,

then C M∞
1 (Ω) = C M∞(Ω) by Theorem 3.9. This observation leads to the consistency

of the results of this section with those in §5.

We now have

Theorem 7.14 (Stokes Theorem C M p
1-Fields with respect to the Tangential Varia-

tions). Let Ω ⊂ R3 be open and bounded, and let Ω′ ⋐ Ω be open and bounded with

C2-boundary. Moreover, let Σ be a C2-regular Lipschitz boundary manifold relative to

Ω′. For any F ∈ C M p,int
1,∂Ω′(Ω) and any G ∈ L1(∂Ω′;T∂Ω′) with

divτ
(
T(F×ν)int

Ω′

)
= divτ (G) as an identity in C2(∂Ω′)′,(7.35)

the following hold:

(a) N(curlF )·ν,Ω′ = divτ (G) as an identity in C2(∂Ω′)′, where N(curlF )·ν,Ω′ is as in

Definition 2.19.

(b) Adopting the setting and terminology of Proposition 7.6, there exists a subset

I ⊂ I := [0, 12 ) with L 1(I \ I ) = 0 and independent of the specific choice of

the ∼-representative G such that, for each t ∈ I , the Stokes theorem in the

vorticity flux formulation holds:

[Ncurl (F )·ν,Ω′ ]Στ,t = −⟨⟨G · νΓt
Σ
,1Στ,t⟩⟩Γt

Σ
.(7.36)

(c) Suppose moreover that a ∼-representative G has an L1
loc-representative that is

continuous in a relatively open neighborhood of ΓΣ in ∂Ω′. Then there exists 0 <

t0 <
1
4 such that the conclusion of (b) holds on the entire interval I ′ = [0, t0).

Proof. For (a), let φ ∈ C2(∂Ω′) be arbitrary, and let φ ∈ C2(Ω′) be such that φ|∂Ω′ = φ;

such an extension can be obtained as in the proof of Lemma 2.12. In particular, ∇φ|Ω′ ∈
C1(Ω′;R3). For the following, we note that (3.5) clearly extends to φ ∈ C1(Ω′;R3) in

the form:

⟨(F × ν)intΩ′ ,φ⟩∂Ω′ =

ˆ
Ω′
φ · d(curlF )−

ˆ
Ω′
F · curlφdx.(7.37)
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Hence,

N(curlF )·ν,Ω′(φ)
(2.16)
= ⟨(curlF ) · ν, φ⟩∂Ω′

(2.14)
= −

ˆ
Ω′

∇φ · d(curlF )

(7.37)
= −⟨(F × ν)intΩ′ ,∇φ⟩∂Ω′ .

(7.38)

Moreover, ∇φ|Ω′ in particular has a continuous extension to Ω′, and the restriction ψ

of the latter to ∂Ω belongs to Lip(∂Ω′;R3) and has tangential component ψτ = ∇τφ.

Recalling Remark 7.9 and Theorem 7.11, we thus have

−⟨(F × ν)intΩ′ ,∇φ⟩∂Ω′
(7.15)
= −T(F×ν)int

Ω′
(ψ)

(7.20)
= −T(F×ν)int

Ω′
(ψτ ) (since ψ ∈ Lip(∂Ω′;R3))

= −T(F×ν)int
Ω′
(∇τφ) (since ψτ = ∇τφ on ∂Ω′)(7.39)

Def
= ⟨divτ (T(F×ν)int

Ω′
), φ⟩

(7.35)
= ⟨divτ (G), φ⟩.

Combining (7.38) with (7.39), (a) follows.

For (b), we first note that, by Remark 7.5, the identity from (a) extends to Lip(∂Ω′).

Let t ∈ [0, 12 ). If G, G̃ ∈ L1(∂Ω′;T∂Ω′) are such that they both satisfy (7.35), then

Remark 7.4 implies that ⟨⟨G · νΓt
Σ
, ·⟩⟩Γt

Σ
exists if and only if ⟨⟨G̃ · νΓt

Σ
, ·⟩⟩Γt

Σ
exists. In

particular, by Proposition 7.6,

I :=
{
t ∈ I := [0, 12 ) : ⟨⟨G · νΓt

Σ
, ·⟩⟩Γt

Σ
exists

}
has full L 1-measure in I, and is independent of the specific choice of G with (7.35).

Hence, in light of Definition 7.2 and Remark 7.5, we conclude that, for t ∈ I ,

[Ncurl (F )·ν,Ω′ ]Στ,t
(a)
= [divτ (G)]Στ,t

(7.12)
= −⟨⟨G · νΓt

Σ
,1Στ,t⟩⟩Γt

Σ
.

This is (b).

For (c), this is a direct consequence of (a), (b), and Corollary 7.7. The proof is

complete. □

Remark 7.15 (L1-Tangential Traces and Full Stokes Functionals). Let F ∈ C M p,int
1,∂Ω′(Ω).

In analogy with Definition 5.2 (see (5.12)), one might be inclined to introduce a (interior)

Stokes functional via

S̃int
Στ,t(ψ) := ⟨Ncurl (F )·ν,Ω′ , ψ⟩Στ,t +

ˆ
Στ,t

G · ∇τψ dH 2 for ψ ∈ C1(∂Ω′).(7.40)

This functional is not well-defined in the sense that it is not independent of the specific

choice of G, the reason being the second term on the right-hand side of (7.40). How-

ever, the mass of Ncurl (F )·ν,Ω′ is indeed well-defined, thereby leading to Theorem 7.14

through the vorticity flux formulation. On the other hand, if, in addition, T(F×ν)int
Ω′

is

representable by an L1-field GF on ∂Ω′ (meaning that it is a regular distribution), then

we may define

S̃int
Στ,t(ψ) := ⟨Ncurl (F )·ν,Ω′ , ψ⟩Στ,t +

ˆ
Στ,t

GF · ∇τψ dH 2 for ψ ∈ C1(∂Ω′).(7.41)

In this case, we may prove an analogous result as Theorem 5.10. We refrain from stating

such a theorem explicitly, since a characterization of those F ∈ C M p(Ω) such that

T(F×ν)int
Ω′

is a regular distribution is unclear to us.

Remark 7.16 (Regularity of ∂Ω′). In (7.28)–(7.29), we require φ ∈ Lip2(∂Ω
′) for both

expressions to be well-defined. It would be natural to state both for test functions

φ ∈ C∞
c (∂Ω′), but this requires ∂Ω′ to be of class C∞. If ∂Ω′ satisfies this condition, one

can indeed read divτ as the classical distributional tangential divergence.
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Next, we confirm the consistency of the vorticity-flux formulation of the Stokes theo-

rem for C M∞-fields with that of Corollary 5.12:

Lemma 7.17 (p = ∞ and Consistency with Theorem 5.12). Let Ω ⊂ R3 be open and

bounded, let Ω′ ⋐ Ω be open with C2-boundary, and let Σ be a C2-regular Lipschitz

boundary manifold relative to Ω′. Then, if F ∈ C M∞(Ω), the conclusions of Corollary

5.12 and Theorem 7.14(b) are equivalent. In particular, there exists a subset I ⊂ I :=

[0, 12 ) such that, for every t ∈ I ,

[Ncurl (F )·ν,Ω′ ]Στ,t =
[
curl (F ) · νΣτ,t

]
int
Στ,t = −⟨⟨(F × ν∂Ω′)int∂Ω′ · νΓt

Σ
,1Στ,t⟩⟩Γt

Σ
.(7.42)

Proof. If F ∈ C M∞(Ω), then we may choose G = (F × ν∂Ω′)int∂Ω′ ∈ L∞(∂Ω′;T∂Ω′)

by Theorem 3.9. By Lemma 7.3, the masses are independent of the specific L1
loc-

representative, whereby we may directly work with this particular choice of G in the

sequel; see (7.9). Let φ ∈ C1
c(Ω) be such that that φ = 1 in an open neighborhood of Σ.

Then

[N(curlF )·ν,Ω′ ]Στ,t
(7.36)
= −⟨⟨G · νΓt

Σ
,1Στ,t⟩⟩Γt

Σ

(7.4)
= − lim

δ↘0

ˆ
Σ

φG · ∇τψt,δ,Σ dH 2

= − lim
δ↘0

ˆ
∂Ω′

φ (F × ν∂Ω′)int∂Ω′ · ∇τψt,δ,Σ dH 2 (5.50)
= Sint

Στ,t(φ)

Def
=

[
(curlF ) · νΣτ,t

]
int
Στ,t .

This completes the proof. □

The aforementioned desired flexibility in choosing L1-representatives is visible most

clearly in the following Stokes theorem for Wcurl ,p-fields. To the best of our knowledge,

this is the first result in this direction, even in the context of Hcurl -fields.

Theorem 7.18 (Stokes Theorem for Wcurl ,p-Fields with respect to the Tangential Vari-

ations). Let Ω ⊂ R3 be open and bounded, let Ω′ ⋐ Ω be open with C2-boundary, and let

Σ be a C2-regular Lipschitz boundary manifold relative to Ω′. Then the following hold:

(a) If 3
2 < p ≤ 3, then Wcurl ,p(Ω) ⊂ C M p,int

1,∂Ω′(Ω). In particular, the conclusions of

Theorem 7.14(a)–(b) hold for any F ∈ Wcurl ,p(Ω).

(b) If 3 < p ≤ ∞, then Wcurl ,p(Ω) ⊂ C M p,int
1,∂Ω′(Ω). Moreover, for every F ∈

Wcurl ,p(Ω), there exists a continuous representative G ∈ C(∂Ω′) with (7.35).

As a consequence, the conclusions of Theorem 7.14(a)&(c) hold for any F ∈
Wcurl ,p(Ω). In particular, in this case, the Stokes theorem is available without

having to vary Σ tangentially.

In Theorem 7.18, it does not matter whether we consider the interior or tangential

traces along ∂Ω′. This is due to the following elementary observation:

Lemma 7.19. In the situation of Theorem 7.18, let F ∈ Wcurl ,p(Ω) with 1 ≤ p ≤ ∞.

With the tangential trace functionals for C M p-fields from (3.1), we have

(F × ν)intΩ′ = (F × ν)extΩ′ .(7.43)

Proof. Let φ ∈ C1
c(Ω). Since dist(spt(φ), ∂Ω) > 0, we find an open and bounded set Ω̃

with C∞-boundary such that spt(φ) ⊂ Ω̃ ⋐ Ω. Since curlF ∈ Lp(Ω;R3), |curlF |(∂Ω′) =

0. By routine smooth approximation, we find a sequence (Fj) ⊂ C∞(Ω;R3)∩Wcurl ,p(Ω)

such that Fj → F strongly in Lp(Ω;R3) and curlFj → curlF strongly in Lp(Ω;R3).

Working directly from (3.1), we then obtain

⟨(F × ν)intΩ′ , φ⟩∂Ω′ − ⟨(F × ν)extΩ′ , φ⟩∂Ω′ =

ˆ
Ω′
φ d(curlF )−

ˆ
Ω′
F ×∇φ dx,

= lim
j→∞

ˆ
Ω′
φ curlFj dx−

ˆ
Ω′
Fj ×∇φ dx

= lim
j→∞

ˆ
Ω′

curl (φFj) dx = lim
j→∞

ˆ
Ω̃

curl (φFj) dx
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(D.1)
= lim

j→∞

ˆ
∂Ω̃

φ(Fj × ν∂Ω̃) dH 2 = 0,

where we used the classical integration-by-parts formula (D.1) from the Appendix D.

This is (7.43), and the proof is complete. □

We now come to Theorem 7.18.

Proof of Theorem 7.18. We begin with some preliminary remarks. By Lemma 7.19, we

have (F × ν)intΩ′ = (F × ν)extΩ′ . Moreover, we note that Wcurl ,p(Ω) ↪→ C M p
1(Ω), which

can be seen as follows: By the results gathered in Appendix C, the tangential trace

operator on Wcurl ,p maps trpτ : Wcurl ,p(Ω′) → X p
∂Ω′(⊂ W1/p,p′(∂Ω′;R3)′) so that, in

particular, trpτ (F ) ∈ W−1/p,p(∂Ω′;T∂Ω′) and f := divτ (tr
p
τ (F )) ∈ W−1/p,p(∂Ω′); clearly,

trpτ (F ) = (F × ν)intΩ′ . We now consider the auxiliary equation
−∆τu = divτ (tr

p
τ (F )) in ∂Ω′,ˆ

∂Ω′
u dH 2 = 0

(7.44)

with the Laplace-Beltrami operator ∆τ . Because of p > 3
2 , we have f ∈ W−1,2(∂Ω′),

which can be seen directly via Proposition 8.3(a):

W1,2(∂Ω′)
Prop. 8.3(a)

↪→ W1/p,p′(∂Ω′) =⇒ W−1/p,p(∂Ω′) ∼= W1/p,p′(∂Ω′)′ ↪→ W−1,2(∂Ω′).

Now, since trpτ (F ) is tangential to ∂Ω′ (see the definition of X p
∂Ω′) and the manifold ∂Ω′

has no boundary, f moreover satisfies condition (8.31) from the Appendix A.3:

⟨f,1∂Ω′⟩∂Ω′ = −⟨trpτ (F ),∇τ1∂Ω′⟩ = 0.

Hence, by Remark 8.8 from the Appendix A.3, (7.44) has a solution u ∈ W1,2(∂Ω′). We

then define G := −∇τu, so that divτ (G) = divτ (tr
p
τ (F )) by (7.44). In particular,

divτ
(
T(F×ν)int

Ω′

)
= divτ (G) as an identity in C2(∂Ω′)′.

For (a), if 3
2 < p ≤ 3, then u ∈ W1,2(∂Ω′) and so G = −∇τu ∈ L2(∂Ω′;T∂Ω′). The

conclusion of (a) thus follows from Theorem 7.14(a)–(b).

For (b), if 3 < p ≤ ∞, then the elliptic regularity result from Proposition 8.7 from the

Appendix A.3 gives us

divτ (tr
p
τ (f)) ∈ W−1/p,p(∂Ω′) =⇒ u ∈ W2−1/p,p(∂Ω′) =⇒ G = −∇τu ∈ W1−1/p,p(∂Ω′).

By Proposition 8.3(b) from the Appendix A.3, W1−1/p,p(∂Ω′) ↪→ C(∂Ω′) provided that

p > 3. Hence, G ∈ C(∂Ω′;T∂Ω′), and so the conclusion of (b) follows from Theorem

7.14(a)&(c). The proof is complete. □

We conclude the subsection with the following remark.

Remark 7.20. In the preceding proof, the key point is that the curl comes with more

structure (or compatibility conditions) than the divergence. This is reflected by the fact

that, for F ∈ Wcurl ,p(Ω′), the distributional tangential divergence divτ (tr
p
τ (F )) belongs

to W−1/p,p(∂Ω′); this can be viewed as a very weak, yet crucial regularity result on

trτ (F ). By way of comparison, in the case of Wdiv,p-fields, we can only assert that

the normal trace trpν(F ) belongs to W−1/p,p(∂Ω′) but, in general, satisfies no additional

condition.

We note that, if p > 3, then Wcurl ,p(Ω) ̸↪→ C(Ω;R3), different from W1,p(Ω;R3) ↪→
Cb(Ω;R3) (if, e.g., ∂Ω is Lipschitz). In the latter case, the Stokes theorem would follow

by easier means. Yet, we wish to stress that despite the lack of continuity of Wcurl ,p-fields

for p > 3, no tangential variations of the underlying manifold Σ are required.
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•
x = 0

{x3 = 0}
•

Figure 9. Cross section of the domain from Example 7.21.

7.4. Examples and special cases. We now discuss the results of the previous sections

in view of Theorem 7.14, and start with illustrating the results by expanding on Examples

3.5–3.7.

Example 7.21 (Example 3.5, continued). In this example, F (x) = − 1
4π

x
|x|3 and Ω =

B2(0) so that curlF = 0 on Ω. We let Ω′ ⋐ Ω be the open and bounded domain with

C∞-boundary which emerges by rotating the cross section indicated in Figure 9 around

the x3-axis; compared to the upper half-circle, we require this modification in order to

work with sufficiently regular domains. We note that, for every 0 < ε < 1, (F × ν∂Ω′) is

a C2-function on ∂Ω′ \B(2)
ε (0). By the same computation as in Example 3.5, T(F×ν)int

Ω′
is

a distribution of order one. Moreover, testing (3.8) with tangential gradients, we equally

find that divτ (T(F×ν)int
Ω′
) can be represented as divτ (G), where G is a tangential C2-field

such that div(G) = 0 on V = ∂Ω′ ∩ {x3 = 0}. In particular,

⟨divτ (T(F×ν)int
Ω′
), φ⟩ = −⟨T(F×ν)int

Ω′
,∇τφ⟩ = 0 for all φ ∈ C2

c(V ),

and we may fix this choice of G in Theorem 7.14. Yet, we emphasize that, by Example

3.5, T(F×ν)int
Ω′

cannot be represented as a Radon measure on ∂Ω′.

Since F /∈ L∞
loc(Ω;R3), it is not possible to apply Theorems 5.10 or 6.7. In particular,

(i) (F × ν)intΩ′ is not even an extended divergence measure field. This especially

implies that a potential analogue of Theorem 6.7, where one uses a finiteness

condition on the transversal maximal operator in order to reduce to the Gauss–

Green theorem for DM ext-fields on ∂Ω′, is impossible for 1 ≤ p <∞ in general.

(ii) the Stokes theorem now is a consequence of Theorem 7.14: If Σ ⊂ ∂Ω′ is a C2-

regular Lipschitz boundary manifold relative to Ω′ with 0 ∈ int(Σ) and Σ ⋐ V ,

then we may apply Theorem 7.14(c). The vector field G is continuous and

vanishes in a relative neighborhood of ΓΣ, whereby

[Ncurl (F )·ν,Ω′ ]Σ = −⟨G · νΓΣ ,1Σ⟩ΓΣ = 0.

Example 7.22 (Example 3.6, continued). With Ω,Ω′ ⊂ R3 as in the previous example,

we consider the field (3.9). Its distributional tangential trace belongs to Lq(∂Ω′;T∂Ω′)

for any 1 ≤ q < 2; along ∂Ω′ ∩ {x3 = 0}, it is given by

(F × ν∂Ω′)(x1, x2, x3) =
1

2π

( x1
x21 + x22

,
x2

x21 + x22
, 0
)
,

and its tangential divergence is given by

divτ (F × ν∂Ω′) = δ(0,0,0) + divτ (H),

where H is supported on ∂Ω′ ∩ {x3 > 0} and of class C1. Based on the representation

(3.10), we have with any natural choice of the transversal collar map Φ that

MΦ
∂Ω′,∂Ω′(curlF )(0) ≤ sup

0<ε< 1
2

|curlF |({x ∈ Ω′ : dist(x, ∂Ω′) < ε})
ε

≤ c <∞.(7.45)

Here, Theorem 6.7 is not applicable, since the distributional tangential trace does not

belong to L∞(∂U ;R3). Moreover, Example 7.21 shows that there cannot be a general

theorem on the reducibility of tangential traces to those of DM p-fields even in the
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presence of a condition such as (7.45). Yet, (F ×ν∂Ω′) is continuous away from zero, and

so Theorem 7.14(c) gives us for balls Σr := B(2)
r (0) with sufficiently small 0 < r < 1 that

−
ˆ
∂Σr

(F × νΣr
) · νΓ0

Σr
dH 1 =

1

2πr
H 1(∂Σr) = 1 = [divτ (T(F×ν)int

Ω′
)]Σr

.

Example 7.23 (High Regularity Scenarios). Expanding on Example 5.17, the main

assumptions of Theorem 7.14 are always satisfied if, e.g., F ∈ W2,1(Ω;R3); in this case,

the full (and hence tangential) traces belong to W1,1(∂Ω′;T∂Ω′). Classical descriptions

of the traces (see, e.g. [35, §5.3, Theorem 2]) then can be employed to directly yield

the conclusion of Theorem 7.14, but not so here. Going below this regularity regime,

yet staying above the regularity considered here, analogous and more direct arguments

would require results as e.g. [35, §5.3, Theorem 2] for Besov functions; to the best of our

knowledge, such results are not available at present; see [69] for an overview.

7.5. Remarks on generalizations. In stating our results, we have not opted for the

highest possible generality but rather deal with the cases which we view most relevant for

the first paper on the topic. We thus conclude the overall section with some comments

on potential generalizations; in this regard, we highlight three points:

Remark 7.24 (On Traces). In the trace theory as discussed in §3, we primarily focused

on sufficiently regular sets Ω′ which are compactly contained in Ω. Since we particularly

require the results on the (distributional) tangential traces in view of Stokes’ theorem,

we did not aim for traces on irregular sets (see, e.g. [23]); some aspects of such more

irregular scenarios shall be covered in the follow-up paper [22] based on the methods

developed here. Yet, even in the case of regular boundaries, a characterisation of the

trace space of C M p-fields in the spirit of Irving’s recent work [47] seems difficult; this is

essentially due to the fact that the curl is self-adjoint. Lastly, besides traces, associated

extension theorems for curl-measure fields can be obtained by employing the recent work

[42] on divergence-free extensions.

Remark 7.25 (On Stokes Theorems). First, in Cartan’s formulation, the Stokes theorem

can be stated via differential forms and, more generally, certain differential operators.

Keeping in mind physical applications, the curl as considered here is the primary object

of interest, which is why we leave such generalizations to future work. Secondly, we

often work with C1- or even C2-manifolds in the main part. Whereas statements in

the low regularity context (e.g. Lipschitz manifolds) are certainly desirable, some tools

such as integration by parts and weakly differentiable functions on Lipschitz manifolds

come with numerous technical difficulties. In particular, this concerns scenarios where

curvature terms are involved, and would be in contrast to focusing on the conceptual

points we aim to present in this paper; our findings are novel even in the case of C∞-

manifolds.

Remark 7.26 (Matrix fields). In problems from elasticity in three-dimensional space,

one often considers the curls of matrix fields; see, e.g. [40, 41, 43], and the references

therein. In this case, the curl is being applied row-wise, and the results obtained in the

present paper apply to such situations as well with their natural modifications.

8. C M -Fields, Vorticity Fluxes, and Vortex Sheets

In this final section, we showcase the utility of curl-measure fields and the Stokes

theorems from the previous sections in view of physical problems describing vortex phe-

nomena. By the ubiquity of the latter, we confine ourselves to a selection of applications

in fluid mechanics, electromagnetism, and magnetohydrodynamics. Here, we focus on

rigorous derivations and justifications of various types of consistency results in the low-

regularity context. This illustrates the application of the above results, rather than

devising existence theories for individual cases, a task we aim to address in future work.
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BR1,R2,δ(z0) ∂QR1

•
z0

ν = e2

R2 R1

Ω

R3 \ Ω

Figure 10. The construction from §8.1.

8.1. Differential form of Maxwell’s equations in the low regularity context.

The connection between magnetic and electric fields as well as electric charges and cur-

rents is given by Maxwell’s equations. Given an open and bounded set Ω ⊂ R3 with

Lipschitz boundary ∂Ω and a final time T > 0, we set ΩT := (0, T ) × Ω. For a charge

density ρ : ΩT → R, let E : ΩT → R3 be an electric field that causes an electric displace-

ment field D : ΩT → R3 with current density J : ΩT → R3. On the other hand, E leads to

a magnetic field with magnetic flux density H : ΩT → R3. These quantities are coupled

via the following Maxwell equations:
divE = ρ (Gauss’ electric law),

divH = 0 (Gauss’ magnetic law),

∂tE = curlH− J (Ampére’s law),

∂tH = −curlE (Faraday’s law of induction).

(8.1)

The derivation of Ampére’s law is based on the following empirical law: The circulation

of the magnetic field is equal to the net current through S. Similarly, the derivation of

Faraday’s law starts with the following empirical law: The voltage around a curve C is

equal to the negative rate of change of the magnetic flux through surface S with boundary

C. These principles are discussed in detail, e.g., in Feynman [37].

In the following, we aim to derive the equations in (8.1)4 based on these physical

principles in the low regularity context. To keep our exposition at a reasonable length,

we assume for simplicity that the electric field and magnetic flux densities satisfy

E ∈ W1,1(0, T ;X(Ω)), H ∈ W1,1(0, T ;Y (Ω)),(8.2)

where

X(Ω) := {F ∈ L∞(Ω;R3) : curlF ∈ L1(Ω;R3) and divF ∈ RMfin(Ω)},

Y (Ω) := {F ∈ L1(Ω;R3) : curlF ∈ L∞(Ω;R3)}.

Both assumptions are natural from a physical perspective and in view of (8.1), of which

we aim to derive (8.1)4. We wish to stress that, for the purpose of the following deriva-

tion, the regularity in time can be lowered. However, primarily aiming to address the

spatial low regularity context, we stick to this assumption.

Step 1. For z0 ∈ Ω, a suitable interval I := IR1,R2
:= [R1, R2] and R ∈ I, we consider

sets QR of the form as indicated in Figure 10; these are nothing but cubes {x : |x−z0|∞ <
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R} with the edges being rounded off. In particular, each QR has C∞-boundary. For

R ∈ [R1, R2], ∂QR consists of eight mutually disjoint straight faces and eight mutually

disjoint curved parts, each of the mutually disjoint straight faces being parallel to some

coordinate plane. Out of those straight faces, we let FR be the one that is parallel to

the x1-x3 plane and whose elements have smaller x2-coordinate. We let 0 < δ < 1 be

arbitrary but sufficiently small; then the set FR,δ := {x ∈ FR : dist(x,ΓFR
) > δ} is

relatively compact in FR.
Based on this geometric set-up, it is not difficult to see that there exists a sufficiently

smooth collar map Φ on (−1, 1)× ∂QR1
such that, for t ∈ (− 1

2 , 0],

(i) Φ(t, ∂QR1) = ∂QR1−2t(R2−R1),

(ii) Φ(t, A) = 2t(R2 −R1)e2 +A for any A ⊂ FR1,δ.

We then define the box

BR1,R2,δ(z0) :=
⋃

− 1
2<t<0

Φ(t,FR1,δ),(8.3)

see Figure 10. This box has positive L 3-measure. Moreover, we record that

Along any face Φ(t,FR1,δ), the inner unit normal to the face equals e2.(8.4)

Finally, notice that we can cover the entire Ω by boxes of form (8.3) by suitably adjusting

z0, R1, R2, and δ.

Step 2. Let G ∈ L1(Ω;R3). Then, based on the geometric set-up given in Step 1,

there exists a set IG ⊂ I with L 1(I \ IG) = 0 such that, for every R ∈ IG, H 2-a.e.

x ∈ ∂QR is a Lebesgue point of G; see Lemma 2.8. In particular, for each R ∈ IG, there

exists NR,G ⊂ ∂QR such that H 2(NR,G) = 0, and for every x ∈ ∂QR \ NR,G,

G∗(x) := lim
r↘0

 
Br(x)

G(y) dy

exists and is finite. Thus, defining G̃ : ∂QR → R3 for R ∈ IG by

G̃(x) :=

{
G∗(x) if x ∈ ∂QR \ NR,G,

0 if x ∈ NR,G,

we have G̃ ∈ L1(∂QR;R3). By the Lebesgue differentiation theorem, there exists a set

L′
R,G ⊂ ∂QR with H 2(∂QR \ L′

R,G) = 0 such that

G̃∗(x) := lim
r↘0

 
Br(x)∩∂QR

G̃(y) dH 2(y) exists and is finite for all x ∈ L′
R,G.

Specifically, we note that

G(x) :=

{
G̃∗(x) if x ∈ L′

R,G,

0 otherwise,

is an L1-representative of G̃ and so H 2({x ∈ ∂QR : G̃(x) ̸= G(x)}) = 0. In particular,

this means that there exists a set LR,G ⊂ ∂QR with H 2(∂QR \ LR,G) = 0 and

lim
r↘0

 
Br(x)

G(y) dy = lim
r↘0

 
Br(x)∩∂QR

G̃(y) dH 2(y) for every x ∈ LR,G.(8.5)

Now suppose moreover that G ∈ L1(Ω;R3) is such that div(G) ∈ L1(Ω). We then use

the fact that,

⟨G · ν, φ⟩∂QR
=

ˆ
∂QR

φG̃ · ν∂QR
dH 2 for all R ∈ IG and φ ∈ Lip0(Ω),(8.6)

as can even be shown in the larger context of DM 1-fields. As a consequence of the

preceding identity, we record that, for each R ∈ IG, ⟨G · ν, ·⟩∂QR
can be represented by

the finite Radon measure G̃ · ν∂QR
H 2 ∂QR.

Step 3. By our assumptions, we see that E(t, ·) ∈ L∞(Ω;R3), curlE(t, ·) ∈ L1(Ω;R3)

and ∂tH(t, ·) ∈ L1(Ω;R3), div(∂tH(t, ·)) = 0(∈ L1(Ω)) for L 1-a.e. 0 < t < T . In
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particular, F1 := curlE(t, ·) satisfies F1 ∈ L1(Ω;R3) together with div(F1) = 0(∈ L1(Ω)).

Moreover, we put F2 := ∂tH(t, ·). Now, as a consequence of Theorem 6.7, there exists a

set I ⊂ I := (R1, R2) such that L 1(I \ I ) = 0 and the following holds:

• For every R ∈ I1, ⟨F1 · ν, ·⟩∂QR
can be represented by an R3-valued Radon

measure µRF1·ν on ∂QR, and by (ii), the Stokes theorem is available for E(t, ·)
on QR in the following form: For each sufficiently small r > 0, there exists

gx0,r,R ∈ L∞(∂Br(x0) ∩ ∂QR) such that

SBr(x0)∩∂QR,E(t,·)(φ) =

ˆ
∂Br(x0)∩∂QR

gx0,R,rφ dH 1.

holds for all φ ∈ C2(∂QR). Here, we use the subscript E(t, ·) to express that the

Stokes functional is applied to the field E(t, ·).
We then define

Ĩ := IF1
∩ IF2

∩ I

and record that L 1(I \ Ĩ) = 0. Clearly, if R ∈ Ĩ, then we find by (8.6) that

µRF1·ν = F̃1 · ν∂QR
H 2 ∂QR

and similarly for F̃2. Moreover, the set

LR,F1
∩ LR,F2

has full H 2-measure in ∂QR.

As a consequence of Fubini’s theorem, L 1(I \ Ĩ) = 0, and the preceding statements imply

that, with BR1,R2,δ(z0) as in (8.3),⋃
R∈Ĩ

(LR,F1
∩ LR,F2

∩ BR1,R2,δ(z0)) has full L 3-measure in BR1,R2,δ(z0).(8.7)

Step 4. For R ∈ Ĩ, we now let x0 ∈ LR,F1
∩ LR,F2

∩ BR1,R2,δ(z0) be arbitrary. For all

sufficiently small r > 0, (ii) implies that we may write Br(x0) ∩ ∂QR as Φ(t,Σ), where

Σ is a ball contained in FR1,δ, and therefore a smooth boundary manifold relative to

∂QR1
. By our definition of F1,F2 and Ĩ, the Stokes theorem now allows us express the

empirical form of Faraday’s law asˆ
∂Br(x0)∩∂QR

gx0,R,rφ dH 1 = −
ˆ
Br(x0)∩∂QR

φ ∂̃tH · ν∂QR
dH 2(8.8)

whenever φ = 1 in an open neighborhood of Br(x0) ∩ ∂QR. On the other hand, since

⟨F1 ·ν, ·⟩∂QR
can be represented by the finite Radon measure F̃1 ·ν∂QR

H 2 ∂QR, Lemma

5.4 yields that, for 0 < r ≪ 1,ˆ
∂QR∩Br(x0)

F̃1 · ν∂QR
dH 2 = SBr(x0)∩∂QR,E(t,·)(φ)

=

ˆ
∂Br(x0)∩∂QR

gx0,R,rφ dH 1

(8.8)
= −

ˆ
Br(x0)∩∂QR

∂̃tH · ν∂QR
dH 2,

where φ = 1 is an open neighbourhood of Br(x0) ∩ ∂QR. Since ν∂QR
= e2 is constant

along ∂QR ∩ Br(x0), we may divide the overall identity by r to obtain( 
∂QR∩Br(x0)

(F̃1 + ∂̃tH) dH 2
)
· e2 = 0

for all sufficiently small 0 < r ≪ 1. Sending r ↘ 0 and recalling (8.5), our choice of x0
gives us

lim
r↘0

( 
Br(x0)

(F1(y) + ∂tH(y)) dy
)
· e2 = 0.(8.9)
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Because R ∈ Ĩ and x0 ∈ LR,F1
∩LR,F2

∩BR1,R2,δ(z0) are arbitrary, (8.7)–(8.9) yield that

(curlE(t, ·))2 + ∂tH2(t, ·) = 0 L 3-a.e. in BR1,R2,δ(z0)(8.10)

for the second components of the underlying fields. As mentioned at the end of Step 2, we

may cover Ω by boxes of form (8.3). Thus, (8.10) yields that (curlE(t, ·))2+∂tH2(t, ·) = 0

holds L 3-a.e. in Ω.

Step 5. With the natural modifications, the above reasoning also applies to boxes not

only on the left- and right-hand sides, but also to boxes B′
R1,R2,δ

(z0) above and below

QR1 . An analogous reasoning as in Steps 1–4 then gives us (curlE(t, ·))3+∂tH3(t, ·) = 0

L 3-a.e. in Ω; similarly, we conclude (curlE(t, ·))1 + ∂tH1(t, ·) = 0 holds L 3-a.e. in Ω.

Hence, curlE(t, ·)) + ∂tH(t, ·) = 0 holds L 3-a.e. in Ω, which is precisely the claimed

differential form (8.1)4 of Faraday’s law.

In the preceding derivation, it is also possible to admit proper curl-measure fields

(meaning that curlE(t, ·) is a measure), but then the conclusion only persists for the

absolutely continuous part. We conclude with several remarks:

Remark 8.1. Many problems from superconductivity (see, e.g., [62, 78]) or Bean’s criti-

cal state model [7] often involve the curl -based p-Laplacian operator curl (|curlu|p−2curlu)

on the Sobolev-type space Wcurl ,p(Ω) for large values of p; in particular, p > 3. For such

problems, the Stokes theorem (Theorem 7.18) asserts that no proper manifold selection

is required; specifically, this gives scenarios where the above derivation can be simplified.

Remark 8.2 (Alfvén’s theorem). By a similar approach, one can give a derivation of

Alfvén’s theorem [3, 4] from ideal magnetohydrodynamics in the low regularity context.

Alfvén’s theorem asserts that, in the situation of high magnetic Reynolds number, elec-

trically conducting fluids and the embedded magnetic fields move together. On a more

formal level, denote by ΦH the magnetic flux of an electrically conducting fluid through

a C1-regular Lipschitz boundary manifold Σ, which is advected by the velocity field u.

Denoting the associated material or advective derivative by D
Dt = ∂t + (u · ∇), Alfvén’s

theorem can be expressed as D
DtΦH = 0.

8.2. C M p-fields and measure vorticities. We now briefly sketch how curl-measure

fields can be used in fluid mechanical problems; the precise implementation shall be the

objective of future work. To this end, consider the Cauchy problem of the n-dimensional

incompressible Euler equations (n = 2, 3):

(8.11)


ut +∇ · (u⊗ u) +∇p = 0, x ∈ Rn, t > 0,

divu = 0,

u|t=0 = u0(x),

where u = (u1, · · · , un)⊤ is the fluid velocity, p is the scalar pressure,

u⊗ u = (uiuj)i,j=1,··· ,n

and u0 = u0(x) is an initial incompressible velocity field, i.e., divu0 = 0. The fluid

vorticity is ω = curlu; in particular, for n = 2, ω = curlu = u2x1 − u1x2 .

One of the fundamental problems is to understand the structure of global weak solu-

tions whose vorticity is a Radon measure, that is,

(8.12) |ω(t, ·)|(Rn) <∞ for any t > 0.

To achieve this, it is essential to analyze the solution behaviors across any discontinuities

such as vortex sheets of the solutions of the above equations.

To this end, consider a discontinuity

Σ = {(t, x) : Φ(t, x) = 0}
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with the normal N = (∂tΦ,∇xΦ) = (ν0, ν) = (ν0, ν1, · · · , νn) ̸= 0 in the solution u(t, x):

u(t, x) =

{
u−(t, x) when Φ(t, x) < 0,

u+(t, x) when Φ(t, x) > 0,

where u±(t, x) are weak solutions in {±Φ(t, x) > 0}, respectively, with suitable traces on

Σ, and the vorticity ω(t, x) satisfies (8.12). Then the Gauss-Green formula for divergence-

measure fields in L2 indicates that the necessary and sufficient conditions for u(t, x) to

be a weak solution are the Rankine-Hugoniot conditions for the traces of u:

[uν0 + (u⊗ u)ν + pν] = 0,(8.13)

[u · ν] = 0,(8.14)

where [v] := v|Σ+ − v|Σ− denotes the jump of v across the discontinuity Σ. Equally, the

Trace Theorems 3.2 and 3.9 for curl-measure fields implies that

[u× ν] = ω|Σ ̸= 0,(8.15)

where, for any fixed t > 0, u× ν is tangential to Σ in the x-variables; here, we suppress

the trace operators for ease of notation.

Denote uν = u · ν and uτ = u× ν. Then (8.14) becomes

u+
ν = u−

ν ,(8.16)

which means that the normal trace of the velocity must be continuous across the discon-

tinuity Σ, while (8.13) becomes

∂tΦ = −u+
ν = −u−

ν .(8.17)

This is a condition on the normal traces from the left- and the right-hand sides of the

sheet, whereas (8.15) becomes

u+
τ − u−

τ = ω|Σ ̸= 0(8.18)

as a condition on the tangential traces from the left- and the right-hand sides of the

sheet. In particular, this indicates that the strength of the vorticity ω on Σ determines

the strength of the jump of the tangential velocity fields along Σ.

For n = 2, Delort in [30] first established the following existence theorem: Let ω0 =

curlu0 ∈ RM+
fin,comp ∩H−1(R2;R2). Then there exist

u ∈ L∞
loc(R; L

2
loc(R2;R2)), p ∈ L∞

loc(R;D′(R2))(8.19)

such that (u, p) is a global weak solution of the Cauchy problem (8.11) satisfying

ω(t, x) ≥ 0, |ω(t, ·)|(R2) ≤ |ω0|(R2) for any t > 0.(8.20)

See also Evans-Müller [34] and Vecchi-Wu [77]. For the two-dimensional case, both

uν = u · ν and uτ = u× ν are scalar and satisfy

u+
ν = u−

ν , u+
τ − u−

τ = ω|Σ ≥ 0.(8.21)

which means that the normal trace of the velocity must be continuous across the dis-

continuity Σ, while the positive strength of the vorticity ω on Σ determines the positive

strength of the jump of the tangential velocity fields along Σ.

In the two-dimensional case, the spatial local L2-integrability asserted in (8.19) implies

that (8.21) has a precise meaning in the sense of normal or tangential traces of DM 2-

or C M 2-fields on R2; note, however, that in the two-dimensional case, the curl is a

rotated divergence, and so the theory of C M 2-fields can essentially be reduced to that of

DM 2-fields. In the three-dimensional case, however, this is not possible. Based on the

tangential trace theorems from §3, a suitable version of (8.21) persists if one assumes

that the solution u belongs to L∞
loc(R; L

p
loc(R3;R3)). However, at present, criteria for the

latter are not clear. In this sense, a corresponding variant of (8.21) is conditional to the

existence of a sufficiently locally integrable solution. Subject to such an assumption, the

Stokes theorem from §7.4 immediately allows for the description of the voriticity flux

through the sheet.
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The analysis of vortex sheets has faced numerous contributions over the past decades;

see, e.g., [14, 15, 16, 27, 79] and Wu [80] for the detailed treatment of the two-dimensional

case. In this regard, one is primarily interested in the evolution of the sheets, and the

latter is governed by the so-called Birkhoff-Rott equation. This is an evolution equation

driven by a singular integral operator on manifolds. To keep the paper at a reasonable

length, we do not aim to contribute to the solution theory of this equation here, a

task that we shall pursue elsewhere. Instead, we argue that the non-local Birkhoff-Rott

operator is indeed well-defined on suitable subclasses of C M∞-fields, which also allows

us to consider the equation in the low regularity context.

To this end, we briefly revisit the derivation of the Birkhoff-Rott equation as given, for

instance, by Caflisch et al. [16]; see also [1, 9, 15, 29, 48]. For simplicity, we consider a

fluid in full space R3 which splits R3 into two open subsets Ω− and Ω+ divided by a two-

dimensional smooth or, at least, Lipschitz submanifold Σ oriented by ν := ν∂Ω+ : Σ → S2;
as above, its velocity is denoted by u. To view Σ as a vortex sheet, we suppose that the

fluid satisfies is solenoidal and rotation-free away from Σ, meaning that

divu± = 0 curlu± = 0 in Ω±(8.22)

and that it satisfies Euler’s equations away from Σ (see also (8.11)):

∂tu
± +∇ · (u± ⊗ u±) +∇p± = 0 in Ω±.(8.23)

Here, one assumes the pressure functions p± : Ω± → R to be sufficiently regular. More-

over, in order to call Σ a vortex sheet, one typically requires continuity both of the

pressure and the normal components along ∂Ω:

u+
ν = u−

ν along Σ.(8.24)

In view of (8.22)1, this amounts to divu = 0 globally in the sense of distributions on

R3. For a vortex sheet, the vorticity ω := curlu is a measure on Σ which is absolutely

continuous with respect to H 2 on Σ; more precisely, we have

ω = (u+
τ − u−

τ )H
2 Σ.(8.25)

In order to describe the evolution of Σ subject to (8.22)–(8.24), it is customary to choose a

parametrization of Σt by a mapX : R2×[0, t0) → R3 so that Σt = {X(ξ1, ξ2, t) : (ξ1, ξ2) ∈
R2} for 0 ≤ t < t0. The evolution of Σ is primarily influenced by the normal component

of ∂tX, as changes in its tangential component can be treated by re-parametrizations.

As a modelling hypothesis, one assumes that the motion of Σt is driven by the mean

velocity u := 1
2 (u

−|Σ +u+|Σ) along the sheet. Taking into account the parametrization,

this corresponds to the partial differential equation

∂tX(ξ1, ξ2, t) = u(ξ1, ξ2, t).(8.26)

On the other hand, the global solenoidality hypothesis on u gives us the representation

curlω = curl curlu = ∇divu−∆u = −∆u

based on the Biot-Savart law; see, e.g., [54] for a rigorous discussion of this point. Sup-

posing a natural decay assumption on u at infinity, convolving with the fundamental

solution of (−∆) and a subsequent integration by parts imply that

u(x) = − 1

4π

ˆ
R3

x− y

|x− y|3
× dω(y)

=
1

4π

ˆ
Σ

dω

dH 2
(y)× x− y

|x− y|3
dH 2(y)

whenever x /∈ Σ. Now let x0 ∈ Σ. Approaching a sheet point x0 from Ω+ or Ω−, the

classical three dimensional Plemelj formulas (see also [16, Appendix A]) then yield

u±(x0) =
1

4π
p.v.

ˆ
Σ

dω

dH 2
(y)× x0 − y

|x0 − y|3
dH 2(y)± 1

2

dω

dH 2
(x0)× ν(x0).
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Based, e.g., on Theorem 3.9 and our choice of orientations, we may express the density

as the difference of tangential traces via dω
dH 2 = −(u+

τ − u−
τ ) H 2-a.e. on Σ. Hence, it

follows for u that

u(x) = − 1

4π
p.v.

ˆ
Σ

(u+
τ (y)− u−

τ (y))×
x− y

|x− y|3
dH 2(y),

and the non-local operator on the right-hand side is also called the Birkhoff-Rott operator.

Based on the parametrization of Σ by X, (8.26) becomes

∂tX = − 1

4π
p.v.

ˆ
Σ

(u+
τ (X

′)− u−
τ (X

′))× X−X ′

|X−X ′|3
dH 2(X ′),(8.27)

which is one possible form of the Birkhoff-Rott equation. Note, however, that this deriva-

tion works subject to strong assumptions on the boundary behaviour of u± along Σ.

If Σ is sufficiently regular (e.g. of class C1), then the Birkhoff-Rott operator corre-

sponds to a singular integral of convolution type; by classical results (see, e.g. [33, The-

orem 6.6]), the latter are well-defined on L∞(Σ;R3). By Theorem 3.9, the Birkhoff-Rott

operator is well-defined for spatial C M∞-fields, and in this sense the driving non-local

term in the equation is even well-defined for C M∞-fields. Even subject to harmonicity of

u away from Σ as assumed here, the boundary behaviour close to Σ is crucially governed

by the properties of the tangential traces of C M∞-fields; the precise investigation of the

Lp-attainment of traces subject to the natural C M∞-hypothesis will be the objective of

future work.

Finally, it is well-known that even in the flat case, singular integrals of convolution type

do not map L∞ to itself; instead, the target is typically BMO, the functions of bounded

mean oscillation. This indicates that, in order to obtain a low smoothness space where

the Birkhoff-Rott operator is stable, the above derivation indicates that a suitable space

might be given by the vector fields F ∈ BMO(R3;R3) for which curlF ∈ RMfin(R3;R3).

Appendix

Appendix A: Sobolev and Lipschitz spaces on manifolds. For the reader’s con-

venience, we collect here some background definitions and results on Sobolev spaces on

manifolds which have entered the main part.

Appendix A.1: Weakly differentiable functions on manifolds. Weakly differen-

tiable functions and Sobolev spaces on manifolds are usually introduced by means of

completions of spaces of smooth functions (see e.g., Hebey [45]).

Let Σ ⊂ Rn be a closed, (n − 1)-dimensional Ck-manifold, and let Σ =
⋃N
j=1 Uj be

a cover of Σ by relatively open sets and with corresponding charts κj ∈ Ck(Uj ;Rn−1).

Letting φj ∈ Ck(Σ) be such that spt(φj) ⊂ Uj , j = 1, · · · , N , with
∑N
j=1 φj = 1 on Σ,

we define

Ws,p(Σ) :=
{
u : Σ → R : ∥u∥pWs,p(Σ) :=

∑
|α|≤m

∥(φju) ◦ κ−1
j ∥pWs,p(Rn−1) <∞

}
,(8.28)

for 0 < s ≤ k and 1 ≤ p <∞. We point out that the restriction s ≤ k is due to the fact

that Ws,p(Σ) might trivialize otherwise. If, in (8.28), s ∈ N, we understand Ws,p(Rn−1)

as the usual integer order Sobolev spaces, whereas Ws,p(Rn−1) are the fractional or

Sobolev-Slobodeckĭı spaces otherwise. If s = 0, we put W0,p(Σ) := Lp(Σ), and if s < 0,

we define Ws,p′(Σ) := (W−s,p(Σ))′. The corresponding Bessel potential spaces L s,p(Σ)

are defined analogously by reduction to Rn−1.

Proposition 8.3 (Embeddings). In the above situation, let s ≤ k. Then

(a) If 2n
n+1 < p ≤ ∞, then W1,2(Σ) ↪→ W1/p,p′(Σ) and so W−1/p,p(Σ) ↪→ W−1,2(Σ).

(b) If p > n, then W1−1/p,p(Σ) ↪→ Cb(Σ).
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Proof. First let 1 < p <∞. We directly work on flat space; the assumed regularity allows

to localize. Following Triebel [76, §3.3.1], W1,2(Rn−1) ≃ B1
2,2(Rn−1) ↪→ B

1/p
p′,p′(Rn−1) if

and only if

1− n− 1

2
>

1

p
− n− 1

p′
⇐⇒ p′ <

2n

n− 1
⇐⇒ p >

2n

n+ 1
.

If p = ∞, then we interpret W1/p,p′(Rn−1) := L1(Rn−1), and so we obtain the continuity

of the embedding W1,2(Rn−1) ↪→ W1/p,p′(Rn−1) in both cases. From here, (a) follows.

On the other hand, the Hölder spaces can be characterized as C0,t(Rn−1) ≃ Bt∞,∞(Rn−1),

provided that t ∈ R>0 \ N. The embedding W1−1/p,p(Rn−1) ≃ B1−1/p
p,p (Rn−1) ↪→

Bt∞,∞(Rn−1) then holds provided that

1− 1

p
− n− 1

p
> t.

In particular, the exponent on the left-hand side is larger than 0 if p > n. In this case, we

therefore find t > 0 such that W1−1/p,p(Rn−1) ↪→ C0,t(Rn−1) ↪→ Cb(Rn−1). This implies

(b), and the proof is complete. □

We now provide an equivalent intrinsic characterization of the integer-order Sobolev

spaces. In order to switch between the different characterizations, we recall the notion

of pseudo-inverses from [64, 66]: For S ∈ Rn×(n−1), define

S† := (S⊤S)−1S⊤ ∈ R(n−1)×n,

which immediately yields S†S = IdRn ; on the other hand, SS† is the orthogonal projector

onto the range of S. The following lemma is routine, an can be established by the methods

employed, e.g., in [44].

Lemma 8.4. Let Σ ⊂ Rn be a closed, (n− 1)-dimensional C1-manifold, and let 1 ≤ p ≤
∞. Then the following are equivalent for u ∈ Lp(Σ):

(a) u ∈ W1,p(Σ).

(b) With κj as in (8.28), for each j ∈ {1, · · · , N}, v := (φju) ◦ κ−1
j ∈ W1,p

loc(κj(Uj)).

(c) u has tangential weak gradients in Lp(Σ;TΣ); with the notation from (b), they

can locally be computed via

∇τu(x0) = (∇v(z0))(∇κ−1
j (z0))

†

for H n−1-a.e. x0 ∈ Σ and z0 := κj(x0).

Based on the preceding lemma, one then deduces the following assertion which is clear

in the flat case.

Lemma 8.5. Let Ω′ ⊂ Rn be open and bounded with boundary of class C1. If a function

f : ∂Ω′ → R is Lipschitz, then f ∈ W1,∞(Σ), and there exists a constant c = c(Ω′) > 0

such that ∥∇τf∥L∞(∂Ω′) ≤ cLip∂Ω′(f).

Appendix A.2: Smooth approximation. The following result is clearly well-known

to the experts, but we have not found a precise reference and thus supply the quick proof.

Proposition 8.6. Let Ω′ ⊂ Rn be open and bounded with C1-boundary ∂Ω′. Moreover,

let u ∈ C(∂Ω′;T∂Ω′). Then there exists a sequence (uj) ⊂ C1(∂Ω′;T∂Ω′) such that

∥u− uj∥L∞(∂Ω′) → 0 as j → ∞.

Proof. We emphasize that the actual point of the proof is that the resulting mollified fields

take values in the tangent space T∂Ω′ . Throughout, we cover ∂Ω′ by finitely many open

balls B1, · · · ,BN ⊂ Rn such that, for each k ∈ {1, · · · , N}, ∂Ω′ ∩ Bk can be translated

and rotated such that ∂Ω′ ∩ Bk can be written as graph(gk), where gk : Uk → R is a

C2-function on an open set Uk ⊂ R2.
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We write, with ( ∂
∂xi

|x)i=1,··· ,n−1 denoting a basis of Tgraph(gk)(x),

u(x) =

n−1∑
i=1

ui(x)
∂

∂xi

∣∣∣∣
x

and define vi : Uk ∋ x′ 7→ ui(x
′, gk(x

′)) ∈ Rn. For a rescaled standard mollifier ρε ∈
C∞

c (R2), we denote vεi := ρε ∗ vi so that vεi → vi uniformly on every relatively compact

subset of Ui as ε↘ 0. For x = (x′, gk(x
′)), we define uεi (x) := vεi (x

′) and

uε(x) :=

n−1∑
i=1

uεi (x)
∂

∂xi

∣∣∣∣
x

,

whereby we conclude that, for every x ∈ Uk,

|u(x)− uε(x)| ≤
n−1∑
i=1

|ui(x)− uεi (x)| =
n−1∑
i=1

|vi(x′)− vεi (x
′)|.

In consequence, uε → u uniformly on every relatively compact subset V ⊂ ∂Ω′ ∩Bk. By

use of a partition of unity, this gives rise to the requisite sequence. This completes the

proof. □

Appendix A.3: Elliptic regularity for the Laplace-Beltrami operator. In this

subsection, we collect some background material on the existence and regularity of elliptic

partial differential equations on manifolds. To this end, we recall that a manifold is closed

provided that it is compact and without boundary; we denote by g = (gjk)nj,k=1 its metric

as usual. For a sufficiently regular function u : Σ → R, its Laplace-Beltrami operator is

given in local coordinates by

∆τu :=
1√
|g|

n∑
j,k=1

∂j(
√

|g|gjk∂ku).(8.29)

Proposition 8.7 (Elliptic regularity). Let Σ ⊂ Rn be a closed (n− 1)-dimensional C2-

manifold. For each 1 < p < ∞ and every s < 2, u ∈ L s−1,p(Σ) and ∆τu ∈ L s,p(Σ)

imply that u ∈ L s,p(Σ). Moreover, there exists a constant c = c(Σ, s, p) > 0 such that

∥u∥L s,p(Σ) ≤ c
(
∥∆τu∥L s−2,p(Σ) + ∥u∥L s−1,p(Σ)

)
.(8.30)

The proof of Proposition 8.7 is classical when Σ is a C∞-manifold and p = 2; see,

for instance, Agranovich [2, Theorem 2.2.5], Kumano-go [52, Theorem 6.8], and Tay-

lor [75, Chapter XI, Proposition 2.4] for a treatment of general elliptic pseudodifferen-

tial operators on manifolds, and [2, Example 2.2.2]ff. for an explicit treatment of the

Laplace-Beltrami operator. We briefly sketch how Proposition 8.7 can be obtained: The

referenced results hinge on the passage to the Laplace-Beltrami operator in local coor-

dinates (see (8.29)), from where the corresponding estimate (8.30) can be inferred from

classical elliptic estimates on Rn−1. The latter also holds for 1 < p <∞. In the present

context, the C2-regularity allows to perform an analogous localization procedure as long

as the smoothness satisfies s < 2. We briefly comment on the existence of solution for

the associated Poisson problem:

Remark 8.8 (Existence). Let Ω′ ⊂ Rn be open and bounded with C2-boundary. We

consider the Dirichlet energy

E [u] :=
1

2

ˆ
∂Ω′

|∇τu|2 dx− ⟨f, u⟩W−1,2(∂Ω′)×W1,2(∂Ω′) on W1,2
0 (∂Ω′),

where now

W1,2
0 (∂Ω′) :=

{
v ∈ W1,2(∂Ω′) :

ˆ
∂Ω′

v dH 2 = 0
}
.

Moreover, we assume that f ∈ W−1,2(∂Ω′) satisfies

⟨f,1∂Ω⟩∂Ω = 0(8.31)
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in the sense of the usual pairing between f ∈ W−1,2(∂Ω) and W1,2(∂Ω)-functions. Then

there exists a unique minimizer of E in W1,2
0 (∂Ω′). This is a straightforward consequence

of the direct method: By Young’s and Poincaré’s inequalities, E is bounded below on

W1,2
0 (∂Ω′). We may thus pick a minimizing sequence (uj), meaning that E [uj ] → m :=

infW1,2
0 (∂Ω′) E . Again, by Poincaré’s inequality, (uj) is bounded in W1,2(∂Ω′), and so

there exists a weakly convergent subsequence: uji ⇀ u ∈ W1,2
0 (∂Ω′). Clearly, E is lower

semicontinuous with respect to weak convergence in W1,2(∂Ω′), whereby u is a minimiser

of E . By virtue of (8.31), this implies thatˆ
∂Ω′

∇τu · ∇τφ dH 2 = ⟨f, φ⟩W−1,2(∂Ω′)×W1,2(∂Ω′) for all φ ∈ W1,2(∂Ω′).(8.32)

It is clear that (8.31) is necessary, which can be seen the easiest for f ∈ L2(∂Ω′); indeed,

in this case, (8.32) is the weak formulation of −∆τu = f on ∂Ω′, and integrating by

parts yieldsˆ
∂Ω′

f dH 2 = −
ˆ
∂Ω′

∆τu dH 2 =

ˆ
Γ∂Ω′

u(∇τu) · νΓ∂Ω′ dH 2 = 0

because ∂Ω′ has empty boundary: Γ∂Ω′ = ∅.

Appendix B: Proof of Lemma 2.12. We now establish Lemma 2.12. The statement

is certainly clear to the experts, but we have not found a precise reference and thus

include the proof for the sake of completeness.

Proof of Lemma 2.12(a). There are many ways to come up with such a function fδ, and

we address one possibility: Up to localising by use of a smooth partition of unity, rotating

and translating, we may assume ∂Ω′ to be a finite union of graphs of C1-functions.

Flattening the single pieces, we may then reduce to the half-space situation. Hence, let

f ∈ C1
c(Rn−1 × {0}) be given and consider a standard mollifier ρ : Rn−1 → R. We then

consider

(Ef)(x′, xn) :=


ˆ
Rn−1

ρxn
(x′ − y′)f(y′, 0) dy′ =

ˆ
Rn−1

ρ(z′)f(x′ + xnz
′, 0) dz′ if xn > 0,

f(x′, 0) if xn = 0

for (x′, xn) ∈ Rn−1×(0,∞). We choose a monotonously decreasing C∞-function θ : R≥0 →
[0, 1] with θ(0) = 1 for 0 ≤ t ≤ 1

2 , θ(t) = 0 for t ≥ 1, and |θ′| ≤ 4, and set

fδ(x) := θ(
xn
δ
)(Ef)(x), x = (x′, xn) ∈ Rn−1 × [0,∞).(B.1)

Since f is compactly supported, fδ is supported in the cylinder (spt(f)+B
(n−1)
2δ (0))×[0, δ]

and is clearly continuous. Now, whenever 0 < xn, yn < δ,

|(Ef)(x′, xn)− (Ef)(y′, yn)| ≤ sup
|z′|≤1

|f(x′ + xnz
′, 0)− f(y′ + ynz

′, 0)|

≤ ∥∇τf∥L∞(Rn−1×{0})
(
|x′ − y′|+ |xn − yn|

)
.

(B.2)

In particular, Ef , and so fδ, are Lipschitz. On the other hand, if k ∈ {1, · · · , n− 1}, we
have

|∂xk
(Ef)(x′, xn)− ∂xk

(Ef)(x′, 0)| ≤
ˆ
Rn−1

ρ(z′)|(∂xk
f)(x′ + xnz

′, 0))− (∂xk
f)(x′, 0)|dz′

≤ sup
|z′|≤1

|(∂xk
f)(x′ + xnz

′, 0)− (∂xk
f)(x′, 0)|.

Moreover, since f ∈ C1
c(Rn−1 × {0}), the function:

x′ 7→
ˆ
Rn−1

ρ(z′)∇τf(x
′ + z′) · z′ dz′

is uniformly continuous, and

|∂xn(Ef)(x
′, xn)− ∂xn(Ef)(x

′, 0)| ≤
ˆ
Rn−1

ρ(z′)|(∇τf)(x
′ + xnz

′, 0)− (∇τf)(x
′, 0)|dz′
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≤ sup
|z′|≤1

|(∇τf)(x
′ + xnz

′)− (∇τf)(x
′)|

uniformly tends to zero as xn ↘ 0. Summarizing, the functions Ef and fδ belong to

C1(Rn−1 × [0,∞)). Moreover, as in (B.2)ff., we arrive at the estimates

∥Ef∥L∞(Rn−1×[0,∞)) ≤ ∥f∥L∞(Rn−1×{0}),

∥∇Ef∥L∞(Rn−1×[0,∞)) ≤ ∥∇τf∥L∞(Rn−1×{0}).

Together with the Leibniz rule, we therefore end up with

∥∇fδ(x)∥L∞(Rn−1×(0,∞)) ≤ c(θ)
(1
δ
∥f∥L∞(Rn−1×{0}) + ∥∇τf∥L∞(Rn−1×{0})

)
.(B.3)

Recalling that ∂Ω′ is of class C1, we may undo the flattening, rotating and translating.

Patching together the single localised pieces by use of a smooth partition of unity yields

the requisite function fδ ∈ C1(Ω′); note that, based on (B.3) and employing the Leibniz

rule for the localised pieces, we may regroup the emerging terms to arrive at the estimate

from Lemma 2.12(a)(iii). This completes the proof. □

Proof of Lemma 2.12(b). Throughout, note that we do not assert that g ∈ C1
b(Rn)

(which would be impossible due to (i) and f ∈ Lip(∂Ω′)) but only g|Rn\Ω′ ∈ C1
b(Rn \Ω′)

and g|Ω′ ∈ C1
b(Ω

′). We adopt the same setting as in the proof of Lemma 2.12(a) and

firstly assume that f ∈ Lipc(Rn−1×{0}). In the present situation, we let ρ̃ ∈ C∞
c (Rn−1)

be a standard mollifier on Rn−1 and consider

(Ẽf)(x′, xn) :=


ˆ
Rn−1

ρ̃|xn|(x
′ − y′)f(y′, 0) dy′ if xn ̸= 0,

f(x′, 0) if xn = 0.

To achieve compact support, we may multiply Ẽf with a rescaled cut-off as in the proof

of Lemma 2.12(a); we do not repeat this step here. As in the proof of Lemma 2.12(a),

Ẽf is continuous and bounded in Rn, and is differentiable with bounded derivatives in

Rn \ (Rn−1 × {0}). Hence, it suffices to confirm (iii). Let ρ ∈ C∞
c (Rn) be a standard

mollifier on Rn and let δ > 0. For any k ∈ {1, · · · , n − 1}, we then have the following

identity for the weak derivatives in the k-th direction:ˆ
Rn−1

|∂xk
(ρδ ∗ (Ẽf))(x′, 0)− ∂xk

f(x′, 0)|dx′

=

ˆ
Rn−1

∣∣∣∣ˆ
Rn

ρ(ξ)(∂xk
Ẽf)((x′, 0) + δξ) dξ − ∂xk

f(x′, 0)

∣∣∣∣dx′
=

ˆ
Rn−1

∣∣∣∣ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)((∂xk
f)(x′ + δξ′ + |δξn|z′, 0)− (∂xk

f(x′, 0))) dz′ dξ

∣∣∣∣dx′
=: I.

We abbreviate fk := ∂xk
f(·, 0). Given i ∈ N, we choose gik ∈ C∞

c (Rn−1 × {0}) with

∥fk − gik∥L1(Rn−1×{0}) < 2−i−2, and then fix some δi with

0 < δi <
2−i−2

1 + ∥∇gik∥L1(Rn−1)

.(B.4)

We estimate I ≤ II + III + IV, where now δ = δi, and the single terms are as follows:

II :=

ˆ
Rn−1

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)|(fk − gik)(x
′ + δiξ

′ + δi|ξn|z′, 0)|dz′ dξ dx′

≤
ˆ
Rn−1

ˆ
Rn

ρ(ξ)ρ̃(z′)

ˆ
Rn−1

|(fk − gik)(x
′ + δiξ

′ + δi|ξn|z′, 0)|dx′ dξ dz′

=

ˆ
Rn−1

ˆ
Rn

ρ(ξ)ρ̃(z′)

ˆ
Rn−1

|(fk − gik)(x
′, 0)|dx′ dξ dz′ < 2−i−2.
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Next, we recall that both ρ and ρ̃ are supported in the n- or (n− 1)-dimensional closed

unit balls. Therefore, we have

III :=

ˆ
Rn−1

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)|gik(x′ + δiξ
′ + δi|ξn|z′, 0)− gik(x

′, 0)|dz′ dξ dx′

≤ 2δi

ˆ
Rn−1

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)

ˆ 1

0

|(∇gik)(x′ + t(δiξ
′ + δi|ξn|z′), 0)|dt dz′ dξ dx′

≤ 2δi

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)

ˆ 1

0

ˆ
Rn−1

|(∇gik)(x′ + tδi(ξ
′ + |ξn|z′), 0)|dx′ dt dz′ dξ

= 2δi

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)

ˆ 1

0

ˆ
Rn−1

|(∇gik)(x′, 0)|dx′ dt dz′ dξ
(B.4)
< 2−i−1.

Imitating the estimate of II, we find

IV :=

ˆ
Rn−1

ˆ
Rn

ˆ
Rn−1

ρ(ξ)ρ̃(z′)|(fk − gik)(x
′, 0)|dz′ dξ dx′ < 2−i−2.

Gathering the above estimates, we haveˆ
Rn−1

|∂xk
(ρδi ∗ (Ẽf))(x′, 0)− ∂xk

f(x′, 0)|dx′ < 2−i.

Passing to a (non-relabelled) subsequence of (δi), we thus obtain

∂xk
(ρδi ∗ (Ẽf))(x′, 0) → ∂xk

f(x′, 0) for L n−1-a.e. x ∈ Rn−1.

Since L n−1-a.e. x ∈ Rn−1 is a differentiability point of f , the conclusion follows in

the flat case. Localising and flattening as in the proof of Lemma 2.12(a), we may also

conclude the proof in the case of open and bounded sets Ω′ ⊂ Rn with C1-boundary. □

Appendix C: Trace Theory for Wcurl ,p-Fields. For completeness, we briefly return

to the spaces Wcurl ,p(Ω) as introduced in (1.2), and revisit previous results (see [5, 10,

11, 70, 74]), some of which we recall for the reader’s convenience. To this end, we recall

from [5] the space

X p
∂Ω :=

{
Φ ∈ W−1/p,p(∂Ω;R3) : (Φ · ν)|∂Ω = 0 and divτ (Φ) ∈ W−1/p,p(∂Ω)

}
,

where ν = ν∂Ω represents the inner unit normal as usual. We briefly comment on

the regularity of the tangential divergences based on the tangentiality (Φ · ν)|∂Ω = 0.

Note that, if F ∈ Wcurl ,p(Ω), then G := curlF ∈ Lp(Ω;R3) satisfies divG = 0, whereby

G ∈ Wdiv,p(Ω). Since there exists a (surjective) normal trace operator trpν : Wdiv,p(Ω) →
W−1/p,p(∂Ω), we have G · ν := trpν(G) ∈ W−1/p,p(∂Ω). In particular, by the very

definition of trpν , we have

⟨(G · ν), φ⟩∂Ω = −
ˆ
Ω

(divG)φ dx−
ˆ
Ω

G · ∇φ dx = −
ˆ
Ω

G · ∇φ dx(C.1)

for all φ ∈ W1,p′(Ω). On the other hand, trpτ : Wcurl ,p(Ω) → W−1/p,p(∂Ω;R3) satisfies

⟨trτ (F ),φ⟩∂Ω′ =

ˆ
Ω

curlF ·φdx−
ˆ
Ω

F · curlφdx(C.2)

for all φ ∈ W1,p′(Ω;R3). Now let φ ∈ W2,p′(Ω), so that ∇φ ∈ W1,p′(Ω;R3). Using the

tangentiality of trpτ (F ), one finds that

⟨(G · ν), φ⟩∂Ω
(C.1)
= −

ˆ
Ω

curlF · ∇φdx

(C.2)
= −⟨trpτ (F ),∇φ⟩∂Ω = ⟨divτ (trpτ (F )), φ⟩∂Ω

(C.3)

for all φ ∈ W2,p′(Ω). The left-hand side of (C.3) extends to a bounded linear functional on

W1,p′(Ω), and so does the right-hand side. The trace space of W1,p′(Ω) is W1−1/p′,p′(∂Ω),

and its dual space is W−1/p,p(∂Ω). Therefore, trpτ : Wcurl ,p(Ω) → X p
∂Ω boundedly.
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Appendix D: Integral formulas for smooth maps. For the reader’s convenience,

we here concisely collect some basic identities that have entered the main part; by the

anti-commutativity of the cross product, some care regarding signs needs to be taken.

To this end, let Ω ⊂ R3 be open and bounded with Lipschitz boundary, and let F ∈
C(Ω;R3) ∩ C1

b(Ω;R3) and φ ∈ C(Ω) ∩ C1
b(Ω), where, C

1
b stands for the C1-maps with

bounded gradients. Based on our convention of ν∂Ω denoting the inner unit normal to

∂Ω, we have the Gauss–Green-type formula:ˆ
Ω

curlF dx =

ˆ
∂Ω

F × ν∂Ω dH 2.(D.1)

Because of the identity curl (φF ) = φ curlF − F ×∇φ, (D.1) yieldsˆ
Ω

(φ curlF − F ×∇φ) dx =

ˆ
∂Ω

φ(F × ν∂Ω) dH 2.(D.2)

Now, if G ∈ C(Ω;R3) ∩ C1
b(Ω;R3), then we have the following integration-by-parts rule:ˆ

∂Ω

(F ×G) · ν∂Ω dH 2 =

ˆ
Ω

F · curlGdx−
ˆ
Ω

curlF ·Gdx.(D.3)

Based on the rule a · (b× c) = c · (a× b) for a,b, c ∈ R3, we have

(F ×G) · ν∂Ω = G · (ν∂Ω × F ) = −G · (F × ν∂Ω),

and so (D.3) yieldsˆ
∂Ω

(F × ν∂Ω) ·G dH 2 =

ˆ
Ω

curlF ·Gdx−
ˆ
Ω

F · curlGdx.(D.4)

We wish to point out that, alternatively, (D.4) can be derived directly from (D.2).
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