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ABSTRACT. We establish that for any non-empty, compact set K C RS;IS; the 1- and
oo-symmetric div-quasiconvex hulls K(1) and K () coincide. This settles a conjecture
in a recent work of CONTI, MULLER & ORTIZ [10] in the affirmative. As a key novelty, we
construct an L°°-truncation that preserves both symmetry and solenoidality of matrix-
valued maps in L.

1. INTRODUCTION

1.1. Aim and scope. One of the key problems in continuum mechanics is the mathemat-
ical description of the plasticity behaviour of solids. Such solids are usually modelled by
reference configurations  C R3 subject to loads or forces and corresponding velocity fields
v: 0 — R3. The (elasto)plastic behaviour of the material is mathematically described in
terms of the stress tensor o: Q@ — R3%? and is dictated by the precise target K C R3x3
where it takes values; K is usually referred to as the elastic domain. When ideal plasticity
is assumed and potential hardening effects are excluded, K is a compact set in ngxrg’ with

non-empty interior. As prototypical examples, in the VON MISES or TRESCA models used
for the description of metals or alloys, we have K = {0 € R2X3: f(oP) < 0} with a

sym *
threshold 6 > 0, the deviatoric stress o = o — %tr(o)E3X3 and conver f: Rf;ig — R.
Generalising this to K = {o € R3%3: (o) 4 dtr(0) < 6} for ¥ > 0 as in the DRUCKER-

PRACGER or MOHR-COULOMB models for concrete or sand (cf. [15, 25]), such models take
into account persisting volumetric changes induced by the hydrostatic pressure as plasticity
effects. In all of these models, K is a convex set. This opens the gateway to the techniques
from convex analysis, and we refer to [21, 25] for more detail.

As the main motivation for the present paper, the convexity assumption on the elastic
domain K is not satisfied by all materials. A prominent example where the non-convexity
of K can be observed explicitely is fused silica glass (cf. MEADE & JEANLOZ [28]). Slightly
more generally, for amorphous solids being deformed subject to shear, experiments on the
molecular dynamics (cf. MALONEY & ROBBINS [26]) exhibit the formation of characteristic
patterns in the underlying deformation fields. As a possible explanation of this phenom-
enon, the emergence of such patterns on the microscopic level displays the effort of the
material to cope with the enduring macroscopic deformations. Within the framework of
limit analysis [25], SCHILL et al. [35] offer a link between the non-convexity of K and the
appearance of such fine microstructure. Working from plastic dissipation principles, the
corresponding static problem is identified in [35] as

(1.1) sup inf {/ o-Vodz: o€ LE, (%K), ve WH(Q;R"), v=gon 8Q}
o v Q
for given boundary data g: 9Q — R3. Here, L5, (Q; K) is the space of all L>(Q; K )-maps
which are row-wise divergence-free (or solenoidal) in the sense of distributions; note that,
if even we admitted general ¢ € L>(Q; K) in (1.1), the variational principle would be
non-trivial only for o € L3, (€; K). Stability under microstructure formation, in turn,
1
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FIGURE 1. Molecular dynamics computations for fused silica glass linking
pressure and shear yield stress, taken from SCHILL et al. [35, Fig. 17(b)].
Within the framework of limit analysis [25], the non-convexity of the crit-
ical state line (thick line) is linked to the instability for microstructure
formation (cf. [35, Sec. 4]) and so a suitable relaxation is required.

is linked to the existence of solutions of (1.1); c¢f. MULLER [30] for a discussion of the
underlying principles. Towards the existence of solutions, the direct method of the Calculus
of Variations requires semicontinuity, and it is here where the set K must be relaxed. By
the constraints on o, this motivates the passage to the symmetric div-quasiconver hull of
K as studied by CoNTI, MULLER & ORTIZ [10]. In the present paper, we complete the
characterisation of such hulls (cf. Theorem 1.1 below) and thereby answer a conjecture
posed in [10] in the affirmative. To state our result, we pause and introduce the requisite
terminology first.

1.2. Divsym-quasiconvexity and the main result. Following [10], we call a Borel

nxn

measurable, locally bounded function F': RiZ\ — R symmetric div-quasiconver if

(12) F(e) < / F(€ + () dz

holds for all £ € RZX™ and all admissible test maps

sym

(1.3) peT = {cp € C™(T; RYY)  div(p) = 0,/E pdz = 0} )

where T,, denotes the n-dimensional torus. Here, the divergence is understood in the row-
(or equivalently, column-)wise manner. Accordingly, the symmetric div-quasiconvez (or

divsym-quasiconvez) envelope of a Borel measurable, locally bounded function F': R —

R is defined as the largest symmetric div-quasiconvex function below F'; more explicitely,

(1.4 2aF(© =int { [ Fe+pte)as peT},

Divsym-quasiconvexity is a strictly weaker notion than convexity, which can be seen TAR-
TAR’s example [41] f: R2X™ 3 € — (n — 1)[£]? — tr(€)%. The discussion in Section 1.1

sym
necessitates a notion of divsym-quasiconvexity for sets. Inspired by the separation theory

from convex analysis, we call a compact set K C R

vided for each { € RI\ K there exists a symmetric div-quasiconvex g € C(RE; [0, 00))

such that g(§) > maxg g. The relaxation of the elastic domains K C R in turn is

symmetric div-quasiconvexr pro-
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defined in terms of the symmetric div-quasiconvex envelopes of distance functions. For a
compact subset K C RZX™ and 1 < p < oo, put f,(&) := dist?(§, K). The p-symmetric

sym
div-quasiconvex hull of K then is defined by
(1.5) KW = (€ e RE: Duaqefp(€) = 0},

whereas we set for p = oco:

(00) . nxn . 9(&) < maxp g for all symmetric
(1.6) K {f € Roym': div-quasiconvex g € C(RL; [0, 00))

Both (1.5) and (1.6) are the natural generalisations of the usual convex hulls to the sym-
metric div-quasiconvex context, and one easily sees that K(°°) is the smallest symmetric
div-quasiconvex, compact set containing K.

By our discussion in Section 1.1, it is particularly important to understand the properties
of the symmetric div-quasiconvex hulls. In [10], CoNTI, MULLER & ORTIZ established that
K®) is independent of 1 < p < oco. Specifically, they conjectured in [10, Rem. 3.9] that
K® = K() in analogy with the usual quasiconvex envelopes (see ZHANG [45] or MULLER
[30, Thm. 4.10]). The present paper answers this question in the affirmative, leading us to
our main result:

Theorem 1.1 (Main result). Let K C R3X3 be compact. Then KM = K(*) and so

sym
(1.7) KPP = KM = g forall 1<p< 0.

Let us note that the p-symmetric div-quasiconvex hulls satisfy the antimonotonicity
property with respect to inclusions, i.e., if 1 < p < ¢ < oo, then K@ c K® . For
Theorem 1.1, it thus suffices to establish K1) ¢ K(°°) and this is exactly what shall be
achieved in Section 5. From a proof perspective, any underlying argument must use an
L°°-truncation of suitable recovery sequences, simultaneously keeping track of the differ-
ential constraint. Contrary to routine mollification, truncations leave the input functions
unchanged on a large set and display an important tool in the study of nonlinear problems
[1, 4, 19, 20, 31, 43]. It is here where Theorem 1.1 cannot be established by analogous
means as in [10, Sec. 3], where a higher order truncation argument in the spirit of ACERBI
& Fusco [2] and ZHANG [44] is employed. More precisely, for 1 < p < ¢ < o0, the
critical inclusion K®) ¢ K@ is established in [10] by passing to the corresponding po-
tentials of divsym-free fields, and as these potentials are of second order, performing a
W2 _truncation on the potentials; this shall be referred to as potential truncation. The
underlying potential operators are obtained as suitable Fourier multiplier operators, which
is why they only satisfy strong LP-LP-bounds for 1 < p < oo (cf. Lemma 2.2 below).
It is well-known that such Fourier multiplier operators do not map L' — L' boundedly
(cf. ORNSTEIN [33]), and so this approach is bound to fail in view of Theorem 1.1. In
the regime 1 < p < oo, this strategy can readily be employed in the general context of
&/ -quasiconvex hulls in the sense of FONSECA & MULLER [18] (cf. Proposition 6.1 and Sec-
tion 6) but is not even required for the inclusion K») ¢ K@ p < ¢ and can be established
by more elementary means; cf. Lemma 5.2 and its proof for the simplifying argument.

1.3. A truncation theorem and its context. The key tool in establishing Theorem 1.1
therefore consists in the following truncation result, allowing us to truncate a div-free

L'-map u: R® — R3X3 while still preserving the constraint div(u) = 0:

Theorem 1.2 (Main truncation theorem). There exists a constant C > 0 solely depend-
ing on the underlying space dimension n = 3 with the following property: For all u €
LY (R3;R3X3) with div(u) = 0 in 2'(R%;R3) and all X > 0 there exists uy € L'(R3;R3%3)

satisfying the
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(a) L°°-bound:
l[ualle rs) < CA
(b) strong stability:

lu —uxlLigsy < C |u| dz.
{lul>A}

(c) small change:

LP{u# un}) <O |u| de.
{lul>X}
(d) differential constraint: div(uy) = 0 in 2'(R3;R3).
The same remains valid when replacing the underlying domain R3 by the torus Ts.

The way in which Theorem 1.2 implies Theorem 1.1 can be accomplished by analogous
means as in [10] (also see the discussion by the third author [36]), and is sketched for the
reader’s convenience in Section 5. Here we heavily rely on the strong stability property
from item (b), without which the proof of Theorem 1.1 is not clear to us. The detailled
construction that underlies the proof of Theorem 1.2, reminiscent of a geometric version of
the WHITNEY smoothing or extension procedure [42], is explained in Section 3 and carried
out in detail in Section 4. Here we understand by geometric that the construction is
directly taylored to the problem at our disposal, meaning that the solenoidality constraint
div(u) = 0 is visible in our construction in terms of the Gauf-Green theorem on certain
simplices.

Working on a higher a priori regularity level, Lipschitz truncations that preserve solenoi-
dality constraints are not new and have been studied most notably by DIENING et al. [7, 8],
originally developed for problems from mathematical fluid mechanics and since then having
been fruitfully used in a variety of related problems; see, e.g., SULI et al. [13, 40]. Let
us note that the two key approaches in [7, 8] either hinge on locally correcting divergence
contributions on certain bad sets [7] or performing the potential truncation [8]. Whereas the
ansatz in [7] in principle is imaginable to work in the present setting apart from technical
intricacies (cf. Remark 6.3), the key drawback of the potential truncation is the non-
availability of the strong stability estimate. This is essentially a consequence of singular
integrals only mapping L — BMO in general but not L™ — L°°; see Section 6 and
Proposition 6.1, where the corresponding potential truncations are revisited and discussed
in the general framework of constant rank operators &/ a l4& SCHULENBERGER & WILCOX
[37] or MURAT [32].

1.4. Organisation of the paper. Apart from this introductory section, the paper is or-
ganised as follows: In Section 2, we fix notation and gather auxiliary material on maximal
operators and basic facts from harmonic analysis. Section 3 then explains the idea un-
derlying the construction employed in the proof of Theorem 1.2, and is then carried out
in detail in Section 4. Section 5 is devoted to the proof of Theorem 1.1, and the paper
is concluded in Section 6 by revisiting potential truncations. The Appendix, Section 7,
gathers various instrumental computations that underlie some of the results presented in
Section 4.
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and the DFG through the graduate school BIGS of the Hausdorff Center for Mathematics (GZ
EXC 59 and 2047/1, Projekt-ID 390685813) (S.Sc.).
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2. PRELIMINARIES

2.1. Notation. The linear operators between two finite-dimensional real vector spaces
V,W are denoted .Z(V;W). We denote .#™ and 5#"~! the n-dimensional Lebesgue or
(n — 1)-dimensional Hausdorff measures, respectively. For notational brevity, we shall also
write d"~! = d#"~!. Given n- or (n — 1)-dimensional measurable subsets Q and ¥ of R"
with £7(Q), #"~1(2) € (0,00), respectively, we use the shorthand

1 1
udr := ———— [ udzr and vd" = 7/ vd" g
f vt = oy ), 4 i s

for .#"- or s#" !-measurable maps u: @ — R™ and v: ¥ — R™. As we shall mostly
assume n = 3, we denote B,(z) the open ball of radius r centered at z € R®, whereas
we reserve the notation B,(z) to denote the corresponding open balls in the symmet-
ric (3 x 3)-matrices R332 moreover, we put ws := £3(B1(0)). By cubes Q we under-
stand non-degenerate cubes throughout, and use £(Q) to denote their sidelength. Lastly,
for z1,...,z; € R® we denote (z1,...,x;) the convex hull of the vectors 1, ...,x;, and if
x1, T2, 23 do not lie on a joint line, aff (21, x2, z3) the affine hyperplane containing a1, zs, 3.

2.2. Maximal operator, bad sets and Whitney covers. For a finite dimensional real
vector space V, w € L*(R™ V) and R > 0, we recall the (restricted) centered Hardy-
Littlewood maximal operators to be defined by

Mpw(x):= sup ][ |w]| dy, x € R",
2.1) 0<r<R.J B, (z)
Muw(z) = sup][ |w| dy, x € R™.
7>0 J B,.(z)
Note that, by lower semicontinuity of M rw, the superlevel sets { M gw > A} are open for
all A > 0. Moreover, we record that M is of weak-(1,1)-type, meaning that there exists

¢ = c¢(n) > 0 such that
(2.2) LM Muw > \}) < §||w||L1(Rn) for all w € L*(R™; V).

See [23, 38] for more background information. Now let 2 C R™ be open. Then there exists
a Whitney cover # = (Q;) for Q. By this we understand a sequence of open cubes @,
with the following properties:
(W1) Q=U,en Q5
(W2) L0(Q;) < dist(Q;, Q%) < 56(Q;) for all j € N.
(W3) Finite overlap: There exists a number N = N(n) > 0 such that at most N elements
of W overlap; i.e., for each i € N,

|{]€N QjEWaninﬂQj;é(Z)HgN.

(W4) Comparability for touching cubes: There exists a constant c¢(n) > 0 such that if
Qi,Q; € W satisty Q; N Q; # 0, then

1
—0(Q;) <(Q;) < Q).
7100 < Q) < e(m)t(Q)
Whenever such a Whitney cover is considered, we tacitly understand z; to be the centre
of the corresponding cube @);. Based on the Whitney cover % from above, we choose a
partition of unity (¢;) subject to # with the following properties:
(P1) For any j € N, p; € CZ(Qy;[0,1]).
(P2) 3 jenwj =1in Q.
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(P3) For each | € N, there exists a constant ¢ = ¢(n,{) > 0 such that

6(Qy)!
2.3. Differential operators and projection maps. For the following sections, we re-
quire some terminology for differential operators and a suitable projection property to be
gathered in the sequel. Let &7 be a constant coefficient, linear and homogeneous differential
operator of order k € N on R™ (or T,,) between R? and RY, so </ has a representation

(2.3) o= Z A 0%u, u: R" — R,

lal=k
with fixed o7, € Z(R%RYN) for |a| = k. Following [32, 37] we say that </ has constant
rank (in R) provided the rank of the Fourier symbol &/[¢] = >, _) Za”: R? — RV is
independent of £ € R™ \ {0}. A constant coefficient differential operator A of order j € N

on R” (or T,,) between R and R? consequently is called a potential of o7 provided for each
& € R™\ {0} the Fourier symbol sequence

R! 26 ge ZE g

is exact at every & € R™ \ {0}, i.e., A[(](RY) = ker(o/[€]) for each such £&. We moreover
say that & has constant rank (in C) provided &/[¢]: C? — C¥ has rank independent of
& € C™\{0}. If we only speak of constant rank, then we tacitly understand constant rank in

Vip;| < for all j € N.

R. In Section 6, we require the following two auxiliary results, ensuring both the existence
of potentials and suitable projection operators.

Lemma 2.1 (Existence of potentials, [34, Thm. 1, Lem. 5]). Let & be a differential
operator with constant rank over R. Then & possesses a potential A. Moreover, if u €
C*°(T,; RY) satisfies fT“ udz =0 and Fu = 0, there exists v € C(T,; RY) with Av = u.
Equally, for each u € .7 (R™;R?) with o/u = 0 there exists v € . (R™; RY) with Av = u.

Lemma 2.2 (Projection maps on the torus, [18, Lem. 2.14]). Let 1 < p < oo and let o7 be
a differential operator of order k with constant rank in R. Then there is a bounded, linear
projection map Py : LP(T,;R?) — LP(T,;R?) with the following properties:

(a) Pyu € ker o and Py o Py = Py .

(b) llu = PyullLr(r,) < Co pll @ ullw—rs(r,) whenever f; udz =0.

(¢) If (u;) C LP(T,; RY) is bounded and p-equiintegrable, i.e.,

lim [ sup  sup /|uj|pdx =0,
eNO \ jeN E: #n(E)<e JE

then also (Pguj) is p-equiintegrable.

As alluded to in the introduction, Lemma 2.2 does not extend to p = 1 in general, the
reason being ORNSTEIN’s Non-Inequality [33]; also see [9, 24] for more recent approaches
to the matter and GRAFAKOS [23, Thm. 4.3.4] for a full characterisation of L'-multipliers.

3. ON THE CONSTRUCTION OF divsym-FREE TRUNCATIONS

Before embarking on the proof of Theorem 1.2, we comment on the underlying idea of
the proof. To this end, we streamline terminology as follows. Let {2 either be T,, or R".
Given a constant rank differential operator A on £ between RY and R% and 1 < p < oo,
we define Sobolev-type spaces WAP(Q) := {u € LP(Q;RY): Au € LP(Q;RY)}. A family
of operators (Sy)aso with Sy: WAP(Q) — WH(Q) is called an WAP-W_truncation
provided there exists a constant ¢ = ¢(A,p) > 0 such that, for all u € W*?P(Q) and X > 0,
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(a) [ISxullLe (o) + [[ASKul|Le= (@) < cA.
(b) [Ju— S)\UHLP(Q) + ||Au — AS,\UHLp(Q) < Cf{\u|+|Au\>/\} |ulP 4+ |Au|P dz.
(e) L™({u# Sxu}l) < 55 [iuiausay WP+ [AufP da.

If A = V¥, then we simply speak of a W*P-W* > _truncation. Conversely, if A is a potential
of the differential operator & having the form (2.3) and 1 < p < oo, we define L? (Q2) :=
{u € LP(4RY): &/u = 0}. A family of operators (T)) >0 with T: L? () — L(Q) is
called an 7 -free LP-L*° -truncation (or simply «/-free L°-truncation) provided there exists
¢ = c(A,p) > 0 such that the following hold for all v € L3 () and A > 0:

(&) [[ThullLeo () < e
(b) llu = Taullie@)+ < ¢ [y ul” da.
(c) L"({u # Thu}) <55 f{lu\>>\} ulP dz.

Originally, W'P-W*_truncations as in ACERBI & Fusco [2] leave u € W"P(Q) un-
changed on {Mu < A} N{M(Vu) < A}. Here, the functions satisfy the Lipschitz estimate

lu(z) = u(y)] S [ = y|(M(Vu)(z) + M(Vu)(y)) < Az -yl

for L™-a.e. z,y € {M(Vu) < A} and thus can be extended to a cA-Lipschitz function Syu
by virtue of Mc SHANE's extension theorem [17, Chpt. 3.1.1., Thm. 1]. Note that, if u is
divergence-free, then S)u is not in general. In view of preserving differential constraints,
this necessitates a more flexible approach. Instead of appealing to the MC SHANE extension,
one may directly perform an WHITNEY-type extension [42] and truncate u € W' (Q) on
the bad set Oy = {Mu > A} U{M(Vu) > A} via

S)\U(,CE) _ ZjEN (pj(u)Qj X € O)\; or S)\’u(l') _ szN @]u(y_]) T € OA7
u(z) T € OE, u(x) T € (’)9\,

where y; € OE are chosen suitably. Then S\ and Sy define WY -W1*_truncations; cf. [13,
38]. Setting v = Vu, this formula gives a curl-free L'-L>-truncation, as curl(v) = 0 < v =
Vu for some function u. Using (P1)—(P3), we can, however, rewrite ¥ := VSu purely in
terms of v, i.e.

S jen @iVes fo vltyy + (1= ) - (g —y)dt @ € Oy,
v(x) x € OE.

(3.1) O(z) = {

The key observation is that the truncation formula (3.1) does not only give a curl-free
L'-L>®-truncation, but is stronger and gives a WUl Wl _tryncation, if we redefine
the bad set to be Oy := {Mv > A} U{M curl(v) > A\}. We are then able to formulate an
o/ -free L'-L>™-truncation of the annihilator of curl, which is div in three dimensions. As
discussed by the third author [36], this approach works for all potential-annihilator pairs
along the exact sequence of exterior derivatives. This is the exact sequence of differential
operators starting with V, that is

0 — CO(Tp;R) —25 COO(T,; R™) 0 CO(T REET) — ..

— €T, R™) 2% C0(T,;R) — 0,
where C°*%(T,,;; R™) denotes the space of smooth functions on the torus with average 0.
However, WAL WA _truncations are also known in settings where A # V. In this work,
we use that such a truncation exists for the symmetric gradient, i.e. A =¢ = %(V +Vh)
(cf. [16, 5]). We use the truncation and the exact sequence
.

(3.2) 0 — C0(T5; R3) —=5 €00 (Ty; R33) kel coo.0(py, R3%3)

sym sym
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I 0%0(Ty; R?) — 0,

where curl curl" v for v € C*(R3; R2%3) is defined as

W2323 W2331 W2312
-
curlcurl v = w3123  W3131  W3112 )
W1223 Wi1231 Wi1212

Wabed = 8u,acvbd + 8badvac - 8a8dvbc - 8bacvowi-

The truncation of the symmetric gradient is used to find an analogue of (3.1) for curl curl ",
T
giving us a curlcurl ' -free truncation. However, this can be used to get a Weurteur! L

a
wewleurl .00 truncation, giving us the divergence-free L'-L>-truncation of Section 4 below.

4. CONSTRUCTION OF THE TRUNCATION AND THE PROOF OF THEOREM 1.2

In this section, we establish Theorem 1.2. As a main ingredient, we shall prove the
following variant for smooth maps that will be shown to imply Theorem 1.2 in Section 4.6:

Proposition 4.1. Let w € (C*NLY)(R%;R3%3) satisfy div(w) = 0. Then there exists a

sym
constant ¢ > 0 such that for all X\ > 0 there exists an open set Uy C R® and a function
wy, € (L NL>)(R? R3%3) with the following properties:
(a) w=wy onUS and L3({w #wy}) < £ f{lw\>%} |w| dz.
(b) div(wy) =0 in 2'(R3;R3).
() flwallreo(rs) < €A

4.1. Definition of Ty. Let w = (w1, ws, w3) € (C®NLY)(R3;R3%3) satisfy div(w) = 0.

Sym
In view of locally redefining our given map w on Oy = {Mw > A}, we put

e 50,5 1) () = ][ (5 — )pwal®) — (5 — )aws(€))rige €,

(zi,5,2k)

(4.1)
B (i, 4, k) = ][ wa(§) - vigr d°€
(Ti,25,2k)

provided the simplex (z;,z;,x)) is non-degenerate; if it is degenerate, we then define
A, 8(%, 4, k) := 0 and B, (4, j, k) := 0. Here and in what follows, we use

1
(4.2) Vi agmp = Vigk = 5(3«“1 —zj) X (zx — x5),

provided the simplex (z;, z;, zx) is non-degenerate. Consider a three-tuple
(a’ 5’ ,‘Y) G {(1’ 2’ 3)? (27 3’ 1)’ (37 ]" 2)}'

For (i,7,k) € N3 and fixed projection points z; € Q; for I € {i, j, k}, we then define

G =33 (0,0i0a0iBali,j. k) + 050;0,0B (i, j, k))

i,jEN
+ Z (0810 01pi — Oyy0;0p0i)Up 4 (1, J, k)
i,JEN
(4.3) N
2 0ar 2301 = 020 050001) U a i, F)
i,JEN

+ > (Oar i 0501 + 05203 00pi — 200p0;0+i) 0 (i, 5, k).
i,jEN
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~(k ~(k .
We define w[g a) = w; B) by symmetry. For the diagonal terms, we put

D) =6 9pp;0y0:iBali, j,k)

i,jEN

(4.4) +23 " (Ohy ;05 — D030 (i, 4, )
i,jEN

+2)  (9sp0i0vpi — 010i030:) U 5 (i, J, K).
2,jEN

Note that, since at most N cubes Q; overlap by (W3), each of the sums in (4.3) and (4.4) are,

(()

in a neighbourhood of each point = € Oy, actually finite sums and hence @w*) := aﬂ)a,g

is well-defined. Based on (4.3), we define the truncation operator T by

4.5 Thw :=w — ~(k) v e
(+5) ' 2 onl S pr@® in Oy,

Note that on Oy, Thw is a locally finite sum of C*-maps and thus is equally of class
C=(OxRED).

4.2. Auxiliary properties of 2, 3 and B,. In this section, we record some useful prop-
erties and auxiliary bounds on the maps Ay (4, j, k) and the (constant) maps B,(7, 5, k)
that will play an instrumental role in the proof of Proposition 4.1. We begin by gather-
ing elementary properties of 2, g and ‘B, to be utilised crucially when performing index
permutations for the sums appearing in (4.5):

Lemma 4.2. Let w € C'(R%R3%3) satisfy div(w) = 0, i,5,k,1 € N and define Aup,Bq

sym

for o, 8 € {1,2,3} by (4.1). Then the following hold:
(a) Oaa,p(i,j, k) = =Bp(i, j, k).
(b) 0pUa.p(i,4,k) = Bali,j, k).
(¢) Antisymmetry of A, g: Ao 5(2,7, k) = —Aa5(4,4, k) =Aa,5(4, k, 7).
(d) Antisymmetry of B,: B, (4,5, k) = —Ba(J,i, k) = Ba(4, k,9).
(e) dive((y — §)ﬁwa(§) (y = &aws(§)) = 0.
(f) (Z J’ ) (l’j7k)_%a(i’l7k)— O((Z7j7l):0.
(g) 04[3(7’ ],k) Qloz,ﬁ(lvj7k) *ma,ﬁ(ivlak) *ma,ﬂ(iajal) = 0.

Proof. Properties (a)-(d) are immediate consequences of the definitions. Property (e)
holds, since

dive ((y = &) pwal§) = (¥ = awps(§)) = —wap(§) — &p div(wa) + wpa(§) + Ea div(wg) = 0.
To prove (f) we use that by the definition of B, and the Gaufl-Green theorem we have
Bali.0.) — Ball, k) = Bali. LK) = Balid.) = [ div(uwg) dr = 0.
(%43,%5,k,Tm)

Note that this calculation also holds in the case that one or multiple of the simplices are
degenerate. Analogously, we can prove (a) by applying the GauB-Green theorem as well
as (e) to get

Qlaﬁ(iajv k) - Ql(x7,3(l7j7 k) - Qla,ﬁ(i7 l) k) - QLOK,B(’L'Mja l)

= dive((y = &)pwal§) = (¥ = §aws(§)) dz = 0.

(4,%5,% 1, T )

The proof is complete. U
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Lemma 4.3. Let u € (L' NCY)(R3;R?) satisfy div(u) = 0 and 2y € {Magu < A}, where
R > 0. Let, in addition, x1,xo,23 € Br(z9). Then

(4.6)

f u(€) - 123 d%€| < CARZ.
(r1,22,23)

Moreover, if w € (L' N C")(R3;R3%3) satisfies div(w) = 0 and the cubes Q;, Q;, Qx have

sym

non-empty intersection, y € Q; N Q; N Qk, we have for A, g and B, as defined in (4.1)

(a) |Q[a,5(i7j’k)(y)| < CAe(Ql)S
(b) [Bali, 4, k)| < OM(Qi)?.

The constant C = C(3) is a dimensional constant, that does not depend on u, i,j,k and
the shape of O

Proof. Let x1,2,23,20 € R? be according to the assumption, zg = (23,22, 23). Then,
using that divu = 0, we find by Gaufy’ theorem

][ u - vyg3 A€ S(/ JF/ JF/ )‘U|d2€
(z1,22,73) (n,x2,23) (z1,m,73) (z1,z2,m)

We now establish the existence of some 7 € R3 \ aff(z;,z;,z;) such that the right-hand
side of (4.7) is bounded by CR2) for some C > 0 solely depending on the underlying
space dimension n = 3. Denote Qgr(zo) the cube centered at zg with faces parallel to the
coordinate planes and sidelength 2R so that Br(z0) C Qr(20) C B, 55(20). Then

/ / (©)| d2¢ d= </ / ()] d2¢ dz
Br(z0) Y {z1,22,2 Qr(z0) zl,mg,z)
zO+R zO+R z0+R
/ / / / u(€)] d2€ d=? dz2 2!
zy 23 z (z1,22,(21,22,23))
25+R rz2+R
(4.8) / / / |u| dz dz? d2!
2} 25 Qr(z0)

ZO+R zOJrR
< w3(V3R)3 / / ][ |u| do dz? d2!
zg z B

var(%0)
S w3(2R) (QR) MQRU(Z())
< CAR’.

(4.7)

Here ¢ > 0 is a constant solely depending on the space dimension n = 3. In consequence,
by Markov’s inequality,

L Us, o [ Xs Br(zo))) = 2% ({2 € Balz0): /

(z1,22,2)

u(©)|a% > X'})

@8 A /
< CyR for any A" > 0,
where Uy, 4,..[u; Br(%0)] is defined in the obvious manner. The same argument equally
works for the remaining simplices that appear in (4.7), and therefore, setting

U:= Z/l-T172?27~ [’U,, A,; BR(ZO)] U u',-’mﬂfs [U, )‘/; BR(ZO)] U uflmﬂcs [’U,, )‘/; BR(ZO)]

with an obvious definition of the sets appearing on the right-hand side, we obtain

L) < 4ch

< R
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Qr

2R

y

F1GURE 2. The construction in the proof of Lemma 4.3. The point 2y €
OE\ is chosen such that it is close to z;, £; and xj respectively. Instead of
estimating the integral on the triangle with vertices x;, x; and ) directly,
we estimate integrals along triangles with vertices z;, x; and z € Qr(20)
(the triangles with red dashed lines) and use Gauf’ theorem.

2R

We still have the freedom to choose A\’ > 0 and consequently put \ := i—gc/\RZ so that
23Ut > 3 #3(Br(20)). We may thus pick n € Br(zo) \ aff (2, ;, 2x) such that n € ut,
and by definition of U, this choice of ) gives

][ u - vyg3 A€
(z1,22,23)

with some purely dimension dependent constant ¢ > 0. This completes the proof of (4.6).
The estimates in (a) and (b) are consequences of (4.6). For (a) note that there is zg € (’)E
with diSt(ZQ, QIL) < CE(QZ) and Q; ﬂQj NQk C BC((Qi)(ZQ) by (WQ) and (W4) Moreover,
Muw(zp) < X by definition of Oy and therefore, for fixed y € Q;
Mar((y = )pwal) = (¥ = Jaws)(20) <2 sup |y — 2| - Mw(z).
z€Bap(20)

Setting R = C¢(Q;) and using Lemma 4.2 (e) yields the estimate (a). The estimate for
B, directly uses the existence of a point zg € OE:\7 such that Q;, Q;, Qx C Bey(q,)(20) and
that w,, is divergence-free. Applying (4.6) in this setting yields (b). O

< eAR?

4.3. Elementary properties of T. We now record various properties of T that play an
instrumental role in the proof of Theorem 1.2. Throughout this section, we tacitly suppose
that w € (C*° NL')(R3;R3%3), and begin with providing the corresponding L>°-bounds:

sym
Lemma 4.4. There exists a purely dimensional constant ¢ > 0 such that

(4.9) [ Thwl|1o m3) < €A holds for all X > 0.
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Proof. Since |w| < A on OE, it suffices to prove || Thw||pe<(0,) < cA for some suitable ¢ > 0.
Hence let x € Oy. Then, by (W1) and (W3), z € Q for some k € N, and there are
only finitely many cubes Q;,Q; such that Q; N Q; N Qr # 0; note that the number of
such cubes solely depends on the underlying space dimension n = 3. For any choice of
o, B,y €{1,2,3} and ¢; + {3 = 2 we have

]l .mQ.mQ
4.10 080,820, | < c—LNN%k
( ) |90k‘ ® ~ §0J| S cC E(Qk)Q
and similarly, if ¢; + {3 = 3,

10,0,
4.11 05 0i0% c—9iNQN0k
(4.11) lr0gi @i p;] < TOBE

which is seen by combining (W4) and (P3). Again, ¢ > 0 is a purely dimensional constant.
By definition of @), cf. (4.3) and (4.4), on O every summand in (4.5) containing some
Bs(i, 4, k), 0 € {c, 8,7}, is of the form cpkael,@iaﬁ?goj%g(i,j, k) with ¢; 4+ ¢ = 2. Here we
may invoke Lemma 4.3 (b) in conjunction with (4.10) to find

Conversely, every summand in (4.5) on O that contains some 25 (7, 7, k), 6,k € {e, 8,7},
is of the form <pk<9 L0t 10U, (4, 5, k) with €1 + €2 = 3, and in this case Lemma 4.3 (a)
in conjunction Wlth (4. 11) yields

ok 00530 Us (i, 5, k)| < e
By the uniformly finite overlap of the cubes, cf. (W3), this completes the proof. O
Lemma 4.5. For every a € {1,2,3}, Th(Wa1, Wa2, Wa3) is solenoidal on O).

The proof of this lemma relies on a slightly elaborate computation, mutually hinging on
index permutations and the properties of the maps 2, g and ‘B, as gathered in Lemma 4.2.
For expository purposes, we thus accept Lemma 4.5 for the time being and refer the reader
to the Appendix, Section 7.1, for its proof.

4.4. Global divsym-freeness. As the last ingredient towards Proposition 4.1, we next
address the regularity of div(Thw):

Lemma 4.6. Let w € (C*NL')(R?; R3%3) satisfy div(w) = 0 and define Txw for A > 0
by (4.5). Then the distributional divergence of Thw is an R3-valued regular distribution,

that is, div(Thw) € L'(R?;R?).

Proof. We focus on the first column (Thw); of Thw; the other columns are treated by
analogous means. Let 1 € C°(R3). By a technical, yet elementary computation to be
explained in detail in the Appendix (cf. Section 7.2), we have

[ @wn - vode =23 / o1 (Du07) (Da00)B1 (i, 5. K)oy

1,5,k
+2%0 / k(507 (Or0:)B (i, . K)ot da

(412) 4,5,k
2} / (D107 (Bapi) B (i, k)O3 da

l]a

=: I+ 114 III
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We focus on term I first and consider the functions

=Y oY) = Y orl(0205) (Os0:) (B (i, 5, k) — wi(y) - vige),

(413) 7,k » N
wi(y) == > wit(y) =Y pr(020;) (Os0:) (wi(y) - vige)-
1,5,k 1,5,k

We claim that vy (1) € W' (Oy). Note that each summand belongs to C2°(0y), and so it
suffices to establish that the overall sum in (4.13) converges absolutely in W' (0,). We
give bounds on the single summands: For 7, j,k € N, note that whenever y € Q; NQ; N Qy,
then

1B1 (4,4, k) — w1 (y) - vijr| < ][ lwi (&) — w1 (y)| |vign| d*¢

<"L'i7zj;wk>
< | Vws [ re)€(Qr)?

as a consequence of the usual Lipschitz estimate, dist(y, (z;,z;,zx)) < cl(Qr) and |y x| <
cl(Qr)? by (W4). Now, by (W4) and (P3), we consequently obtain by (4.14)

ol @) < l(@Qe) I Vwn oy,
IVor L Qe < (@)l Vsl ce),
so that, by the uniformly finite overlap of the cubes,
>l lwiion < cz (Qi)* + €Qu) ) IVwr [l (o)

1,5,k

(4.14)

o(1+ £3(05)}) Ze<Qk>3||Vw1||Lw<Rs>

< C(l +$3(0>\) )33(0)\)||V’LU1||L00(R3) < 00.

Hence, v (1) € Wé’l(C’))\). Extend vy, (1) by zero to the entire R3 to obtain vy, (2) € \?V(l)’1 (R3).
Then an integration by parts yields

I= 2/ UL(l)aﬂ/J dy + 2/ wiO1Y dy
O)\ O)\

(4.15) = 2/ vy, (2)01 dy + 2/ w019 dy
R3 Ox

v er,l R3
L €We" ( )—Q/RS(am,(m)wder?/o widiy dy =: Ty + 1,
A

and Orvr () € L'(R3). Towards term Iy, observe that for all y € R?,
_2Vijk = —(Z‘i — a:j) X (J?k — l‘j)
= (y— ;) x (xj —ap) + (2 —y) X (y — z) + (2 —25) x (27 —y),

which follows by direct computation using that (z; —y) x (y — ;) = 0. Working from the
definition of wy as in (4.13), we consequently find by (4.16)

I, = 2/0 wi®)ddy =2 [ > or(020,)(030:) (Wi (y) - Vyay 0 )1 dy (= 0)

O)‘ijk?

(4.16)

2 /O S k(0207 (P50 (W1 (Y) - Ve g )10y (= 0)

i,k

+ 2/ Z 82()03 83@1)(w1(y) ' Vm,wj7y)alwdy = Ig,
O

A4,
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where we have used that )", d3p; = 0 on Oy for the first, Zj Oopj; = 0 on Oy for the
second and ), ¢, =1 on O, for the ultimate term. By a similar argument as above, the
sum in the integrand of I3 has an integrable majorant, whereby we may change the sum
and the integral. Hence, integrating by parts with respect to 0s,

b=1i=2) /. a2 01 0) iy )0 (= T1)
-2y /. (1O (3) v, (= T)
i EJ: /O (or(O50)(On(y) Ve, )01 (=Ty)
23 | (O30 1 () Doty )01 dy (=)
-2 [, a2 () v, 0000 (= T5),
but on the other hand, now integrating by parts with respect to ds,
=123 /O 03(:(0205) (01 (1) Vi, )O115) ly (= o)
9 Z / 2i(D2307) (W1 (Y) - Vi a, 4)0110) dy (=T7)
_2 z / (10207 (@51 (y) - Vi ) 0100) dy (= 1)
-2y /o (0i(02p) (1 (9) - Dty ) O1) ly (= T)
- 22/ ©i(020) (W1 (Y) Vi ;.4 O13%) dy (= Tho).

We then have I3 = %(I§+I§). To proceed further, note that 71 = T = 0 by the fundamental
theorem of calculus. Moreover, %(Tg +7T7) = 0, which follows from permuting indices i <> j
in Ty and using the antisymmetry property vi, oy = —Va; 2,4

T, = *22/0 (0i(O2305) (w1 (Y) * Vi 04,5)O17) dy
Gi 7O

=2 Z/@ (pi(O23p5) (W1(Y) * Vs 2;,9)O10) dy = —T7.
ji 7O
For treating terms T3 and Tg, define the smooth function vy (3): Ox — R by

vy, (3) 1= Z(<Pj(3390i)(52w1(y) Vapayy) T (0i(0205) (03w1(Y) - Ve, a;.y))-

j

By an argument similar to the one employed in (4.13)ff., we have vy (3 € W(l)’l((%\).
Extending it by zero to vy (4) € Wé’l(R3), then obtain

(4.17) %(Tg +Tg) = /R3 (81’01’(4))1& dy.
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Since I3 = 1(I} +12), the above arguments, permuting i <+ j in I3 and (4.17) combine to

Iy =- ;Z [, st (o —ap x ooty (=4
#32 [, oseus) (e m) x ety (=1
-3 [, 00 0) v, )20 dy = 11y)
#3000 0a0) i) - 7
+ [ (@

Next note that, expanding and using >, ¢; =1 as well as >, J3p; = 0 on Oy,

1T4_—f§j / (05 (Do) (w1 (3) - (@5 — y) x €2))r16) dy
-3 Z [, i@se0mn ) (=) xex)oriyay (=0
=32 [ (@) (=) x ea)on)dy

- ;ZL:/OA (pidswn(y) - (@i —y) x e2))0r1) dy

1
3 [ @) (e x ex)drv)dy
Ox
1
+35 Z /O (piwi(y) - ((z; —y) X e2)013¢) dy
As above, we use w € C°(R?; RSX“) to see that the function

sym

v, s)(y) == —3 Z ;03w (y —y) X ez))

belongs to W(l)’l(OA), and hence, again denoting its trivial extension to R? by v,y and
recalling that es X es = ey,

1
1Ty = /RB(awL(G)W dz + 5/@ (w11(y)ony) dy
+ = Z/ iw(y) - ((z; — y) X e2)d139) dy

Handling the summand %Tg in the same fashion (with the roles of the indices 2 and 3

(4.18)

swapped) and introducing vy 7y € Wé’l(OA), vr,(8) € Wé’l(R3) by analogous means, we
arrive at

YTy + o) = / (O (vr.s) + v, sy)b ly + /O (o) dy
(4.19) + %Z /o (piwi(y) - (2 —y) X €2)013¢) dy

- %Z /o (piawi(y) - ((w: —y) X e3)012¢) dy
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To summarise, by (4.12), (4.15) and (4.19), there exists v; € W' (R?), such that

1= [ v+ /O A(wmy)alw) dy
+ 3 Z/ @zwl — y) X 62)613w) dy
(4.20) D) Z /o (piawr(y) - ((wi — y) x €3)0121)) dy
=3 [ @00001(0) - vrie)0r20)

+ Z /OA(‘PJ’(%%)(TUl(y) . Vwiwjy)alzﬂﬁ) dy

The same calculations with the coordinates 1 — 2 — 3 — 1 permuted imply that there
exist vy, v € Wé’l(R3), such that

II = /]RS (82’[)11)’(1) CL’C + /OA (’Ll)lg(y)(?Qw) dy
+ 5 Z/ @zwl — y) X 63)321¢) dy
(4.21) —3 Z/O (piwr(y) - (2 —y) x e1)023¢) dy
=X [ a0 ) v )0u)

* Z /(’)A (1 (F50i) (w1 (y) - Vwiwjy)amw) dy

and
IH:/R (83’0111)1/)(133+/(9A(w13(y)83w) dy
+= Z/ wawr(y) - ((z; — y) X e1)0329) dy
(4.22) ) Z /O (piwr(y) - ((z: — y) X €2)051¢) dy

- Z /o (5 (D2i) (W1 (Y) - Vayz;y)0317) dy

+Z/@)\((pj(al¥7i)(’un(y) V) O3210) dy,

and Oyvr, Oourr, Ogvurr all vanish outside 0. Combining (4.20), (4.21) and (4.22), we get
that there is h € Ll(O)\)7 h = 0yv1 + Ovr1 4 03w, such that

(4.23) / (Taw): - Vi dar :/ h da +/ wr - Vi da.
Ox Ox Ox
Recall that w satisfies div(w) = 0 and that Thw = w on OS. Therefore,

/RS(TAw)l -V dr = /c (Thw)y - Vipdo + /O (Thw)y - Vypdo

o3 A
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:/ wlon/}der/ w1~V1/)d:17+/ hy dz
Oc Ox Ox

A

= /O h dz.

Therefore, div((Thw);) € L'(R3). Arguing in the exactly same way for the other columns,
div(Thw) € L*(R?; R3), and the proof is complete. O

As an immediate consequence of Lemmas 4.5 and 4.6, we obtain the following

Corollary 4.7. Let w € (C®NL")(R3; R3%3) satisfy div(w) = 0 and define Txw for A > 0

sym

by (4.5). Then for £'-almost every A > 0, div(Thw) = 0 in Z'(R?;R3).

Proof. Observe that on R\ O, the function Thw is strongly differentiable and, as w is
(row-wise) solenoidal on R? and div(Thw) = 0 on O, (Lemma 4.5), div(Thw) = 0 on the
open set R?\ 00,. As w € C*°, Mw € C(R?) and the set

(N> 0: 23(00y) #0} C {A>0: L3({Mw = \}) # 0}

is an .Z-null set. Hence, for all A not contained in this set, div(Thw) € L*(R3;R?) and
div(Tyw) = 0 ZL3-a.e.. Thus, for Z1-almost every A, div(Thw) = 0 in 2'(R3;R3). O

Remark 4.8. It is not clear to us whether Thw belongs to Wl’l(R?’;Rg’;rg). This is so
because Thw is precisely constructed in a way such that handling of the divergence is
possible (cf. Lemma 4.6), whereas the control of the full gradients does not come up as a
consequence of Lemma 4.3; in particular, there seems to be no reason for the series in (4.5)
to converge in Wé’l(R?’; R3X3). Note that, if it did, we could directly infer from Lemma 4.5

Sym
that div(Thw) = 0.

4.5. Strong stability and the proof of Proposition 4.1. In view of Lemma 4.4
and Corollary 4.7, Proposition 4.1 will follow provided we can prove the strong stabil-
ity (cf. Proposition 4.1 (a)). Towards this aim, we begin with

Lemma 4.9. Then there exists a purely dimensional constant C > 0 such that, for each
w € LY(R3;R3%3) and each A > 0, we have

sym
LPAMw > \}) < g/ |w(z)|dx
{lw|>x/2}

The rough idea of the proof of this statement is to use the weak-(1, 1)-estimate for the
Hardy-Littlewood maximal operator M (cf. (2.1)) for the function h defined via
(4.24) h(z) = max{0, |lw(x)| — A/2},

see ZHANG [44] for the details. As an important consequence of Lemma 4.9 and the L>°-
bound of wy is the following:

Corollary 4.10. Let w € L'(R3R3%3) satisfy div(w) = 0. Moreover, for X > 0, let

Ssym
wy := Thw be as in (4.5). Then we have with a purely dimensional constant C > 0

(4.25) lw — wxllLrmsy < C’/ |w| dz.
{lw|>X/2}

Proof. Recall that Oy := {Mw > A\}. By construction, w = wy on OE. Therefore,

(4.26) lw — wallL(rs) S/ |w7w>\|d:17§/ |w|dx+/ |wy|dex.
Ox Ox Ox
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On the one hand, Lemma 4.9 gives us

(4.27) / | dz < AZ3(O3) +/ | dz < C o da,
O {lw|>A} {lwl>x/2}
and, on the other hand, using Lemma 4.4 and Lemma 4.9,
(4.28) / lwa| dz < |Jwy || @s)L3(Ox) < C |w| d,
O {lw|>X/2}
C > 0 still being a purely dimensional constant. In view of (4.26), (4.27) and (4.28), we
obtain (4.25), and this completes the proof. 0

Proof of Proposition 4.1. Let w € (C*° NLY)(R3;R3%3) satisfy div(w) = 0 and let X > 0.

T Sym
Pick some A € (), 2)) such that £3(005) = 0 and define wy := T5w and Uy := O5. Then
(a) w=wy on L{E by construction.
(b) Lemma 4.9 implies that
L £ wy)) < i/  jwlde < E/ | dz.
X J{jwl>3/2) A J(wl>as2)
(c) div(wy) =0 in Z'(R* R?) by Corollary 4.7.
(d) [Jwallee(msy < eA < 2¢X by Lemma 4.4.

To summarise, w) satisfies all the required properties, and the proof is complete. O

4.6. Proof of Theorem 1.2. We now establish Theorem 1.2, and hence let A > 0 be given.
Let u € Ll(R?’;R;”;n?l’) satisfy div(u) = 0 and pick a sequence (w’) C (C* ﬂLl)(R?’;Rg’yXH?;)
such that w/ — u strongly in L'(R?; R3%3) as j — oo, still satisfying div(w’) = 0 for each
j € N. Such a sequence can be constructed by convolution with smooth bumps.

For A > 0 consider the truncation wfb\ of w’ according to Proposition 4.1. Note that
this sequence is uniformly bounded in L™ by 4cA. Therefore, a suitable, non-relabeled

subsequence converges in the weak*-sense to some u” in L>°(R?; R3%3). First of all,
H’U/\HLoo(]RS) S Slelg ||wi>\||Loo(R3) S 40)\, div(u’\) = 0
J

We claim that wiA — u strongly in L' on the set {Mu < 2)\} as j — oo, and hence u* = u

on {Mu < 2A}. If this claim is proven, then Lemma 4.9 and Corollary 4.10 imply the
small change and strong stability properties (b), (c¢) of Theorem 1.2. Therefore u* will
satisfy all properties displayed in Theorem 1.2 and thus finish the proof.

It remains to show the claim. Recall that the maximal function M is sublinear. Thus,

(4.29) {Muw? > AP\ {M(w? —u) > 20} C {Mu > 2)\}.

Note that .23 ({M(w/ —u) > 2A}) converges to zero as j — oo since w/ — u — 0 in L
and M is weak-(1,1). After picking a suitable, non-relabeled subsequence of (w’) we may
suppose that [Jw’ — ully1gsy < 279X for all j € N and hence

LMW’ —u) >2)\} <0277 forall j €N.
Therefore, for each J € N, the .#3-measure of the set
Ej = (J{M(w’ —u) > 2}

i>J
can be bounded by C277. Due to (4.29), we have {Mu < 2} \ E; C {Muw’ < 4A} for
j > J. Let us fix J € N and bound the L'-norm of w}, —u on {Mu < 2)\} for j > J:

/ |wi>\—u|dx§/ |wiA—u|dm+/ lw), —u|dz
{Mu<2r} E; {Mu<2A}\E;
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S/ |wi)\|+|u|d:c+/ |wi/\—u|d:17
E; {Mwi<4r}

SC’Z*J/\—F/ \u|dx—|—/ lw! — u|dax
E; {Muwi<4r}

S CZ_JA—F/ \u|dx—|— HU}J —u||L1(R3).
Ey

Letting J — oo yields wi)\ —u—0in Ll({/\/lu < 2A}). As (wi)\) weakly*-converges to u*

in L°(R3,R2%3), we conclude that u = u* on {Mu < 2)}, proving the claim. O

sym
5. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 heavily depends on the validity of the truncation theorem
1.2. In fact, Theorem 1.1 has been proven in a different setting, where the divergence is
replaced by some other differential operator (e.g. [45, 36]). For convenience of the reader,
let us shortly present the argument here. First of all, note that the statement of Theorem

1.2 also holds if we consider functions u € L (Ts; Rf}f}g) instead of functions defined on R3.

Proposition 5.1. There exists C' > 0 with the following property: For allu € L*(Ts; Rf;n?)
with div(u) = 0 in 2'(T3;R3) and X > 0, there is uy € L'(Ts3; R3%3) satisfying
(a) JJurllne < CA. (L*-bound)
(b) fJu—uxll < Cf{\u|>>\} |u|dz. (Strong stability)
(c) L3({u#u\}) <CA? f{IU\>/\} |u|dz. (Small change)
(d) div(uy) =0, i.e., the differential constraint is still satisfied.

To see this, one can either repeat the proof presented in Section 4 or write u €
LY (T3; R2%3) as a Z-periodic function on R® and apply the obvious Lj,-version of Theo-

rem 1.2.

Proof of Theorem 1.1. As Zsqqc f1 is a continuous symmetric div-quasiconvex function van-
ishing on K, all y € K(*) are by definition also in K", It remains to show the other
direction. Suppose that £ € KM and (u,,) C L*(T3;R3%3) 0T is a test sequence with

sym

m—r o0

(5.1) 0= Zsaqef1(§) = lim [ f1(§ + um(z)) dz.
3
As K is a compact set, we find R > 0 with K C Br(0) and £ € Bg(0). Thus, by (5.1),
(5.2) lim |tm| dz = 0.
790 J{|um|>3R}

Applying Proposition 5.1 gives a sequence 0y, € L>(T3; R2*?), such that

(a) div(v,,) = 0.

(b) ||om — umHL1(T3) — 0 as m — oo.

(©) [[omllLe(ry) < CR.
Mollification and subtracting the average gives a sequence (v,) C L (Ts; R2%3) NT also
satisfying properties (a)—(c). Hence,

(5.3) 0= Degqef1(6) = lim [ Fi(€+ vm(@))da.

m—r 00 T

Take now a symmetric div-quasiconvex function g € C(Rg’;n?{) We may suppose that
max g(K) = 0 and, as max {0, g} is again symmetric div-quasiconvex, that ¢ = 0 on K.

Using uniform boundedness of v, we may estimate with C' > 0 as in (c)

(5.4) 9§ +om(z)) < sup  |g(n)| < oo.
N€B2c+1)r(0)
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Due to (5.3), dist(§ + vy, K) — 0 in measure, and by passing to a non-relabeled subse-
quence, we may assume that dist(& + vy, K) — 0 Z3-a.e.. As g is uniformly continuous
on B(ac41)r(0), we get by (5.4) and dominated convergence

(5.5) g9(&) < lim g€+ vm(z))da < / lim g(& 4 vy (z)) da = 0.
m—r o0 ’E3 T3 m—r 00
Therefore, & € K(°). The proof is complete. O

Let us, for the sake of completeness, also discuss a proof of the statement K ®) = K (9),
1 < p,q < oo, which can be easily adapted to general constant rank operators & of the
form (2.3). To this end, recall that a Borel measurable function F: R? — R is called /-
quasiconvex provided it satisfies (1.2) for all £ € R? and ¢ € T, where T = T, is now the
set of all p € C®(T,,; R?) with zero mean and &/ = 0. The </-quasiconvexifications 2., f
of functions f and, for non-empty, compact sets K C R?, the corresponding sets K@) for
1 < p < oo are defined as in (1.4), now systematically replacing the divsym-quasiconvexity
by «7-quasiconvexity. In contrast to [10], we even do not need to use potentials, but can
directly appeal to Lemma 2.2. Note that the construction of the projection P, from
Lemma 2.2 crucially relies on Fourier multipliers and hence is not applicable for p = 1 and
p = oo. Using this projection operator P, , we can prove the following statement.

Lemma 5.2. Let &/ be a constant rank operator of the form (2.3) and let K C R? be
compact. Then, for 1 <p < q< oo, KP) = K@),

Proof. With slight abuse of notation, let K C Bg(0) := {n € R?: |n| < R} and y € Br(0).
Ad’K@ ¢ K®, Let y € K9 and let (u,,) C Toy be a test sequence such that

0= 2usf) = Jim [ fuly + (@) do.

As K is compact, (u,,) is bounded in LI(T,,; R?) and, as ¢ > p, also bounded in L?(T,,; R%).
Also note that for any € > 0, there is C. > 0 such that f, < e+ C.f;. Therefore,
Buace£o0) < Jim [y un(@)de < i [ ek Cofyly+ (@) do <.
m o0 Tn -

m—0o0 T

Thus, y € K®). The direction K ¢ K9 uses a similar, yet easier truncation statement
than Theorem 1.1. Let y € K and let (u,,) C T.s be a test sequence, such that

0= Duaae ) = Jim_ [ i+ ) o
Note that (u,,) is uniformly bounded in L?(T,; R?) and that

lim dist” (up, (z), Bag(0)) dz = 0.

m— 00
Tn

Write

Um = Ly, |<2R}Um —][ 1{jum|<2R) (z)um () dx

n

and define v,,, := Pyu,, with the projection operator P, from Lemma 2.2. Observe that

(a) &vy, =0 by Lemma 2.2 (a).

(b) (Ty,) is bounded in L>°(T,; RY) and g-equiintegrable. Since 1 < q < oo, the pro-
jection P : LY(T,;R?) — LY(T,;R?) is bounded, (v,,) is bounded in L%(T,;R%),
g-equiintegrable by Lemma 2.2 (¢), Moreover, by Lemma 2.2 (b) and 1 < p < oo,

ltm = vmllLe(r,) < lltm = Umlluer,) + [im = villueer,)

< Hum - am”LP(Tn) + Cd,pHd(ﬂm - Um)llW*k~P(Tn)
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< Cd7p||um - amHLP(’]Tn) — 0.

Hence, also

lim /T fp(y+ vm(z))de =0.

m— 00
We conclude that f;(y + vs) — 0 in measure. Combining this with the L?-boundedness
and g-equiintegrability, we obtain

lim /T fqo(y +vm(z))de =0.

m—r oo

Therefore, y € K@ concluding the proof. O

6. POTENTIAL TRUNCATIONS

In this concluding section, we come back to the potential truncations alluded to in the
introduction and discuss the limitations of this strategy in view of Theorems 1.1 and 1.2.
Let &/ be a constant rank operator in the sense of Section 2.3. Recall that the potential
truncation strategy, originally pursued in [8] for &/ = div, is to represent u € L?(T,;R%)
with @/u = 0 and anudx = 0 as u = Av for some potential A of order | € N (cf.
Lemma 2.1) and then performing a W“P-W"*_truncation on the potential v. We then
write with slight abuse of notation! v = A~1u. Since it is of independent interest but also
motivates the need for a different strategy for Theorem 1.2 for p = 1, we record

Proposition 6.1. Let o/ be a constant rank differential operator of order k € N and
A be a potential of o/ of order 1 € N. Let 1 < p < oo. Then there exists a constant
C > 0 such that the following hold: If u € L*(T,;R?) Nker.Z and A\ > 0 then there exists
uy € L(T,;RY) Nker o/ satisfying the

(a) L*>-bound: [jux || e(t,) < CA.

(b) weak stability:

!
lux — ul|f o | < C/ |V7 o A~ P da.
LP(Ty) {Z§=0 |VioA=1u|>A} ];0

(c) small change:
!

L) <5 [ SOV o ATl da

{3 [VioA~1u|>A} =0
For simplicity, we state this result on T,; a version on R” follows by analogous means.

Proof. We start by outlining the W™P-W"™_truncation that seems hard to be traced in
the literature; here, we choose a direct approach instead of appealing to MCSHANE-type
extensions. Let m € N. For v € W™P(T,;R?), let Oy := {ZTZOM(V%) > A}. Since the
sum of lower semicontinuous functions is lower semicontinuous, O, is open. We choose a
Whitney decomposition # = (Q;) of O satisfying (W1)—(W4), and a partition of unity
(¢;) subject to # with (P1)-(P3). We note that the Whitney cover can be arranged in a
way such that £ (Q; NQ;/) > cmax{.L"(Q;),L"(Q;)} holds for some ¢ = ¢(n) > 0 and
all j, j/ € N such that Q; N Qs # 0. For each j € N, we then denote 7;[v] the (m — 1)-th
order averaged Taylor polynomial of v over Q;; cf. [27, Chpt. 1.1.10]. In particular, we
have the scaled version of Poincaré’s inequality

61 f (0w - mlwl?de < clgm @)1 f [V wltds

J Q]

IThe notation A~! is only symbolic as A might be non-invertible.
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for all 1 < ¢ < co, w € W™4(T,;RY) and || < m. We then put

(6.2) == .(vﬂl[v]){v in OF,
| o J o aa > ¢imilv]  in Oy

Then vy € W"P(T,; R?), which can be seen as follows: On Oy, v, is a locally finite sum
of C*-maps and hence of class C* too. For an arbitrary la] < m, (6.1) yields

Znaa(@j(v milv] ”L"(OU Z 2 (Q Q(|B\+|7| 4Q)"M07 (0 =Dl

J Bty=a
n m,q Zg Q(m la]) ”vmngﬂ(Qj)

(W3) N alm=lal)
< e(nm, ) L0 T IV L, o)

In conclusion, applying the previous inequality with ¢ = 1, on (0,1)™ the series in (6.2)
converges absolutely in Wg“l((O, 1)";R%) and hence vy € W™!(T,;R%); then applying
the previous inequality with ¢ = p yields vy € W™P(T,;; R?). Whenever z € Q;, for some
Jjo € N, (W2) implies that we may blow up Q;, by a fixed factor ¢ > 0 so that cQ);, m(’)E £ 0.
Fix some z € ¢Qj, N OE. Then, for some ¢ =¢'(n) >0, Q;, C chg(QjO)(z) and so

(6.3) ]é |

J0

|0%v| dx < c(n)][ |0%v] dz < e(n)M(V!¥v)(2) < c(n)A

Bc/(n)E(QjO ) (2)

for all |a| < m. Now let Q; € # be another cube with Q; N Q;, # 0; by (W3), there are
only N = N(n) < oo many such cubes. Since V™" m;,[v] =0 and > ¢; =1 on Oy,

V™ ox(z)| < Y. Vemle] =) (@)

Jjr QiNQ ,#0
(P3) 1
= ¢ Z 0Q)lel IV (WJ[ o] = i [V]) lLe= (@;n@;0)
J: QiNQ ,#0 J
ol +18|=m
(6.4) 1
se ¥ (f 199l - vlde s £ 1980 -, b)) o)
' Q)20 U@ N g, Qo
\alHﬁ\
<c Z ][ |[V™uldx  (by (6.1))
L QiNQj#0
< C/\ (by (6.3) and (W3)),

where have used at () that on the polynomials of degree at most (m — 1) on cubes,
all norms are equivalent (in particular, the L'- and L*°-norms), and scaling (recall that
LMQ;NQj,) > cmax{L"(Q;),L"(Qj,)}) whenever Q; N Qj, # 0, and (W3)). Hence,
1) IV™0llLee(r,) < c(m,n)A,
(i) 2" ({u#ur}) < LS V|2, -
We now let u € LP(T,; R?) Nker .o/ satisfy Ji0.1y wdz = 0. Since A~ has a Fourier symbol
of class C* off zero and homogeneous of degree (—1), Vo A~! has a Fourier symbol of class
C> off zero and homogeneous of degree zero. By Mihlin’s theorem (cf. [38]), applicable
because of 1 < p < oo and by Poincaré’s inequality, we thus find that A~lu € Wl’p(']I‘n)
together with [|A™ ullwirr,) < ¢|ullLr(r,). We then perform a WHP-Wh*_truncation on
v = A~y as in the first part of the proof, yielding vy, and define uy := Avy. By the
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properties gathered in the first part of the proof, we may employ ZHANG’s trick (see (4.24)
ff.) to conclude (b) and (c) as well. The proof is complete. O

Remark 6.2 (Strong stability and 1 < p < oo versus p = 1). It is clear from the above
proof that the potential truncation only works fruitfully in the case 1 < p < oo by the
entering of Mihlin’s theorem; indeed, the operator A~! is defined via Fourier multipliers
and by Ornstein’s Non-Inequality, we cannot conclude that A~'u € W' provided v € L.
However, the potential truncations from Proposition 6.1 do not satisfy the strong stability
property |lu — u,\H’ﬁp(T") < Cf{lu\>>\} |u|P dz. The underlying reason is that V' o A~! is a
Fourier multiplication operator with symbol smooth off zero and homogeneous of degree
zero; by Ornstein’s Non-Inequality, we only have that V! o A=1: L™ — BMO in general,
and here BMO cannot be replaced by L>. The potential truncation is performed on
the sets where Z;ZOM(V]' o A=) > \. Thus, even if u € L®°(T,; R?) is o/-free with
|ul[re(r,) < A, the potential truncation might modify u regardless of A > 0 and hence
strong stability cannot be achieved. As established by CoNTI, MULLER AND ORTIZ [10],
in the case 1 < p < oo this issue still can be circumvented to arrive at Lemma 5.2, but
in the context of p = 1 the underlying techniques break down. In essence, this was the
original motivation for the different proof displayed in Sections 3 and 4.

We conclude the paper with possible other approaches and extensions of Theorem 1.2.

Remark 6.3. As mentioned in the introduction, [7] constructs a divergence-free WP-W>°-
truncation. Here a Whitney-type truncation is performed first, leading to a non-divergence-
free truncation. To arrive at a divergence-free truncation, the local divergence overshoots
are then corrected by substracting special solutions of suitable divergence equations. This
is achieved by invoking the Bogovskii operator. In our situation, the main drawback of the
Bogovskii operator is that if equations div(Y') = f for f: (0,1)" — R™ are considered, then
the solution Y obtained by the Bogovskil operator does not necessarily take values in R{j\";
note that passing to the symmetric part Y™ destroys the validity of the divergence equa-
tion. While this, in principle, could be repaired by passing to different solution operators,
the method requires tools that are not fully clear to us in the present lower regularity con-
text of Theorem 1.2. With our proof in Section 4 being taylored to divergence constraints,
in principle it can be modified to yield divergence-free WHP-W*°_truncations as well. We
shall pursue this together with possible extensions of the approach in [7] elsewhere.

We finally comment on possible extensions of the strategy explained in Section 3 in
the o/-free context. As discussed in Section 3, the key ingredients for the underlying
construction is the availability of a W*1-W**°_truncation for a suitable operator A and
the analogue of (3.1). Since for the class of C-elliptic operators®, such truncations are
available [5] (see [22] for a similar strategy in view of extension operators), this should
then give truncations along the whole exact sequence starting with A. As a consequence,
we expect Theorem 1.2 to hold true for all operators with constant rank in C:

Congecture 6.4 (Theorem 1.2 for operators with constant rank in C). Let

0 — CO(T5R%) 2oy C00(T, s RY) 22y | oy 0o00(T, %) Dty

be an exact sequence of differential operators with constant rank in C, in particular, <7
being C-elliptic. This is equivalent to

a1 €] (€] 3(€] (€] Hot1[€]

0 — C% ch c*® Ch

2This means that A[¢] has trivial nullspace for each ¢ € C™ \ {0}, cf. SmiTH [39].
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being exact for all £ € C™\{0}. Then for any differential operator %, contained in this exact
sequence there is Cj, > 0, such that for v € L'(T,; R%*) with fu = 0 in Z'(T,; R%+1)
and \ > 0, there is uy € L'(R™; R%) satisfying

(a) |luallLe < CA. (L°°-bound)
(b) |lu—uxlr < C’f‘u|>)\ |u| dz. (Strong stability)
(c) L"({u#uy} <OXTL Jiujsa luldz. (Small change)

(d) “uy =0, i.e. the differential constraint is still satisfied.
If any differential operator o/ with constant rank over C is a part of such an exact sequence,
this means that the o/-free truncation is possible for every such operator.

7. APPENDIX

In this appendix, we give the computational details for some of the identities used in
the main part of the paper. We will need the following

Lemma 7.1. Let a,b,c € N® be multi-indices with |al,|b], |c| > 1 and o, B € {1,2,3}. Then
on the set Oy have

(7.1) Y 0upudbpiOcpiBali j k) = 0,
ijk

and

(7.2) > 0apr0hpj0cpia pli 4, k) = 0.
ijk

Proof. Recall from the definition of the ¢; that > ¢; = 1 on O). We therefore have
> 0apr =D Ovpr =Y Ocpy = 0. We can use this to get

Z 8a<ﬂk8b90jac§0i%a (ia Js k)

ijk
= 3" 0uor0up;000i (Balis g, k) — Balm. j k) — Bali,m, k) — Bai,j,m)
ijkm
Now (7.1) follows from Lemma 4.2 (f); (7.2) can be shown completely analogously. O

7.1. Proof of Lemma 4.5. We focus on the case & = 1. Let thus D := div(Thw);. To
avoid notational overload we omit the arguments ¢, j and k of 2, g(¢, 7, k) and B4 (i, 7, k)
in the following equation. Thus, all 2, s and B, implicitly depend on the summation
indices. By the definition of Thw on Oy, (4.5), we have

D :6201(<pk82<pj83g0i)531 (=T)
ijk

+2 Z 01(0k (03300205 — D230;03¢;))As 1 (=1Tz)
ijk

+2 Z i (0330 02p; — 0230 03¢0;) 0131 (=1T3)
ijk

+2 Z 01 (01 (0220035 — D230 0290;)) A1 2 (=1u)
ijk

+2 Z i (0220 030; — D324 020;) 0121 2 (=15)
ik

+3) 0a(pr0sp0101)B1 (=T5)

ijk
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+3 0a(r02p;030:) B (=T7)
ijk
+ Z 02 (i (0230050 — O33¢0;020;))2Aa 3 (=1Ts)
ijk
+ Z 01 (023900305 — 0339 02¢;)02Us 3 (=1Ty)
ijk
+ Z 02(01 (0130035 — O330;01904))As 1 (= Tho)
ijk
+ Z i (01390305 — O33901¢0;)02Us 1 (= Tu1)
ijk
+ Z 02(r (0130 020; + 02300190 — 20120030;) )1 2 (=Ti2)
ijk
+ Z(@k(613¢j8280i + D23 01p; — 2012003;)) 0221 2 (=Ths)
ijk
+3 03(r020;0301) B3 (= Tha)
ijk
+3233(90k31%52%)‘31 (= T1s)
ijk
+ Z 33(<,0k(512<,0j5280i - 32280]‘51%))%1,2 (: T16)
ijk
+ Z(Sﬂk(é)m@jaz% — O220;011)) 0321 2 (=Ti7)
ijk
+ Z 03(r (0230 02p; — O220;039;)) Az 3 (=Tis)
ijk
+ Z(@k(%gsﬁj@wi — D229 030;)) 05z 3 (= Tho)
ijk
+ Z 03(pr(O230;010; + O120,030; — 20130,02;))A3 1 (= T2o)
ijk
+ Z(sﬁk(az?)sﬁjal% + 012p03p; — 2013002;)) 0323 1 (=Tn)
ijk
=S FB + fB + £ B+ £ M+ LG W + £ W = ()
ijk

for suitable coefficient maps fz(j?c or fi(Ji;c'), respectively. To achieve this grouping we use
Lemma 4.2 (a) and (b) as well as the fact that 713y = Ti7 = 0. In the following we will
show that each of the six sums in () vanishes individually. This is done by a very similar
calculation every time.

Ad fl(jl,g Here the coefficients are determined by terms T, Ty, T3, T15 and To;. Therefore,

fi(jl]z = 601pr020;030; + 6¢;,0120;030; + 60102001390 + 30290103001 ¢;

+ 3010230 010; + 3003001205 + PrO130;O20; + PrO230 ;0104
+ (—2)pr012¢003p; + 3030019 02p; + 390139020 + 30019 023¢;
+ (—1) k023 010i + (—1)pkO1ap;D30; + 20101305000 = PI* + .+ PILF.
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ijk

In the next step we group those of the P,”" together, that have the same structure apart

from a permutation of the indices i, j and k. For example, we have
PP =2pP* = 2P}
We now group all the terms and then perform the corresponding index permutations:

SIS G k) = Y (P + PP 4 P+ (PP + PN 4 P+ P
ijk ijk

(PP P P4 P + (P 4 RIS+ P4 P17 k)

_ZP'L]/C ’L ]’ )+%%1(]7k’2)+%%1(k77’a]))

ijk
+ PPN (B0, K) + 3100, k) = $B (0,5, k) = $B1(i.5,0)
+ PYR(B1(3, 5, k) + 198105, 0, k) + 18105, i, k) + 1B1(j, 4, k))
+ PN (Bl k) + 5810, k) + B, k) = 5B1(i,K)
=2 P8 (i), k) = (+),
ijk

where we used Lemma 4.2 (d) to get the last equality. Finally, Lemma 7.1 implies that
(#) vanishes identically.

Ad fl(flz For the corresponding coefficients, only terms Ty, T7; and T79 matter here. There-
fore,
f}f,i = —2010220;030; + 20102300205 4 302010290 03p; + 30102200304
+ 30k0200230i + PrD230;020s + (—1)prdaap;0spi =1 QY" + ..+ Q7"
Grouping similar terms and permuting indices as above we get
> B0, k) = 30 [(@7F + Q7 + QP + Q¥ + Q¥ + Q) + QY| B, k)
ijk ijk

*ZQ”k 7]3 ) B%Q(Zvjak)+%%2(l7]ak))

ijk
+ Q*(Ba(i, 4, k) + 3Bo(4,4, k) + 3824, 5, k) + QF*Bo(i, 5, k)
- ZQ”k%Q Z .77 ) 07

ijk

where we again used Lemma 4.2 (d) and in the last step Lemma 7.1.
Ad fi@,z. Here, only terms T3, 7Ty, T14 contribute to the corresponding coefficients. Thus,

f( % = 20k03390;020; + (—2) 10230 030; + (—1)pr0230;030; + Pr0330; 02405
+ 3030k 020;030i + 3p1O230;030; + 3pkO2p;0a3pi =1 SV 4.+ SFF.
We thus get
S a6, k) = [(s;’j’“ + Siik 4 giaky 4 (gk 4 gidk 4 gidky 4 Sgﬂ%g(i,j, k)

ijk ijk

_ stk Bs(i,j, k) + +B3(i, 5, k) + 3B3(j,4, k))

ijk
+Sljk(%3(i7]7 )+ %3(2 .77 ) % (7’ Ja ))—’_S”k%d(lmﬁk)
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_ ikay. (i i 1y —
= E S ¥Bs5(i,5,k) = 0.
ijk
1,2 . .
Ad f (1.2) These coefficients are determined by T4, T12 and T16. In consequence,

fz(;kz) = 20100220 030; + 2001220 030; + 20220 0130; + (—2)01pK0230;020;

+ (—2) 0123902 + (—2) 0230, 012¢; + 02001390205 + PrO1230;020;
+ 00139002200 + 020102305 010; + Pr02230 0105 + V102300120
+ (=2)0201 0129030 + (—2)0r01229 0305 + (—2)r012¢;0230; + 030101290 020;
+ 001239 020i + @012 023¢0; + (—1)0301022¢0010; + (—1)PrD2239; 010
+ (1) prdoopjOrzp; = UP* + ..+ Ugl".
Here we can first note that by Lemma 7.1 for each [ € {1,4,7,10,13,16,19} the terms
Uiijll 2(1,7,k) sum up to zero. We thus have
S5 Mg, k) = 3 [(OFF + U + (P + UP + URE) + (0 + U + U
ijk ijk
+ (U + U + U+ UF) + U + U3 201,26, . F)
=" U7* 1 2(i, 4, k) — A12(i, 5, k)
ijk
+ U (A1 23, 4,
+ UZ* (9 o(
+ UM (M2,
+ UR (A4 5(i, 4,

Jok) + 51205, k) — 3%12(4, 5, k)

0,4, k) — 3120, j k:) — 31 5(4, 4, k))

J k) — 7Ql1 2(t, 4, k) + A1 2(4, 4, k) — %2{172(j,i,k))
g k) —A12(4,5,k)) =0.

Ad f (2,3), Only the terms Tg and Tig matter here. In particular,

fz(]2k3) 02010230 030; + (—1)02p1 0330 02p; + 0310230 02p; + (—1)F30r P20 030

+ 2010230502301 + (—1)pr0s30; 02205 + (—1)orOa2p;Os30; =t V7' + .+ V7

We first note that the terms Vlijkﬁlg’g(i,j7 k) for I € {1,2,3,4} all sum up to zero (Lemma
7.1). Consequently,

D15l ) = D [T V) + V|20, R)

ijk ijk
= Z ngk(m2,3(i7 j7 k) + QlQ,S(j7 7;7 k)) + ‘/;jkm2,3(i7j7 k)
ijk
- Z V;jkml?)(ia j? k)
ijk

To see that the final term vanishes, we notice Vi’ = 1 ** and thus
Z ‘/;jkm2,3(i7ja k) = Z ‘/;jk(%gll?)(ivj? k) + %QLQ,?)(].) 7;7 k)) = O
ijk ijk

Ad f 3,1) . Here, only the terms 15, T19 and Ty are relevant and therefore

fi(fél) = 201910330021 + (—2)20191023005pi + 2050133900201 + (—2) 012390030
+ 2010330 0120; + (—2) 002390139 + 0290139030 + (—1) 02901033001 ;
+ 101230 030; + (—1)Pr02330;019; + Pr0139;02390; + (—1)pr03390;01205
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+ 83901@62390]'81(,012 + 3350k812g0j83goi + (*2)6390]@813(,0]‘82@@ + 9016623380]'81901’
+ orO1239;030; + (—2)prO1330; 0201 + PrO230;0130i + PrO129; 033
+ (=2)pr0139;0230i = WP 4+ Wik

We first apply Lemma 7.1 to see that we can ignore the terms corresponding to VVlij * for
1e€{1,2,7,8,13,14,15}. For the remaining terms we calculate

> F5 Ui, k) = D (W + W)+ (W Wt Wi v Wi wag)
ijk ijk
+ W+ Witk - Wi+ walt) + (W + Wil | e (i, )
= Wi Uz (i, 4, k) — As 1 (4,4, k)
ijk
+ W (A3 1 (4, 5, k) — 2311, 4, k) — 3As.1(6, 5, k)
+ W”k(ﬂ&l(z, ) — 4951 (i, 5, k) + 151 (5,4, )
Wk (Us1(i, 4, k) — 251 (5, 0, k) — 331(4, 5, k) + A3,1(4, 4, k))
+ ng’“(% (i, k) — As 1 (4,5, k) = 0.

)

J k
j.k

i

We thus have shown that D = (%) = 0, yielding that the truncation is solenoidal on O,.

7.2. Proof of the identity (4.12). Let ¢ € C2°(R?) be arbitrary. In order to obtain
formula (4.12), we write

/ (T,\w)1 . Vw dz = T(mLQ, V’(ﬂ) dx + T(Q{Q,E}, Vw) dx + / T(Q[g@, V¢) dx
OA O)\ OA Ok

+/ T(B,, V) de + | T(Bo,Ve)de + [ T(Bs, Vi) da
Ox

OA O)\
6
=: E Sy,
(=1

where we indicate e.g. by T(2; 2, V) that, when writing out wy - V¢ directly by means
of (4.3) and (4.4), T(24,2, V) contains all appearances of 24 (7,7, k) and analogously
for the remaining terms. The underlying procedure of dealing with the different terms is
analogous for the remaining columns wy and ws, which is why we exclusively focus on w;
but give all the details in this case.

In the following, we will frequently interchange the triple sum ), ik and the integral over
O, which allows us treat the single terms via integration by parts. This interchanging of
sums and integrals is allowed since every sum ), y % (---) has an integrable majorant, in turn
being seen similarly to the reasoning that underlies the proof of Lemma 4.4.

We begin with S;. This term is constituted by three parts St, S?, S} given below, which
stem from w1019, w1202% and w1393 (in this order). Here we have

St = 22/ Pr (02290 03p; — 0230 020i) U1 2(1, §, k) Oy d

ijk

= —22/ (020,)(020k030:21 2(3, 7, k)Or¢)) dz (=T}
ijk

B 22/ (0205) (@rO230i%1,2(i, J, k)O19) da (=T

ijk
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23 [ (0uos)(er0agi0ea(i. 5, W21 ) da (=1}
ijk Y Ox

—22/ (0205 (pr03p:1 2 (i, 5, k) O129) d (=T1)
ijk Y Ox

-2 / 1023002021 2(i, j, k)01 do (=13).
ik Y Or

Permuting indices j <> k and using the antisymmetry from Lemma 4.2 (c), we obtain
(o / (Do) (DoprDs0i 2 o, k) D)
ijk Y Ox
(7.3) = 22/ (020)(D2p1030:%1 2(i, k, j)O11)) da
ijk 7 Ox
= 22/ (9207) D20k D30 2 (i k, §)O1)) dae = =T,
ikj 7 Ox

and hence T} = 0. Equally, permuting i <+ j, we find that T} + 72 = 0. Therefore, using
Lemma 4.2 (b) for T} and integrating by parts in term T} with respect to 9y,

St=T5+Ti=-23 / (D20 (PxD30:%B1 (i, J, K) D1 ) da (=T}
ijk Y Ox
+2 Z/ (O12¢;) 0301 2(i, §, k) O2tp d (=T}
ijk 7 Ox
+ 2 Z/ (020;) 010103021 2(7, 7, k) D21p d (=T3)
ijk 7 Ox
+2 Z/ (O20;)r0139i21 2 (i, j, k)O21p da (=TJ)
ijk Y Ox
Lem. 4.2 (a)
- 2 Z/ (0205)pr030i B2 (i, §, k)Oz2tp d (=T%).
ijk 7 Ox
On the other hand,
512 = Z/ @k(am@jaﬂpi)ml,g(i,j, k)aﬂ/} dz (: Tf)
ijk Y Ox
+Z/ O (D230 010:)2A1,2(3, J, k)Dorp d (= T2)
ijk Y Ox
- Z/ ©1(20120;030:)A1 2(1, j, k)02t da (=T2)
ijk Y Ox

We finally turn to S3. Here we have

3 = Z/ i (01290025 — D22 019;) A1 2(1, J, k) D3¢ dr
Ox

ijk
= Z/ aﬁoja%oka%@imlg(i,j, k)03 dx (= T13)
ijk 7 Ox
a Z/ 61S0j§0k622§01m172(i,j, k)a,?,d) dzx (: T;)
Ox

ijk
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- Z/ 105 k0200221 2 (i J, k) Ozt da (=13)
ijk

- Z/ 019 pr020:1 2(1, J, k) 0237 d (=TP)
ijk

- Z/ i (0220 010:) U1 ,2(1, §, k)O3 da (=T3)
ijk 7 Ox

Again, T} vanishes by the same argument as for (7.3), T5 + T2 = 0 by permuting indices
i <> j, and so we obtain analogously to above

5t = / D101 DaipiB (1, ], ) Ost) do (= 1)
ijk

+ Z/ 013 pkOapiy (i, J, k)Oatp dx (=17)
ijk

+ Z/ 010030102001 2 (1, j, k) 021 da (=13)
ijk

+ Z/ 105 Pk0230i%1 2 (i, J, k) D29 da (=19)
ijk

+ Z/ 61¢j<pk82(pz (93911 2(1 j, )agd) de
isk —

Permuting indices i <+ j in Tf and T3 yields by virtue of the antisymmetry property of
Ay o that Tg +T72 + T3 = 0, and we directly find that 70} + 7§ = 0. For terms T3 and 7§,
we permute indices i <+ j and j <> k in term T3 to obtain

(7.4) T T =3 / (Ohor) (Oa53) (Dsip1) 2,20, k) Dt
ijk

For terms T and T3, we permute indices i <+ j in T to obtain T3 + T = 0. Having left
T} and T3 untouched, we thus obtain

S1 = _QZ/ (029) (pr030:B1(1, J, k)01v) da (=T¢)
ijk
- 2/ 010 Pk 020iB1 (i, j, k)O3t da (=17
ijk
(7.5) oY / (820,130 B i, . ) (=Th)
ijk
+3Z/ (D108) (D205) (D3i)A1 2 (1, J, k) Dot Az (= Ty + T§)
ijk

Z.Sl+SQ+Sg+S4-

We now claim that S = 0. Let us first note that the overall sum in the definition of S/
converges absolutely in L'(@,). This can be seen similarly to the proof of Lemma 4.4, and
is a consequence of (P3), Lemma 4.3 (b) and #3(0,) < oo, together with the bound

Z/o (01601 (0205) (D30:) 21 2 (1, j, k) Datp| Az < e[| Vawn || s)-£° (On),
ijk
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where ¢ = ¢(3) > 0 is a constant only depending on the underlying space dimension n = 3.
By Lemma 7.1, we have

(7.6) Z(alsok)(5280j)(33<,0i)9[1,2(i7ja k)9otp =0 pointwisely in Oy,
ijk

to be understood as the limit of the corresponding partial sums. Therefore,

si=-2% [ @)oo (=)

ik
-3 terupi®i (. 0w s (= 1)
(7.7) ijh 7 O
-2 Z/ (02007) 01030 B2 (i, j, k) Ootp da (= T1o)
ijk 7 Ox
= Sl + 82 + Sg.

We now turn to Ss. Our line of action is similar to that for dealing with S; and so,
integrating by parts twice, we successively obtain

Sy = Z/ 01 (02300305 — O330;02¢;) Uz 3(4, J, k)Oztp da
Ox

ik

+ Z/ @i (0230 02pi — D220 03¢0;) U2 3(i, J, k)O3 da
Ox

isk

= Z(—l)/o (02007)(0301030iA2,3(i, j, k) O21p) d (=T)
ik A

- Z/ (02405) (1 0330i%2,3(1, J, k)Darp) dx (=13)
ijk 7 OA

- Z/O (02007) (pr030:05U2,3(1, j, k) O21p) d (=1Ts)
ik 7 Ox

- Z/ (02007) (i 0302 3(4, j, k) Oa31)) d (=Tu)
ijk Y Ox

- Z/ (P 0330020i) Az 3(1, j, k) O21p da (=1Ts)
ijk 7 Ox

- Z/ (030;)(020k020iU2,3(i, j, k)D3¢)) da (=To)
ijk 7 Ox

- Z/o (0507) (k0224032 3(1, j, k) O31p) d (=T7)
ijk Y Ox

- Z/ (0505) (0020025 3(1, 7, k)031)) dz (=Tg)
ijk Y Ox

=3 [ (G (r0apiR .. 0)0ua) da (=Ts)
ijk 7 Ox

- Z/ (10220 030i) U2 3(1, j, k)O3¢ da (= Tho).
ijk 7 O

Terms 77 and T vanish by the same argument as in (7.3). Permuting indices ¢ <> j, we
then obtain 75 + T = 0, and in a similar manner we see that T7 4+ T = 0 and T4+ Ty = 0.
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To conclude, we use Lemma 4.2 to obtain

So=T5+Ts =— E / (029;) (prO30iB2(1, 4, k)02v)) da
ijk Y Ox
(7.8) "

+ Z/ (030)(0r020iB3(i, j, k)D3¢)) dw =: S4 + Ss.
ijk Y Ox
Term S3 is given by
Sz = QZ/ (0330 02pi — O230:050:) 3,1 (1, j, k) 011
Ox

ijk

+ Z/ (013003 — 0330;019i)A3.1(4, §, k)O21)
ijk Y Ox
+ Z/ (D230 0 + 01200303 — 20130 024p;)A3,1 (4, J, k) O31)
ijk Y Ox
=: 83 + 53 + S5
Terms S3 and S? are treated as as term S}, where we now integrate by parts with respect to

d3 in S3 or with respect to 9; in S3, respectively. Similary to the computation underlying
S1, this gives us

S3 = 22/@ (039;5) 1 (020:)B1 (i, j, k)01 (=17)
ijk Y Ox
+ 22/ (O1307)Pr0200:U3,1 (1, §, k) 039 (=13)
ijk Y Ox
+ 22/ (0507) 01010200 U3,1 (i, 5, k) D31 (=1T3)
ijk Y Ox
+ ZZ/ (0305)prO2piUs 1 (i, 5, k) 031 (=Ty)
ijk Y Ox
+ 22/ (0507) 01020 B3(i, j, k) O31) (=1T5)
ijk Y Ox
Y / Onp5p D501 B1 (1,5, K)ot da (=TY)
ijk Y Ox
ijk 7 Ox
+ Z/ (0197) 020105031 (i, j, k) D31 (=T%)
ijk Y Ox
+ Z/ (01951023 0iU3 11, J, k) 031 (=Ts)
ijk Y Ox
+ Z/ Pk (D230 0190:)A3,1 (4, j, k) D3¢ (=To)
ijk Y Ox
+ Z/ P (01290;030i)As3,1 (i, J, k) O30 (=T1)
ijk Y Ox
- QZ/ k3P 020iU3,1 (1, §, k)O3 (= T12)-
Ox

ijk



DIVSYM-FREE L°°-TRUNCATIONS AND DIVSYM-QUASICONVEX HULLS 33

By an argument analogous to (7.5)ff., T4 = T = 0. Moreover, permuting indices yields as
above Ty +T5+T{; = 0 and T§+ Ty, = 0, whereas T4 + T}, = 0 follows directly. Therefore,

Si=2Y" [ (@uep)en(Ou0) (0. 010

ijk Y Ox
(7.9) 423 [ (Ouor)ndapiBalis i k)ous

ijk 7 OA
+ Z/ N pjpr0spiB1(i, j, k)O2tp dr =: S + S7 + Sg

ijk Y Ox

Until now, we have only considered the contributions from 2 2, 31 and %43 3. The
contributions containing B1, B5, B3 then read as

Sy + 55+ 56 = GZ/ k0240030 B1 (4, §, k)01
ijk 7 Ox
+ 32/ k030010 B1 (1, j, k) 029
ijk Y Ox
+ 32/ k01902 B1 (4, J, k) O31)
ijk Y Ox
+ 32/ 020050 Bo (i, j, k) 029
ijk Y Ox
+ 32/ K020 030:B3(i, j, k) 03¢
ijk Y Ox
= Sg + S10 + S11 + S12 + Sus.
Combining this with (7.7), (7.8) and (7.9), we may then build the overall sum S; +...4+ S =

S1+...+S13. Summing up all terms, we note by an analogous permutation argument that
Sg+S4+812:0, S5+S7+813:0, and so

/ (Thw)y - Vipdr = QZ/ 0r020;030iB1 (4,7, k)01pdx (~ Sy + S+ Sy)
O,\ O)\

ijk

+23° [ ou0uoi0up; B3, 000 do (~ S5 + S10)
ijk 7 Ox

2} / k010,020 (i, j, k)Dt do (~ S2+S11),
ijk 7 Ox

where we use the symbol '~’ to indicate where the single terms stem from. This is pre-
cisely (4.12), and so the proof is complete.
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