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Intro & Setup

• Let V ,W finite dimensional R-vector spaces, Ak ∈ L (V ;W ) and put

A[D] =
n∑

k=1

Ak∂k .

• We call A[D] elliptic if and only if

∀ξ ∈ Rn \ {0} : A[ξ] :=
n∑

k=1

Akξk , ξ = (ξ1, ..., ξn),

is an injective map A[ξ] : V →W . We put, for Ω ⊂ Rn open,

WA,p(Ω) :=
{
u ∈ Lp(Ω;V ) : A[D]u ∈ Lp(Ω;W )

}
.

−→ When WA,p 'W1,p? If not, which properties survive?
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Ornstein versus Korn I
Let ϕ ∈ S (Rn;V ) and put f := A[D]ϕ. Then

A[ξ]ϕ̂(ξ) = f̂ (ξ)⇒ A∗[ξ]A[ξ]ϕ̂(ξ) = A∗[ξ]f̂ (ξ)

⇒ ϕ̂(ξ) = (A∗[ξ] ◦ A[ξ])−1A[ξ]f̂ (ξ)

⇒ ϕ(x) = F−1[(A∗[ξ] ◦ A[ξ])−1A[ξ]Â[D]ϕ(ξ)]

⇔ ϕ = F−1[m(ξ)Â[D]ϕ(ξ)] =: ΦA(A[D]ϕ).

• multiplier m is homogeneous of degree (−1).

• yields

ΦA(A[D]ϕ) ∼
∫
Rn

A[D]ϕ(y)

| · −y |n−1
dy & ⇒ ΦA : L1 → L

n
n−1

,∞ ) L
n

n−1
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Ornstein versus Korn II
Let ϕ ∈ S (Rn;V ) and put f := A[D]ϕ. Then

A[ξ]ϕ̂(ξ) = f̂ (ξ)⇒ A∗[ξ]A[ξ]ϕ̂(ξ) = A∗[ξ]f̂ (ξ)

∀j⇒ ξj ϕ̂(ξ) = (A∗[ξ] ◦ A[ξ])−1A[ξ]f̂ (ξ)

⇒ ∂jϕ(x) = F−1[ξj(A∗[ξ] ◦ A[ξ])−1A[ξ]Â[D]ϕ(ξ)]

⇔ ∂jϕ = ∂jϕ(x) = F−1[m̃j(ξ)Â[D]ϕ(ξ)] = DΦA(A[D]ϕ).

• multiplier m̃j is homogeneous of degree zero.

• yields

DΦA(A[D]ϕ) ∼ p.v .

∫
Rn

A[D]ϕ(y)

| · −y |n
dy & ⇒ ΦA : L1 6→ L1
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Ornstein versus Korn III

Theorem (Ornstein ’62, Kirchheim & Kristensen ’16)

Let V ,W1,W2 be finite-dimensional inner product spaces, k ∈ N and let

Ai [D] =
∑
|α|=k

aiα∂
α, i = 1, 2,

where aiα ∈ L (V ;Wi ). Then the following are equivalent:

• There exists c > 0 such that

‖A1[D]ϕ‖L1 ≤ c‖A2[D]ϕ‖L1 for all ϕ ∈ C∞c (Rn;V ).

• There exists C ∈ L (W1;W2) such that

a2
α = Ca1

α for all α ∈ Nn
0, |α| = k.
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Bourgain-Brezis-Estimates

Consider

−∆u = f ∈ L1(Rn;Rn)

• In general, we do not have Du ∈ Ln/(n−1)(Rn):

u(x) ∼
∫
Rn

f (y)

|x − y |n−2
dy =⇒ Du(x) ∼

∫
Rn

f (y)

|x − y |n−1
dy =: I1(f ),

but I1 : L1(Rn;Rn)→ L
n

n−1
,∞(Rn;Rn)) L

n
n−1 (Rn;Rn)!

• Bourgain & Brezis: But sometimes we do!

−→ If div(f ) = 0, then in fact Du ∈ L
n

n−1 (Rn;Rn).
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Recasting the questions

• What is a necessary and sufficient condition on A for the embedding

WA,1(Rn) ↪→ L
n

n−1 (Rn;V )

to hold true?

• Let Ω ( Rn. What is a necessary and sufficient condition on A for the
embedding

WA,1(Ω) ↪→ L
n

n−1 (Ω;V )

to hold true?

• Let Ω ( Rn. What is a necessary and sufficient condition on A for the
boundary trace embedding

WA,1(Ω) ↪→ L1(∂Ω;V )

to hold true?
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The case 1 < p <∞
• Consider the trace-free symmetric gradient

∇tfsymu := ∇symu − 1

n
div(u)En.

• In n = 2 dimensions, we have

∇tfsymu =
1

2

(
∂1u1 − ∂2u2 ∂1u2 + ∂2u1

∂1u2 + ∂2u1 ∂2u2 − ∂1u1

)
• R2 ' C ⇒ holomorphic functions D→ C contained in ker(∇tfsym)!

• Take f (z) := 1
z−1 , then ∫

∂D
|f | dH1 = +∞.
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Boundary traces for 1 < p <∞
Theorem (Smith, ’69 + Raita & G, ’17)

Let 1 < p <∞ and denote B the open unit ball in Rn. The following are
equivalent:

1. WA,p(B) 'W1,p(B;V ).

2. There exists a bounded linear extension operator

E : WA,p(B)→WA,p(Rn).

3. A has finite dimensional nullspace.

4. A is C-elliptic.

5. WA,p(B) ↪→ Lq(B;V ) for some q > p.

6. tr(WA,p(B); ∂B) = W1− 1
p
,p(∂B;V ).
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Trace Embeddings

Theorem (Adams, Maz’ya)

Let 1 < p < q <∞. A necessary and sufficient condition for the map
f 7→ Iα(f ) to be continuous from Lp(Rn)→ Lq(µ;Rn) is that

sup
x ,r>0

µ(B(x , r))

Ċα,p(B(x , r))q/p
<∞.

• Suppose that for 0 < s < p with sp < n we put µ = Hn−sLΣ.

⇒ Ċα,p(B(x , r)) ∼ rn−αp ⇒ Ċα,p(B(x , r))q/p ∼ rq(n−αp)/p.

⇒ sup
x,r>0

rn−s−q(n−αp)/p <∞⇔ n − s − q(n − αp)/p = 0⇔ q = p
n − s

n − αp
.
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Corollary

Let A[D] be elliptic. Consider a decomposition of the form

u = ΠA(u) + TA[D]u,

where

• ΠA : WA,p(B)→ ker(A) is a projection,

• T is a Riesz potential operator of order (n − 1).

⇒ then u − ΠA(u) attains ’good traces’ !

• Conjecture: It is only the boundary behaviour of A-free Lp-integrable
maps which laeds to the failure of usual embeddings – also for p = 1.
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EC – Ellipticity & Cancellation

Definition (Cancelling Operators)

A differential operator A[D] =
∑n

k=1 Ak∂k with Ak : V →W is called cancelling
provided ⋂

ξ∈Rn\{0}

A[ξ](V ) = {0}.

If A[D] is both elliptic and cancelling, then we say that A[D] is EC.

Theorem (Van Schaftingen, JEMS ’13)

The following are equivalent for a differential operator A[D] =
∑n

k=1 Ak∂k :

1. ∃c > 0 ∀u ∈ C∞c (Rn;V ) : ‖u‖
L

n
n−1 (Rn;V )

≤ c‖A[D]u‖L1(Rn;W ).

2. A[D] is EC.
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Van Schaftingen’s Proof

• Elliptic estimates: If A is elliptic, then

‖u‖
L

n
n−1
≤ c‖A[D]u‖

Ẇ
−1,n .

• Key point: If A is elliptic & cancelling, then∣∣∣∣∫
Rn

ϕA[D]u dx

∣∣∣∣ ≤ c‖A[D]u‖L1‖Dϕ‖Ln

• The previous estimate just asserts

‖A[D]u‖
Ẇ

−1,n ≤ C‖A[D]u‖L1 ,

and this completes the proof.
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Boundary Traces for p = 1- Gradient & Symmetric
Gradient

• Gagliardo, 60’s + Anzellotti & Giaquinta, ’79:

tr(W1,1(Ω); ∂Ω) = tr(BV(Ω); ∂Ω) = L1(∂Ω).

• Strang & Temam ’81, Babadjian ’13:

tr(LD(Ω); ∂Ω) = tr(BD(Ω); ∂Ω) = L1(∂Ω;Rn).

Here,

LD(Ω) :=
{
u ∈ L1(Ω;Rn) : ∇symu ∈ L1(Ω;Rn×n)

}
,

BD(Ω) :=
{
u ∈ L1(Ω;Rn) : ∇symu ∈M<∞(Ω;Rn×n)

}
.
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Boundary traces for p = 1

Definition

Let Ω ⊂ Rn be open. We define

BVA(Ω) :=
{
u ∈ L1(Ω;V ) : A[D]u ∈M<∞(Ω;W )

}
.

Theorem (Breit, Diening, G ’17)

Let Ω ⊂ Rn be open, bounded with Lipschitz boundary. The following are
equivalent:

• tr(BVA(Ω); ∂Ω) = tr(WA,1(Ω); ∂Ω) = L1(∂Ω;V ).

• A[D] is C-elliptic.
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Why important at all? - ’Practical Need’

• Variational Problems: minimise

F [u] :=

∫
Ω

f (A[D]u) dx over a Dirichlet class

• f is of linear growth, i.e.,

| · | − 1 . f (·) . | · |+ 1.

• Even for BV −→ trace operator not weak*-continuous!

−→ pass to relaxation

F [u] =

∫
Ω

f (∇u) dx +

∫
Ω

f∞
(

dDsu

d|Dsu|

)
d|Dsu|

+

∫
∂Ω

f∞(tr(u0 − u)⊗ ν∂Ω) dHn−1
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Why important at all? - ’Practical Need’

• Needed: If u ∈ BVA(Ω), then u ∈ BVA(Rn), where

u :=

{
u in Ω,

u0 in Rn \ Ω.

• Problem: Is Au ∈M<∞(Rn;W )?

• De Philippis & Rindler, ’16, Annals: If

A =
∑
|k|=`

Ak∂k

is a constant rank differential operator with Ak ∈ L (W ;X ), then

(µ ∈M(Rn;W ) & Aµ ≡ 0)⇒ dµ

d|µs |
∈ ΛA =

⋃
ξ 6=0

ker(A[ξ]) |µs |-a.e.

−→ this is a notable generalisation of Alberti’s rank-one-theorem.
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Setting

• Elliptic complex:

V
A[ξ]−→W

A[ξ]−→ X

exact at W for all ξ 6= 0.
• Examples:

1. A[D] = ∇, A[D] = curl.
2. A[D] = ∇sym, A[D] = curl curl. Here,

curl curl(E ) =
( n∑

i=1

∂ikE
j
i + ∂ijE

k
i − ∂jkE i

i − ∂iiE k
j

)
j,k=1,...,n

.

• De Philippis-Rindler Theorem only applicable if we know that

Au ∈M(Rn;W ).
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Sketch of the Proof (Half Space)
Let u ∈ BVA(Ω) or u ∈W A,1(Ω).

For j ∈ N cover 2−j -neighborhood of ∂Ω by Bj ,k

For every Bj ,k choose reflected ball B]j ,k in Ω.

Project u on B]j ,k to Πj ,ku ∈ N(A) and

replace u on Bj ,k by Πj ,ku i.e.

Tju := (1− ρj)u + ρj
∑
k

ηj ,kΠj ,ku.

Then Tju → u in BVA(Ω)

and tr(Tju)→: tr(u) in L1(∂Ω).

Based on inverse estimates for polynomials!

∂Ω

Ω

2−j

Bj ,k B]j ,k
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Embeddings on domains

The following are equivalent:

• WA,1(B) ↪→ L
n

n−1 (B;V ).

• A is C-elliptic.

Would expect: If A is elliptic and cancelling, then there exists a trace
operator

tr : (WA,1 / ker(A))(Ω)→ L1(∂Ω;V )
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Thanks a lot for the attention!
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